Statistics 406 Lab 2
GSI: Adam Rothman
Tuesday September 19

1. Write an R program to exemplify the following property of the variance

For any random variable X, with var(X) < oo

var(aX) = a*var(X)
using a random variable X ~ Normal(0,1), with a = 2, with 10000 repetitions.

a <-2
reps <- 10000

## Generate a single N(0,1) random draw, 10000 times
Z <- rnorm(reps)

## Find the variance of these draws
var(Z)

## Find the variance of a times each draw
var (a*xZ)

# Verify that the var(a*Z) = a"2 * var(Z)
a”2xvar (Z)

Here is a mathematical verification
var(aX) = E[(aX)?] — (E[aX])?
var(aX) = a®?E[X?] — a*(E[X])?
var(aX) = a® (B[X?] — (E[X])?)
var(aX) = a*var(X)



2. Write an R program to exemplify the following property of the variance

For Xi,... X, independent
var (Z Xi) = Z var(X;) (2)
i=1 i=1

using a sequence of n = 4 iid random variables X; ~ Normal(0,1), using 10000 repetitions.

n <-4
reps <- 10000

## Generate 4 iid N(0,1) random draws 10000 times
Z <- array( rnorm(n*reps), c(n, reps) )

## Find the variances of the 4 iid random draws
fourVariances <- apply(Z, 1, var)

## Verify that the variance of the sum is roughly the sum of the variances
var0fSum <- var( apply(Z, 2, sum) )

print (varOfSum)
print (sum(fourVariances))

Here is a mathematical verification
Var(X1 + XQ) = E[(Xl + XQ)Q] — (E[Xl + XQ])2

(X2 +2X, X, + X2)] — (B[X,] + E[X,)])?
[XT] 4+ 2E[X1 Xo] + E[X5] — (E[X1])* + (E[X2])?

E
E
For X; and X, independent, E[X;X;5] = E[X1]E[X,].

var(Xy + X») = E[X7] + 2E[X\] E[Xo] + B[X3] — (B[Xi1])* - 2B[X,] E[X,] — (E[Xa)])?
= E[X]] = (E[X1])* + E[X3] — (B[X2])”
= var(X;) + var(Xy)

Continuing on by setting X; = X; + X5, and X, = X35. ..

var (Z Xi) = Zvar(Xi)



3. An Exponential random variable X is a continuous random variable that takes on values
between 0 and co. The probability density function for X is

(z) = Ae ™™ ifx >0
=9 0 if £ <0

Where ) is the parameter of the distribution, also known as the failure rate. If X has an
Exponential distribution with parameter A we commonly write X ~ Exponential()).

Derive a formula for the expected value and variance of a random variable X ~ Exponential(\).
Since an Exponential random variable is a continuous random variable, you will need to use
the continuous analogues of the expected value and variance formulas given in the notes.
The expected value for a continuous random variable X is

EX = /:cq(a:)da:

plugging in for our Exponential case:

EX:/ zq(x)dx
0

EX:/ rhe Mdx
0

1 —\x 1 —A\x *

EX =)\ {—xxe — ﬁe )
1
EX =—
A

The Variance of a continuous random variable X is
var(X) = / (x — EX)*q(x)dz

var(X) = E(X?) — (EX)?

plugging in for our Exponential case:

o 1
X) = e Mdr — —
var(X) /0 Y T =33
1 1 1 o 1
— 2 -z -z —\z
= )\ |:—I' —e — 2:L’ﬁe — 2F€ . — F
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varX = 2



4. Derive a formula for the variance of the sample mean X, of n iid Exponential random
variables with failure rate .

1 <&
X=o2 X

The sample mean is a random variable with an associated sampling distribution. We can
take advantage of two properties that we exemplified in questions 1 and 2.

— 1 1 <
var(X) = var <n ;:1 ) > ;:1 var(X;)

Since our X7, ..., X, are iid Exponential(\) we have already calculated the variance of a
single X; to be -, plugging this into the above equation,

32
— 1 1 1 n
X) = — = =
var(X) n? — A2 2 )2
— 1
Var(X):W



5. Write a simulation program in R in which the variance of the sample mean of n iid Expo-
nential random variables with failure rate X is estimated. Your program should consider all
combinations of sample sizes n = 10, 20, 40, 80 and failure rates A = 1,2, 3,4. To simulate
a vector of n iid Exponential random variables with failure rate A in R use

n <- 10
nExponentials <- rexp(n, lambda)

Your final result should be a table in which the value calculated in the simulation appears
next to the theoretical value based on the result from part (a).

Solution:

V <- NULL
reps <- 10000

for (lambda in c(1,2,3,4))

{
for (n in c(10,20,40,80))
{
X <- array(rexp(n*reps, lambda), c(n,reps))
M <- apply(X, 2, mean)
V <- rbind(V, c(lambda, n, var(M), 1/(n*xlambda~2)))
}
}



6. Derive the EX and var(X) for X ~ Poisson()). Note that X is a discrete random variable,
thus we will use the discrete versions of the formulas. The probability mass function for X
is

e~

x!

P(X =x) = forz=0,1,2,...

Y

The discrete version of EX is
EX=) z-P(X =

0 \EeA

EX:Zx

z=0

EX =0+ f:wae_A

r=1

x T B 1

o z(z—1)-- (z—1)!
let Kk = x — 1, so replace x with £+ 1

00 _
)\k+1€ A

EX =), k!

In order to derive the variance, we can find the F(X?)

Zx

) > 2/\956—)\
B(X*)=0+)
r=1

zf)\

T Tx T

x! _x(x—l)---_(x—l)!
/\x
B(X?) = _
+Z (x —1)!

let Kk = x — 1, so replace x with £+ 1
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B(X?) :Z(k—l—l))\ Tle~

s (k)!
o0 k)\k+1€—>\ oo )\k+1€—>\
BExH) =22
()= =+t 2
k=0 k=0
> kMkeA 2 \reA
BE(X?) =\ + A
2 A T

E(X?) = EX + )\
E(X?) =M+ )
var(X) = BE(X?) — (EX)?
var(X) = A2 + ) — \?
var(X) = A
We have shown that the EX = var(X) = \.

7. Derive the formula for var(X), where X is the sample mean of n iid Poisson random
variables with mean A.

Using the formula we derived earlier,

— 1 1 ¢
var(X) = var (ﬁ E XZ-> = E var(X;)
i=1 i=1

1

var(X) = ﬁn)\
var(X) = A
n



8. Perform the same simulation in R as we did in question 5.
Solution:

V <- NULL
reps <- 10000

for (lambda in c(1,2,3,4))

{
for (n in ¢(10,20,40,80))
{
X <- array(rpois(n*reps, lambda), c(n,reps))
M <- apply(X, 2, mean)
V <- rbind(V, c(lambda, n, var(M), lambda/n))
}
}



