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1 Applications to Threshold Estimation Models

1.1 Linear Regression

Consider the model Y = ag + By X + € and n i.i.d. observations from this model. For simplicity,

let € be independent of X with mean 0 and variance o2. You can also assume the errors to be

normal, even though this is not required for the subsequent development.

Estimates of (o, Bp) are obtained by minimizing

n

Y (Yi—a-BX).

=1

Mn(avﬂ) E]P)n [(Y—Oé—ﬁX)Q] =

S

A~

over all (a, ). This gives us our standard least squares estimates (&, ), whose consistency we will
take for granted in the ensuing discussion. Thus:

(&, ) = argmin, g My(a, B).
It is not difficult to check that:
(O[(), ﬂO) = argmin(a,ﬁ) M(OZ, /6) )

where M(a,3) = P[(Y — a — 3X)? where P is the distribution of (X,Y). Check that, up to
a constant, M is a second order polynomial in (a,3) with a constant non-singular Hessian 2 H,
with hll = 1, h22 = E(X2> and h12 = hgl =FX.

We will apply the rate theorem, Theorem 3.2.5, to deduce the rate of convergence of (&, 3). Firstly,
as

M(a, B) — M(a, Bo) = (a — @, B — Bo) H (o — g, B — Bo) "

where H is p.d., it is easy to see that the first condition of the theorem is satisfied, i.e.

(O[ - O[(),,B - 50) H (O[ - aO?B - ﬁO)T Z constant X d((a7/8)7 (a07ﬂ0))



where d((a, ), (o, 5o)) = max{| a« —ag |,| B — Fo |}. Check that the constant can be chosen to
be a multiple of the smallest eigen—value of the p.d. matrix H.

In what follows, we generically denote (a,() by 6 and (ag,5p) by 6p. We seek a bound
on:

E*[supg(pgp)<s | VI(Pn = P)[(Y —aX = BX)? = (Y —ao X — (o X)?] [].
This simplifies easily to

E* | sup | Gp(mg —mg,) || = E* |Gnllm, (%)
d(6,00)<6

where G, = /n(P, — P), mg(X,Y) = (Y — a — 8 X)?, so that:
(mo — ma, )(X,Y) =2[(a0 — @) + (Bo — B) X][Y — (a0 + ) /2 = ((Bo + B)/2) X].

Letting
Ms = {(mg —mg,)(X,Y) : d(6,00) <}

we can find a bound on (%) in terms of an envelope function for the class My and the uniform
entropy integral J(1, M;). For any fixed §, the class M is contained in the class of polynomials on
R? of degree less than or equal to 2 which is a VC class of functions (since any finite dimensional
vector space of measurable functions is VC by Lemma 2.6.15 of Van der Vaart and Wellner (1996))
and therefore itself VC. Also, since § < dg, for some fixed dp, we can find an envelope function Mjg
for the class Mg of the form:

Ms(X,Y) =251+ [ X (| Y | +C1+Co [ X )

for positive constants Cp,Cs (which depend on dp). By Theorem 2.6.7. of Van der Vaart and

Wellner (1996), we have a bound on the covering numbers with respect to the Ls norm for any
probability measure:

1 2m

N(e[Msllo2 Mss L2(Q) 5 (¢ )

€

for some m > 1. This inequality implies that for any &:

1
T M) =sug [ /14 1o N(el[Mslo2, M, La(Q)) de
0

is finite, this number NOT depending on 4. By the inequalites on Page 291 of Van der Vaart and
Wellner (1996) (see also the MAXIMAL INEQUALITIES on Page 199 of Kim and Pollard (1990)),
we conclude that:

E* |Gollpm,; S J(1, M) (P* MZ)Y? < constant x ¢,

~

since P M} = O(6%) by the square integrability of X and Y. Hence ¢,(§) = § works; indeed
én(6)/6% is decreasing for some & < 2. Solving 72 ¢, (1/r,) < /n, yields r, = y/n easily, showing
that: R

Vité — a0, — fo) = Op(1).



Our next step is to obtain the asymptotic distributions of these normalized estimators. To
this end, we introduce the local variables (hi, h2), where a = ag + h1/y/n and 8 = By + ha/\/n.
Set h1 = v/n(a — o) and he = /n(8 — fp). We have:

(h1,ho) = argming,, j,) M (o + h1/v/n, o + ha/v/n) — Ma(ao, Bo)]

= argming, n,) [(Pn — P)(M(ag4hy /v/m,80+ha/v/m) — Mao,0)) (X5 Y]
TP [(Magthy /v/m, B0 +ha /i) — Mao,60)) (X5 Y]]

= argming, 5,y [0 (Prn = P)[(M(agtny /vm,go-+ha/vi) — Mao,60)) (X:Y)]

1 P [(Mag 11y )y, Bo+ha /) — THa0,80)) (X5 V)]

Check that the second term inside the argmin converges to (hi,h2) H (h1,h2)T, where H is the
matrix referred to above and that this convergence is uniform over compact sets. This is a simple
consequence of the analytical form of M(a, 3):

M(e, 8) = E(€*) + (o — a0)? + (8 — 60)* E(X?) + 2 (a — ) (8 — fo) EX .
The first term inside the argmin simplifies to:
V(P — P) [=(hy + ho X)] [2(Y — ag — B0 X) — n~2(hy + hy X)]

which in terms of the empirical measure and underlying distribution of (X,e) (which we still
continue to denote by P, and P respectively) is simply:

V(By, = P) [=(h1 + h X) 2] + (P, — P) (b1 + ha X)?.

The second term in this display converges to 0 in probability, uniformly on compact subsets of R2.
The first term is simply:

—2(hy, h) (Vn(P, — P)e,/n(P, — P) X )T
and converges in distribution, under the topology of uniform convergence on compact sets, to:
202 (hy, hy) (Wi, Wo)T
where 02 = E(¢?) and W = (W1, Ws)T ~ N(0, H). It follows that

(h1,ho) —a (i, h3) = argminy, , [202 (h1, ho) (W1, W2)T + (hy, he) H (h, ho)"]
= argmingcg2[20> T W +hT HAJ.

Since W follows N(0,H), V.= H-Y2W ~ N(0, I); letting H'/?2 h = &, the expression inside the
argmin in the above display can be written as

202 61 Vi + & Vo] + €3 + €2



and this is minimized over all (£, &2) at (él =0V, é? = —02Vj), whence
h=H'Y2¢~N0,02H™").
This provides the asymptotic distribution.

Exercise: Work out the asymptotics using standard procedures (i.e. arguing from first
principles) and show that the results match.

Exercise: Prove Corollary 3.2.3 (ii) on Page 288 of Van der Vaart and Wellner (1996)
from first principles.

1.2 Change Point Estimation

We consider a simple change point estimation problem. A more general treatment is available in
Chapter 14 of Michael Kosorok’s notes on Empirical Processes that can be downloaded off his
website.

Consider i.i.d. data {X;,Y;}!' ; where ¥; = u(X;) + €. Assume that X; is independent of (the
error) €; and follows the uniform distribution on [0, 1] and that p(z) = ap 1(z < d°) + B 1(x > d°).
Our goal is to estimate the changepoint d°.

The three parameters can be estimated using least squares methods. For now, we will
make the (unrealistic) assumption that the two levels of the regression function, ap and [y are
known. Then, writing [P, as the empirical measure of the data-points {Y;, X;}*,; we can write
down our estimate of dn as:

dp, = argminP,, [(y — a0)? 1(z < d) + (y — Bo)? 1(z > d)].

To simplify things, assume that ag < Gy. A little algebra shows that:

A~

d, = argminP, [{(y —a)? — (y — Bo)*}(1(z < d) — 1(z < d°)]

— argminP, Ky - O‘O;BO) Lz <d) —1(z < do))]

= M,(d).
If the sequence of stochastic processes M, converges to anything, that candidate has to be

_ @+ Bo
2

M(d) = P Ky (1(m§d)—1(a:§d0))] .

It is readily checked that M(d) =| d — d® | (o — ag)/2. To show that d, is consistent for d°, we
can check the conditions of Corollary 3.2.3 (i) of Van der Vaart and Wellner (1996) appropriately



modified to cater to the fact that we are dealing with minimization instead of maximization. Firstly,
note that [[M,, — Ml|o ;) converges to 0 in probability. We have:

My, — Ml[j0,1) = supgejo,1) |(Pn — P) fa(z,y)|

where {fi(z,y) = (y — (a0 + £0)/2)(1(x < d) — 1(x < d°)) : d € [0,1]} is a Glivenko-Cantelli class
of functions. Furthermore, M(d°) = 0 < infge p(ao,epe M(d) = € (o — ap)/2. It follows that d,, must
converge in probability to d°.

In the discussion above we have not specified the choice of d,. However, the minimizer is
not unique — there is an entire left—closed right—open interval of minimizers. For this problem
it turns out that the limit distribution of a?n appropriately normalized, of course, depends on
which minimizer is chosen. We will talk about this issue later. The key difference between this
example and the others that we will encounter lies in the fact that the limit distribution of the
normalized minimizer converges to an appropriate minimizer of a compound Poisson process. We
next attempt to determine the rate of convergence.

We apply Theorem 3.2.5 of Van der Vaart and Wellner (1996). The first conditon reduces
to:
M(d) —M(d") > K p*(d,d°)

for some “distance function” p. Choosing p(d,d") =| d—d° |'/? works. We, next, obtain a bound on
the expected modulus of continuity of the empirical process, for all sufficiently small J, say § < dg.
Thus, we seek to find functions ¢, (0), such that

B supy_ppocy | V(M = M)(d) = VM, — M)(d) [ 6,(6)
The left side is simply E*[supgeiqo_s2 40452 | Gn fa(x,y) || where G, = /n (Py — P). Set
Ms = {fa(z,y) : d e [d® — 6% d° + %]} .
A natural envelope function for this class is given by
Ms =]y — (ag+ F0)/2 ]| 1(x € [d° —6%,d" + 67]).
With P denoting the probability distribution of (Xi,Y7), we have:
Ep [Gulla; S (1, Ms) (P M)V2.

It is easily seen that My is a VC class of functions and hence satisfies the uniform entropy bound
on Page 141 of Van der Vaart and Wellner (1996); consequently, the quantity J(1, M) is uniformly
bounded for all sufficiently small §. Check that P* M? is O(6?), showing that the choice ¢,,(5) = §
works.

This yields 7, = \/n from the requirement that 72 ¢,(r;) < n. Thus, np(dn,d®) =
\/n | dy —d° | = 0,(1). Tt follows that n (d, — d°) = O,(1).



1.3 Split Point Estimation

In this section we study the problem of estimating the split point in a binary decision tree for
nonparametric regression.

Let X,Y denote the (one-dimensional) predictor and response variables, respectively. The
nonparametric regression function f(x) = E(Y|X = x) is to be approximated using a decision tree
with a single (terminal) node, i.e., a piecewise constant function with a single jump. The predictor
X is assumed to vary in a compact interval [0, K] and to have a density px(-). For convenience,
we adopt the usual representation Y = f(X) + ¢, with the error ¢ = Y — E(Y|X) having zero
conditional mean given X. The conditional density of € given X = z is denoted by p¢(- | =), and
the conditional variance of € given X = x is denoted o?(z).

Suppose we have n i.i.d. observations (X1, Y1), (X2,Y2),...,(X,,Y,) of (X,Y). Consider the
working model in which f is treated as a piecewise constant function with a single jump, with
parameters (3, By, d), where d is the point at which the function jumps, /; is the value to the left
of the jump and (3, is the value to the right of the jump. The best projected values are defined by

(87, 85,d°) = argming g 4E [V — f1(X <d) — B, 1(X >d)]

and satisfy the normal equations

0 0
B = E(Y|X <d), 8=E(Y|X>d), f(d) = w

Estimates of these quantities are obtained using least squares as
~ R R n
(Bis Bu, dn) = argming 5 4 Z Y — B 1(X; < d) — Bu1(X; > d))* .
i=1

The goal is to estimate the split point d°. Before proceeding further, we list some mild
conditions.

Conditions

(A1) d° is the unique solution of the normal equations and 0 < d° < K. Also, f(d) # f(d°) for
d # d°.

(A2) f(z) is continuous and its first and second derivatives exist and are uniformly bounded in a
neighborhood N of d°. Also, f'(d") # 0.

(A3) px(x) does not vanish and is continuously differentiable on (0, K).
(A4) o%(x) is continuous and 0 < infyey o%(x) < sup, o2(z) < oo.

(A5) For some § > 0, | u [*7 sup,en pe(u | ) — 0 as | u |— oc.



We now introduce the basic idea used to construct our proposed confidence interval for d°.
Consider testing the null hypothesis that the best projected value d° is located at some point
d; TAhe best piecewise constant approximation to f under this null hypothesis is estimated by
(ﬁld,ﬂff, d), where

(B, BY) = argming, 5, > (Vi — B L(X; < d) — B, 1(X; > d))*.
i=1

A reasonable test statistic is the (centered) residual sum of squares defined by

n . . 2 U . . . N
RSSu(d) = Y (Vi - BN < d) = BI1(X; = d)) =3 (Vi = BI(Xs < dn) = Bu 1(X, = dn))
i=1 =1
If the working model for f is true, and the errors are Gaussian with constant variance, then RSS,,(d)
is a likelihood ratio statistic, but in general it has no such interpretation.
The limit distributions of these statistics have been worked out in Banerjee and McKeague
(2007). For the current discussion, we will discuss the “toy” version of this problem in which we
assume (unrealistically) that 3 and 80 are known. If this is the case, we can write:

d, = argmin, Z (Y — B L(X; < d) — BI1(X; > d))2
i=1

and

RSSA(d’) = Y (i — AML(X; < d) — BOL(X; = d%)° =) (Y — BO1(X; < dy) — BO1(X; > cin)>2.

i=1 i=1

The key result below provides the joint asymptotic distribution of d,, and RSS,,(d%) for the “toy
version”.

Theorem 1.1 Suppose conditions (A1)—-(A5) hold. Then
(n'3(dn — @), n P RSS, (")) —a (argmax, Q(1), 2 | B — B2 | max; Q1))

where
Q) =aW(t) —bt?.

Here W(t) is standard two-sided Brownian motion started from 0 and a,b are positive constants
given by

@ =px(@)o*(d), b= |px(d) f&)] .

Proof of Theorem: In what follows we will assume that ﬂlo > 3%, The derivation for the other
case is analogous. Now, elementary algebra shows that

(Vi = 81X < d) — BO1(X; > d))* = Y2 = (87— 89) (B + 80 — 2 Vi) L(X; < d)+ 52 (80 —2Y).

7



Letting IP,, denote the empirical measure of the pairs {(X;,Y;)};, we have

n1B3RSS, (d°) = n1/3 Z ) (8 + 82— 2Y)) (1 (X; < d®) —1(X; < czn))

2 (5 50 ( Bl

: ) (1 (Xi < dp) —1(X; < do))

1
= 2n23(3 6°>1Png< vdn)
where

g(X,Y),d) = <Y—W> [1(X <d)—1(X <d)] .

It is easily seen that
n

d, = argmax, {Z (Vi = 8P 1(X; < d°) — BO1(X, > d°))°
=1

_ Z (Y = B 1U(X; < d) — Bu 1(X; > d))z}
i=1

= argmax,2n (6] — B2 P, g(-,d)

= argmaXdTLQ/SPng('ad)'

Now, define the process
Qn(t) = n*3P, g(-,d° +tn~13).

Letting ¢ = n'/3(d, — d°), so that d, = d° + in'/3, we have { = argmax, Q,(t) and

n1/3RSS,(d°) = 2(B — BY) Qu(f). Tt therefore suffices to find the joint limit distribution of
(£,Qn(f)). Lemma 1.1 below shows that the random processes Q, () converge in distribution in the
space Bioe(R) (the space of locally bounded functions on R equipped with the topology of uniform
convergence on compacta) to the Gaussian process Q(t) = a W (t) — bt?> whose distribution is a
tight Borel measure concentrated on Cy,q,(R) (the separable subspace of Bj,.(R) of all continuous
functions on R that converge to —oo as the argument runs off to co or —oo and that have a unique
maximum). Furthermore, the sequence {f,,} of maximizers of {Q,(t)} is Op(1). It then follows by
Theorem 1.2 below that:

(argmax; g Qn(t), maxier Qn(t)) = (1, Qu(f)) —a (argmax;cg Q(t), maxier Q(t)) -

Theorem 1.2 Suppose that the process Qn(t) converges in distribution in the space Bj,.(R) (the
space of locally bounded functions on R equipped with the topology of uniform convergence on
compacta) to the Gaussian process Q(t), whose distribution is a tight Borel measure concentrated on
Cmaz(R) (the separable subspace of Bioe(R) of all continuous functions on R that converge to —oo
as the argument runs off to oo or —oo and that have a unique mazimum). Furthermore, suppose
that the sequence {t,} of maximizers of {Qn(t)} is Op(1) and converges to argmax, Q(t). Then,

(tn, Qn(tn)) —a (argmaz, Q(t), Q(argmaz, Q(t)) = max; Q(t)).



Proof: By invoking Dudley’s representation theorem (Theorem 2.2 of Kim and Pollard (1990)),
for the processes @, we can construct a sequence of processes Q,, and a process Q defined on a
common probability space (Q, A, P) with (a) @, being distributed like @,,, (b) @ being distributed
like Q and (c) Q,, converging to Q almost surely (with respect to P) under the topology of uniform
convergence on compact sets. Thus(i) ¢, the maximizer of Qn, has the same distribution as #,, (ii)
t, the maximizer of Q(t), has the same distribution as argmax Q(t) and (iii) Q,(#,) and Q(f) have
the same distribution as Qn( t,) and max Q(t) respectlvely So to prove the theorem it suffices to
show that #,, converges in P* (outer) probability to £ and Q,(£,) converges in P* (outer) probability
to Q( t). The convergence of £, to  in outer probability is shown in Theorem 2.7 of Kim and Pollard
(1990).

To show that Q,(f,) converges in probability to Q(f), let € > 0,6 > 0 be given. We need to
show that, eventually,

* (| Qn(gn) - Q(E) |> 5) < €.
Since ¢, and t are Op(1), given € > 0, we can find M, > 0 such that, with

A = {ln & [-Mc, M)}, By, = {t ¢ [-M,, M]},

P*(A7) < ¢/4 and P*(By) < €/4, eventually. Furthermore, as Q. converges almost surely and
therefore in probability, uniformly, to ) on every compact set, with

O, = {supser-r,.00,) [ Qn(s) — Q(s)| > 8},

P*(C%) < €/2, eventually. Hence, eventually, P*(ASUBSUCS) < €, so that P, (A,NB,NC,) > 1—e.
But

AN BaNCn C {| Qu(tn) — QD) I<6,} (1.1)

and consequently _ ~
P*(‘ Qn(ﬂz) - Q(tN) |S 6) z P*(An N BN Cn) >1-e

for all sufficiently large n. This implies immediately that for all sufficiently large n
P*(| Qu(tn) — Q) [> ) < e
It remains to show (1.1). To see this, note that for any w € A, N B, N C,, and s € [—M,, M,

Qn(s) = Q(s) + Qn(s) - Q(S) < Q(E) + |Qn(s) - Q(S)’ :

Taking the supremum over s € [~ M., M,] and noting that ¢,, € [-M,, M,] on the set A, N B, NC,
we have

Qn(tn) S Q({{) + Supse[—Me,Me] |Qn(8) - Q(S)’7

or equivalently

Qn(gn) - Q(E) < Supse[—ME,Me] |Qn(8) - Q(S)| .



An analogous derivation (replacing Q,, everywhere by Q, and %, by ¢, and vice—versa) yields

Q(t) - Qn(fn) < Supse[fMe,Mc] |Q(5) - Qn(8)| .

Thus o o ) 3
|@n(tn) — Q)| < supse—nr a [@n(s) — Q(s) <6,

which completes the proof.

Lemma 1.1 The process Qn(t) defined in the proof of Theorem 1.1 converges in distribution in the
space Bioe(R) (the space of locally bounded functions on R equipped with the topology of uniform
convergence on compacta) to the Gaussian process Q(t) = a W (t) —bt? whose distribution is a tight
Borel measure concentrated on Cq,(R). Here a and b are as defined in Theorem 1.1. Furthermore,
the sequence {t,} of mazimizers of {Qn(t)} is Op(1) (and hence converges to argmaz, Q(t) by
Theorem 1.2).

Proof: We apply the general approach outlined on page 288 of VAV and Wellner (1996).
Letting M,,(d) = P, [g(-,d)] and M(d) = P[g(-,d)], we have d, = argmaxys< M,(d) and
d® = argmaxg. c; M(d) and, in fact, d° is the unique maximizer of M under the stipulated
conditions. The last assertion needs proof, which will be supplied later. We establish the consistency
of czn for d° and then find the rate of convergence r, of cin; in other words that r, for which
T (dn — d°) is Op(1). For consistency of d,, note that {g(-,d) : 0 < d < K} is a VC class of
functions and hence universally Glivenko—Cantelli in probability. Therefore

SUPg<d<k M, (d) — M(d)| = SUPg<d<K |(Py, — P)g(-,d)] — 0

in outer probability. Also d — M(d) is continuous and therefore upper semicontinuous with unique
maximizer d°. It follows from Corollary 3.2.3 of VAV and Wellner (1996) that d,, = supg<g<x My (d)
converges in probability to d°. -

Next, to derive the rate r,, we invoke Theorem 3.2.5 of VAV and Wellner (1996), with d playing
the role of 0, d’ =y and © = [0, K]. We have

M(6) — M(6p) = M(d) — M(d°) < —C (d — d°)?

(for some positive constant C) for all d in a neighborhood of d°, on using the continuity of M”(d)
in a neighborhood of d® and the fact that M”(d") < 0 (which follows from arguments at the end of
this proof). We now need to find functions ¢, () such that

VAE" [supjg_goi5 |(Bn = P)lg(:,d)] = (B = P)lg(,d")]|] < K 6,(0)
for some universal positive constant K. Letting G,, = y/n (P, — P) denote the empirical process

and M5={<9—W> (1{x<d}—1{x<d0})3|d—d0|<5},

10



what we need to show can be restated as
b (I1Gnllar,) < K 6a(9).
From page 291 of VAV and Wellner (1996)
Ep (IGullag, ) < K/ J(1, My) (P* ME)2,

where Mjs is an envelope function for Mg and K’ is some universal constant. Since Mg is a VC
class of functions, it is easy to show that (in the notation of VAV and Wellner (1996))

1
J(1, Ms) = supg / \/1 +log N(e||Msllg,2, Ms, L2(Q))de < R,
0

where R is a positive number not depending on d. We take
Ms(x,y) = |y = ()| 1(z € [d* = 6,d° +9]).

Next, we have

E(Ms(X,Y)?) E[(Y - f(d)?*1{X € [d® —5,d° + 3]}

d°+5
_ /d” E[(Y - f(d)? | X = 2] px(z)do

d+5
= /dO_d (02(33) + (f(q:) _ f<d0))2)px<aj) da
< K¢,

whenever § < 6° for some constant K (depending on §°) by the continuity of all functions involved
in the integrand in a neighborhood of d°. Therefore

(E M62)1/2 _ V2 5172

and it follows that E*(||Gy|[ar,) < K 6'/2 for some constant K depending neither on n, nor on 4,
whenever § < 6°. Hence ¢,(8) = v/§ works. Indeed ¢, (8)/d% is decreasing for o = 1. Solving

7"721 dn(1/mn) < Vn

we find r,, = n!/3 works. Since d,, maximizes M, (d), it follows that nt/3 (dn —d%) = 0p(1).

It remains to find the limiting distribution of £, = n'/3 (d,, —d°). Now, #, = argmax, Q,(t) with
Qn(t) = n?3P, g(-,d°+tn~1/3). We show that Q,(t) —4 Q(t), a Gaussian process in Cp,qz(R) and
then use the argmax continuous mapping theorem to deduce that #, —4 ¢, the unique maximizer
of Q(t). Write

n?3p, [g(-, L +tn 3 = 2B @, - P) |g(,d° + tn_1/3)} +n?3p {g(', d° 4+ tn~1/3)
= In(t) + IIn(t) :

11



In terms of the empirical process G,,, we have I,, = Gy, (fn+) where
faala,y) =00 (y = f(d) (L <+t~ 1 (z < d)).

We will use Theorem 2.11.22 from VAV and Wellner (1996). On each compact set [—K, K|, Gy, fn
converges as a process in [ [~ K, K] to the tight Gaussian process a W (t) with a? = 0%(d°) px (d").
Hence Gy, fy,+ converges to a W (t) on the line, in the topology of uniform convergence on compact
sets. Also, I1,(t) converges on every [—K, K| uniformly to the deterministic function —b#2, with
b= |f'(d)px(d®)|/2 > 0. Hence Qn(t) —q Q(t) = aW(t) — bt? in [®[-K, K] for all K > 0.
Consequently, (£, Qn(fn)) —q (, Q(f)).

We now establish that [, and II, indeed converge to the claimed limits. As far as I, is
concerned, provided we can verify the other conditions of Theorem 2.11.22, the covariance kernel
K (s,t) of the limit of Gy, fy, ¢ is given by the limit of P(fy, s fnt) — P fn,s P fat as n — oco. We first
compute P(fy s fnt). This vanishes if s and ¢ are of opposite signs. For s,¢ > 0,

Pfusfae = ERYP(Y = f(d))1{X € (& d" + (s nt)n ]}

dO+(snt)yn—1/3
-/ : W3 [E[(F(X) + e — F(d)? | X = ] px(a) de

0
dO+(snt)yn—1/3

= e [ (0%(@) + (7(@) — F(d)?) px(z) da
) px(d) (s A )
= a®(sNt).

Also, it is easy to see that P f, s and P f,; converge to 0. Thus, when s, > 0,
P(fn,s fn,t) =P fos P fnt — a? (sAt) = K(s,t).

Similarly, it can be checked that for s,t < 0, K(s,t) = a? (—s A —t). Thus K(s,t) is the covariance
kernel of the Gaussian process a W (t).

Next we need to check

On
sung [ \/log N(el|F|
0

Q.2:Fn, L2(Q))de — 0, (1.2)
for every §,, — 0. Here

Fo = {n1/6(y —H@) 1@ < & +tn"B) —1(x < )] i t € [-K, K]}
and

Fu(w,y) =n'/ Jy— £(d)] 1z € [d* = Kn '/, d" + Kn~'/%))
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is an envelope for F,,. Now

e (12D
log N(¢ || Fullo2: Fu, L2(Q)) < K V(F,) (16¢)V 72 ()

€

for some universal constant K. Here V(F,) is the VC-dimension of F,,. Using the fact that V(F,)
is uniformly bounded, we see that the above inequality implies

1 S
log N(e|| Fullga: Fo L2(Q)) < K* ()

€

where s = sup,, 2(V(F,) — 1) < oo and K* is a constant not depending upon n or ). To check
(1.2) it therefore suffices to check that

on
/ v/ —logede — 0
0

as 0, — 0. But this is trivial. We finally check the conditions (2.11.21) in VdV and Wellner (1996);
these are:
P*F?=0(1), P*F>1{F, >nvn} =0, Vn>0,

and
Supp(s,t)<6n P (fn,s - fn,t)2 — 0, Vén — 0.

With F, as defined above, an easy computation shows that

* 12 1 K 2 012
PR =Ko [ @)+ (@)~ f@)P) px(e) do = 01,

Denote the set [d® — K n~'/3,d° + Kn~'/3] by S,,. Then

P (F2UF, >nvn}) = ERY3|Y - f(d) 2 X € S} 1{|Y — £(d°) | 1{X € S} > nn'/3}]
E [n1/3 1Y — f(d) |2 1{X € S, } 1{| e |> nn1/3/2}}

IN

< B 203+ (F(X) ~ f@)) HX € Sub 1] e|>nn'//2)] (13)
eventually, since for all sufficiently large n
{|Y = f(d) | 1{X € Sp} > nn'*y C {| e[>nn'/?/2}.
Now, the right side of (1.3) can be written as 77 + 75 where
Ty =208 E[E@1{ e|>nn'?/2}1{X € S,,}]

and

Ty =20 P B{(F(X) — f(@)’1{X € S} 1{] e |> nn'/3/2}].

13



We will show that 77 = o(1). Similar arguments can be used to show that 75 is also o(1). Using
condition (A5), eventually

PO+ K n1/
T, = 2n1/3/ / u?pe (u| ) du| px(z)dx
dO—Kn=13 | Jlu|>nnt/3/2
O+ K n—1/3
< 2n1/3/ / w? [ |76 du| px(z)da
dO—Kn=1/3 | Jlu|>nn'/3/2
PO+ K n1/
= 2n1/3/ / |u |70 dul| px(z)da
dO—Kn=1/3 | Jlu|>nnt/3/2
_ d’4+Kn~1/3
— ko [ n~ px (2) d
d'—Kn—1/3
];; ,5 d°+K n=1/3
= 2 (n )n1/3/ px(z)dz
7’L6/3 dO—K n—1/3
= ol).

In the above display I;:(n, 0) is a quantity depending only on 7 and §. Finally, the fact that

Supls_t‘<5n P(fn’s - fn:t)Q - 0

as &, — 0 can be verified through analogous computations which are omitted.

We next deal with I1,,. For convenience we sketch the uniformity of the convergence of 17, (t)
to the claimed limit on 0 < ¢t < K. We have

IL,() = n?3E [(Y ) (X <d®+tn 3 —1(X < do))}
= P [(f(X) = J@)1(X € [d,d + tn~/)]
dO4tn—1/3
- e/ (f(&) = F(d)) px(w) da
do

= w0 [ ) @) px( + un”
0

_ /t " f(d® +un”'/3) — f(d°) pxc(d® + un~3) du
0
t

un—1/3

— / uf/(do)px(do) du  (uniformly on 0 <t < K)
0

= P @) px ()P = b

It only remains to verify that (i) d” is the unique maximizer of M(d), and (ii) f/(d°) px(d®) < 0,
so that the process a W (t) — bt? is indeed in Cpaz(R). To show (i), recall that

M(d) = E[g((X,Y),d)]
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= E[(Y—W) (1(X <d) —1(X <d)| .

Let,
Ed)=E[Y - LX <d) - By L(X > d)*.

By condition (A1), it follows immediately that d° € (0,K) is the unique minimizer of &(d).
Consequently, d° is also the unique maximizer of the function ¢(d®) —&(d). Straightforward algebra
shows that

£(d%) — €(d) = 287 — Ba) M(d)

and since 3 — 3Y > 0, it follows that d° is also the unique maximizer of M(d). This shows (i).
Now,

M(d) = E [(f(X) - @0;53) (X <d)— (X < dO))] +E [e(1(X <d) - 1(X <d)]
. Kf(X) - W) (1(X < d) — 1(X < dO))] +0

K B+ B . (g < 2 doe
_/0 (f(x) 5 )(1( <d)—1(z < d) px(z)d

- [ (02 pwae [* (50 - L) pew e

Thus, for 0 < d < K
M'(d) = (f(d) — f(d")) px(d),
on recalling that f(d°) = (8 + 8%)/2 and

"

M (d) = f'(d) px(d) + (f(d) — f(d°))p,(d).

Thus, M/(d°) = 0 and M"(d°) = f'(d°) px(d®). Since d° is the maximizer at an interior point,
M”(d°) < 0. This implies (ii), since by our assumptions f'(d®) px(d®) # 0.
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