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SUMMARY

This paper studies estimation in generalized linear models in canonical form when the
explanatory vector is measured with independent normal error. For the functional case,
i.e. when the explanatory vectors are fixed constants, unbiased score functions are obtained
by conditioning on certain sufficient statistics. This work generalizes results obtained by
the authors (Stefanski & Carroll, 1985) for logistic regression. In the case that the
explanatory vectors are independent and identically distributed with unknown distribu-
tion, efficient score functions are identified. Related results for the structural case are
given by Bickel & Ritov (1987).
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1. INTRODUCTION
Given a covariate p-vector U = u, assume that Y has the density

y(a+B u)—b(a+p"u)
a(e)

with respect to a o-finite measure m(.). In (1-1), "= (a, B7, ¢); a(.), b(.) and c(.,.)
are known functions; and the dominating measure m(.) does not depend on 6 or u. The
density (1-1) is that of a generalized linear model in canonical form (McCullagh &
Nelder, 1983, Ch. 2). Suppose that u cannot be observed but that k independent
measurements, X = (X, ..., X), of u are available. When measurement error is normally
distributed the matrix X has the density
k (277.)—%:»
hy(x; 6, u) jl;[l G
where Q is the covariance matrix of the measurement-error vector. Together (1-1) and
(1-2) define a generalized linear measurement-error model with normal measurement
error. If for a sample (Y;, X;) (i=1,..., n) the covariables {u;} are unknown constants,
a functional model is obtained; if {u;} are independent and identically distributed random
vectors from some unknown distribution, a structural model is obtained (Kendall &

hy(y; 0,u)=exx){ +C(y,¢)} (1-1)

exp {—3(x—u)" Q7' (x;—u)}, (1-2)
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Stuart, 1979, Ch. 29). In the present paper the problem of deriving unbiased scores for
0 in both functional and structural models is studied.

There is a vast literature on this problem when (1-1) is a normal density. This dates
back to Adcock (1878) and has been reviewed by Anderson (1976); see also Moran
(1971). Recently there has been considerble interest in nonlinear measurement-error
models; see Prentice (1982); Wolter & Fuller (1982a, 1982b), Carroll et al. (1984), Stefanski
(1985) and Stefanski & Carroll (1985).

The density (1-1) includes normal, Poisson, logistic and gamma regression models.
The key feature these models have in common is a natural sufficient statistic for u when
all other parameters are fixed. The same is true of the normal density in (1-2). In fact
(1-2) could be replaced with any density possessing a natural sufficient statistic for u
when other parameters are fixed and much of the theory in this paper holds with little
or no modification.

In § 2 functional models are studied. This work generalizes results of Stefanski &
Carroll (1985) on logistic regression. Structural models are studied in § 3 and efficient
score functions for estimating 6 are identified. Related work includes that of Bickel &
Ritov (1987). ‘

If the covariates u,,...,u, are observed without error the maximum likelihood
estimator of @ maximizes = log hy(Y;; 6, u;). Let X; be the mean of the k measurements
of u;; that value of # which maximizes X log hy(Y;; 6, X,) will be called the naive
estimator. This estimator is usually inconsistent (Stefanski, 1985) although when Q/k is
small its bias will be small.

2. FUNCTIONAL MODELS
2-1. The functional likelihood
Consider the functional version of (1-1) and (1-:2) when k=1 and

Q/a(¢)=Q, (2-1)

where Q is known. In simple linear regression, (2-1) reduces to the common identifiability
assumption that the ratio of the measurement-error variance to the equation-error variance
is known. Similarly, (2-1) ensures identifiability of the parameters in the general model
(1-1) and (1-2).

The random variables (Y;, X;) (i=1,...,n) are independent but not identically
distributed since their distributions depend on the true regressors u;, which vary with i.
However, for notational convenience the subscript i will be dropped when referring to
(Y,, X,) in situations where it causes no confusion. Under (1-1), (1-2) and (2-1) the joint
density of (Y, X) is

hy x(y,x; 0, u)=hy(y; 0, u)hx (x; 6, u). (2-2)

For a set of n observations the log likelihood is
L(6,uy,...,u,)= Z log{hy x(Yi, Xi; 6, u;)}. (2-3)
! i=1

When Y is normally distributed it is known that under (2-1) maximizing (2-3) with
respect to (a,B", ¢, uy,...,u,) results in consistent estimators of the regression
coefficients o and B (Gleser, 1981). For models other than the normal, the task of
maximizing (2-3) with respect to its n+ p +2 parameters is formidable. More importantly
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it is not generally true that maximizing (2-3) produces consistent estimators. In logistic
regression the functional maximum likelihood estimator of (a, 8) is not consistent under
assumption (2-1) (Stefanski & Carroll, 1985). The problem is due to the large number
of nuisance parameters (Neyman & Scott, 1948). The unwieldy functional likelihood,
and its failure to produce consistent estimators underscore the need for an alternative
approach to estimation.

2-2. Unbiased score functions

The literature on estimating a structural parameter in the presence of a large number
of nuisance parameters dates back to the paper by Neyman & Scott (1948). They were
the first to show that maximum likelihood estimation is not always a viable alternative.
Andersen (1970) proved consistency of a conditional maximum likelihood estimator in
a special class of models. Later we show a fundamental difference between our model
(2-2), and those considered by Andersen (1970). Recent work on the problem includes
that of Lindsay (1980, 1982, 1983, 1985) and Kumon & Amari (1984).

In this section unbiased score functions are obtained by conditioning on certain
parameter-dependent sufficient statistics. It is shown how these scores relate to the
conditional scores of Lindsay (1982) and some problems associated with their application
are discussed.

Consider the density in.(2-2). If u is viewed as a parameter and @, 8 and ¢ as fixed,
then the statistic

A=A(Y, X,0)=X+YQB (2-4)

is complete and sufficient for u. Consequently the distribution of Y|A depends only on
Y, X and 6, but not on u. From this conditional distribution it is possible to derive
unbiased estimating equations for 8 which are independent of w.

Let hya(y |8; 6) denote the conditional distribution of Y given A = . In the calculations
that follow, & is treated as a fixed conditioning argument until the final step of the
analysis, equation (2-8), wherein 8 is set equal to 5(y, x, 6) = x + yQ8; see equation (2-4).
The Jacobian of the transformation which takes (Y, X) into (Y, X + Y(8) has deter-
minant one. Thus pr (Y =y, A=8)dm(y)dé =pr (Y =y, X =8 —yQB)dm(y)ds and one
finds

hyia(y|8; 0) =exp [ym —3°B"QB/a(d)+c(y, d) —log {S(n, B, #)}],  (2'5)
where n =(a+8"B8)/a($) and S(.,.,.) is defined as

S(n, B, @)= J exp {yn —3y°B"QB/a(¢)+c(y, $)}dm(y).

Note that (2-5) is an exponential family density in n with Y as the natural sufficient
statistic. Thus moments of Y given A=§ can be computed from the partial derivatives
of S(n, B, ¢) with respect to n; for example

Eo(Y|A=6)=[(5/9m) log {S(m, B, &)} - (a+p"s)/as)- (2-6)

Using the exponential family representation in (2-5) and the fact that m(.) does not
depend on 6, it can be shown that

j hyn(y| 85 0)dm(y) =0, (27)
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where
hya(y18, 0) =(3/80)hya(y|8; 6).
Thus defining ¢s(y, x, 0) = (3/96) log hya(y |8; 6) evaluated at 8§ = x+ yQ B, we have that

{y—E(Y|A=6)}/a(s)

Us(, x, 0)=|{y— E(Y|A=6)}8/a(¢)—{y’—E(Y*|A=8)}0B/a(¢) ,
r(y, x, 0)— E{r(Y, X, 0)| A= 5} s-x+y0B
(2:8)
where
_oc(y, ) atd'B » B'OB
r(ysxs 0)— ad) y a2(¢) a(¢)+y 2a2(¢)a(¢)'

Also ,(.,.,.) is unbiased for 6; that is E,{¢s(Y, X, 6)} = E;[ Eo{¢ss(Y, X, 6)|A}]=0.
The inner conditional expectation is zero by (2-7).
Any estimator, 6s, satisfying

.gl Us(Yy, X, és) =0 (2-9)

will be called a sufficiency estimator. It is worth emphasizing that 55 does not maximize
the conditional likelihood, = log{hy(Y;|A;(0);8)}, where A;(0)=X;+Y.QB. The
estimator which does maximize this likelihood is generally not consistent, a consequence
of the fact that the resulting score is not unbiased.

In the conditional likelihood the conditioning statistic depends on 6 and it is here that
our model differs from those studied by Andersen (1970). He studies models in which
the sufficient statsitistics for the nuisance parammeters are independent of the structural
parameter. The derivation of ¢ exploited the fact that hy x factorizes into the product
of hy, and h,. This factorization is similar to one used by Kalbfleisch & Sprott (1970).
Other uses of conditional likelihoods like (2-5) arise in hypothesis testing problems (Cox
& Hinkley, 1974, p.146).

Consider the density in (2-2) and let Ay x =(3/86)hy x. Note that

BY,X(y’ X5 O,U)_E{[BY,X(Y,X; O,V)] }
hy,x (v, x; 6, u) hY,x(Y, X; 6,u) A=x+vQB

{y—E(Y|A=8)}/a(s)
=| {y-E(Y|A=8)}u/a(¢) ,
r(y, x,0)— E{r(Y, X, 0)|A=5} S=x+yQp

where r(y, x, 0) is defined in (2-8). As the expression in brackets above depends on the
unknown covariate u only as a vector of weights this suggests the class of score functions

{y—E(Y|A=28)}/a(¢)
e, x, 0)=| {y—E(Y|A=8)}t(8)/a(s) (2-10)
r(y, x, 0)—E{r(Y, X, 0)|A=5} 5=x+yQpB

indexed by the vector-valued function #(.). When ¢(A) depends on (Y, X) only through
A, we have E[{Y—E(Y|A)}t(A)]=E(t(A)E[{Y —E( Y|A)}|A]) =0 and thus ¢ is
unbiased. The score (2-10) is motivated by the work of Lindsay (1980, 1982, 1983) and
will be called a conditional score.

































