Statistics 606 Problem Set 4

Due April 24

1. Recall the model for a two-way layout with random interactions from problem set 3.
Devise and implement a Gibbs sampling algorithm to estimate the model parameters
in a Bayesian sense using posterior means. Use flat (improper) priors on the {«;},
{B,}, 0 and 7% parameters.

You do not need to implement this algorithm. Just derive and clearly explain the steps
of the Gibbs sampler.

Hint: At one point you will need to sample from a density of the form
P(Zlyazm’ZZ] :O),
J

where the unconditional density P(Zi,...,Z,) is normal with mean vector 6 and
variance I, where n*> > 0 is a scalar. You can do this by sampling sequentially using
the fact that

P<Zla---7Zm|Zij :0) —
P(Z|X;Z; = 0)P(Zs| 21,52 Z; = 0) - - - P(Zi| 21, .. . Zin—1, 225 25 = 0).

To simulate the k" term, note that

P(Zk’Zb .. '7Zkflusz = O) X P(Z Zj = O’Zl, .. ,Zk)P(Zk),
J J

and
m k
P(ZZj =0Zy,...,%Zy) = P( Z Z; = —ZZj|Zl,...,Zk).
j j=ht1 =1

The density of 37", Z; is N(pk, (m — k)n?), where puy, = 370, 0.

1 i 1
P(Zi|Zy, ..., Z_ Z; =10 YA 4 2 ————(Zpy = 01)*| .
(Zx| 2y, Zk hz J )OCGXP< 2<m_k)772(jz::1 J+Mk))eXp< 2772( k k))

J

With some algebra you will see that Zy| 21, ..., Zx_1, >; Z; = 0is normal with variance
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7]2

1+ 1/(m— k)

and mean

Oc(m — k) — X521 Z; —
m—Fk+1 '

Note: the mean was wrong by a factor of —1 when I originally posted this.

More on this point (added 4/19): Since the Z; are Gaussian, there is an alternative
approach. Consider the multivariate Gaussian random vector

(Zy, ..., Zm,ZZj)’,
J

which has mean
0=(01,...,00,> 0;)
J

and variance
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From the properties of the multivariate normal distribution, it follows that P(Xy, ..., Xn|>; X; =
0) is multivariate normal with mean

(01 — ZQj/m, ce ,9m — Zﬁj/m)'
J J
and variance

0 Lsm — 0%/m.

You can check directly that this is the same distribution as that of the vector

(Z =2, T — 2.

Thus it is correct to sample the Z;’s from N(#,0°I) and then center them.
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2. Suppose we observe a 2 x 2 contingency table:

Nll N12
N21 N22

from an underlying distribution in which each observation falls into a cell according to
the following probabilities

P11 P12
D21 P22

We parameterize the underlying probability distribution in terms of the marginal row
probabilities p (row 1) and 1 — p (row 2), and the marginal column probabilities ¢
(column 1) and 1 — ¢ (column 2). To fully specify the joint distribution we also have
a parameter \ for the log-odds ratio

A = log p11 + log pas — log p1o — log poy.

(a) To construct a map between the parameters (p, g, \) and the cell probabilities
(p11, P12, P21, P22), write the cell probabilities in the form

pu P2z | _ pq+9o p(l—q)—9
P2 D22 (L=p)g—06 (1—p)(L—q)+o
Show that if 0 < p,q < 1, then for each \ there exists a unique ¢ such that the

corresponding p;; cell probabilities have odds ratio A. Implement a numerical
algorithm for finding ¢ for specified values of p, g, \.

(b) Suppose we put independent uniform priors on the model parameters p, ¢ and .
Use the Metropolis-Hastings algorithm to generate a sample from the posterior
distribution of the parameter estimates given the data.

(¢) Run your procedure from part (ii) on the data
3 1
1 3

based on the posterior distribution of the odds ratio, what do you conclude?



