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Abstract

Thispaperaddressestheproblemof estimatingthetail index ®of distributionswith heavy,
Pareto–typetails for dependentdata,that is of interestin theareasof �nance, insurance,en-
vironmentalmonitoring and teletraf�c analysis. A novel approachbasedon the max self–
similarity scalingbehavior of blockmaximais introduced.Themethodexploits theincreasing
lackof dependenceof maximaover largesizeblocks,whichprovesusefulfor timeseriesdata.

We establishtheconsistency andasymptoticnormalityof theproposedmax–spectrumes-
timator for a large classof m¡ dependenttime series,in the regime of intermediateblock–
maxima.In theregimeof largeblock–maxima,we demonstratethedistributionalconsistency
of theestimatorfor a broadrangeof time seriesmodelsincludinglinearprocesses.Themax–
spectrumestimatoris arobustandcomputationallyef�cient tool,whichprovidesanovel time–
scaleperspective to the estimationof the tail–exponents.Its performanceis illustratedover
syntheticandrealdatasets.

Keywords: heavy–tail exponent,max–spectrum,block–maxima,heavy tailed time series,
moving maxima,max–stable,Fréchetdistribution

1 Intr oduction

The problemof estimatingthe exponentin heavy tailed datahasa long history in statistics,due
to its practicalimportanceand the technicalchallengesit poses. Heavy tailed distributionsare
characterizedby theslow, hyperbolicdecayof their tail. Formally, a realvaluedrandomvariable
X with cumulativedistribution function(c.d.f.) F (x) = Pf X · xg; x 2 R is (right) heavy–tailed
with index ® > 0, if

Pf X > xg = 1 ¡ F (x) » L(x)x ¡ ®; asx ! 1 ; (1.1)
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where» meansthat the ratio of the left–handsideto the right–handsidein (1.1) tendsto 1, as
x ! 1 . HereL(¢) is a slowly varyingfunctionat in�nity , i.e. L(¸x )=L(x) ! 1; asx ! 1 , for
all ¸ > 0. For simplicity purposes,we supposethatX is almostsurelypositive i.e. F (0) = 0, and
wealsofocuson thecasewhenL(¢) is asymptoticallyconstant,namely

L(x) » ¾®
0 ; asx ! 1 ; (1.2)

for some¾0 > 0. Thecasewhentheslowly varyingfunctionL(¢) is non–trivial is discussedin the
RemarksafterTheorem3.1,below.

Thetail index (exponent) ® controlstherateof decayof thetail of F . Thepresenceof heavy
tails in datawas originally notedin the work of Zipf on word frequenciesin languages(Zipf
(1932)), who also introduceda graphicaldevice for their detection(de Sousaand Michailidis
(2004)). Subsequently, Mandelbrot(1960)notedtheir presencein �nancial data.Sincetheearly
1970sheavy tailed behavior hasbeennotedin many other scienti�c �elds, suchas hydrology,
insuranceclaimsandsocialandbiologicalnetworks(see,e.g.FinkensẗadtandRootźen(2004)and
Barabasi(2002)).In particular, theemergenceof theInternetandtheWorld WideWebgaveanew
impetusto thestudyof heavy taileddistributions,dueto theiromnipresencein Internetpacketand
�o w data,thetopologicalstructureof theWeb,thesizeof computer�les, etc. (seee.g.Adler etal.
(1998),Resnick(1997),Faloutsoset al. (1999),Adamic andHuberman(2000,2002),Park and
Willinger (2000)). In fact, heavy tailed behavior is a characteristicof highly optimizedphysical
systems,asarguedin CarlsonandDoyle (1999).

Heavy tails arealsoubiquitousin stockmarket data.It is well–documentedthatthereturnsof
many stocksmeasuredat high–frequency exhibit non–negligible extreme�uctuations, consistent
with a non–Gaussian,heavy–tailedmodel. The availability of high–frequency tic-by-tic datare-
vealsfurtherpronouncedpresenceof heavy tails in the transactionvolumes.Figure1 shows the
volumesassociatedwith all singletransactionsof theHoneywell Inc. stocksrecordedduringJan-
uary4th, 2005at theNew York StockExchange(NYSE) andNASDAQ (see,WhartonResearch
DataService(url)). Thetransactionsareorderedby theiroccurrencein time. Thepresenceof large
spikesindicatesheavy tails, similar, for example,to themoving averagewith Paretoinnovations
shown in Figure2 below.

Someimportantfeaturesof suchdataare: (i) their large sizedueto the �ne time scaleres-
olution (high–frequency) at which they arecollected(ii) their temporalstructurethat introduces
dependenceamongstobservations,and(iii) their sequentialnature,sinceobservationsareadded
to thedatasetover time. Traditionalmethodsfor estimatingthetail index arenot well suitedfor
addressingtheseissues,asdiscussedbelow.

Themajorityof theapproachesproposedin theliteraturefocusesonthescalingbehavior of the
largestorderstatisticsX (1) ¸ X (2) ¸ ¢¢¢¸ X (n) obtainedfrom an in dependentandidentically
distributed(i.i.d.) sampleX (1); : : : ; X (n) from F ; typical examplesincludeHill' s estimatorHill
(1975)andits numerousvariations(KratzandResnick(1996),ResnickandSt�aric�a(1997)),kernel
basedestimators(Csörg�o et al. (1985)andFeuervergerandHall (1999)).A review of thesemeth-
odsandtheir applicationsis givenin deHaanet al. (2000)anddeSousaandMichailidis (2004)).
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Figure 1: Transactionvolumesfor Honeywell Inc. (HON) from the NYSE and NASDAQ consolidated
tradesandquotesdatabaseduring January4th, 2005. The observationscorrespondto the volumes(in a
numbershares)persingletransaction.The transactionsarelisted in theorderof their occurrencein time.
Theobservedheavy–tailedbehavior of tradedvolumesis ubiquitousacrossdifferenttradingdaysandacross
theentirespectrumof relatively liquid stocks.

Themostwidely usedin practiceis theHill estimatorb®H (k) de�ned as:

b®H (k) :=
³ 1

k

kX

i =1

ln X (i ) ¡ ln X (k+1)

´ ¡ 1
; (1.3)

with k; 1 · k · n ¡ 1 beingthenumberof includedorderstatistics.Theparameterk is typically
selectedby examiningthe plot of the b®H (k)'s versusk, known asthe Hill plot. In practice,one
choosesa value of k wherethe Hill plot exhibits a fairly constantbehavior (seee.g. de Haan
et al. (2000)).However, theuseof orderstatisticsrequiressortingthedatathatis computationally
expensive(requiresat leastO(n log(n)) steps)anddestroysthetimeorderingof thedataandhence
their temporalstructure.Further, ascanbeseenfrom thebrief review above,mostof theemphasis
hasbeenplacedonpointestimationof thetail index andlittle onconstructingcon�denceintervals.
Exceptionscanbe found in thework of ChengandPeng(2001)andLu andPeng(2002)for the
constructionof con�denceintervalsandof ResnickandSt�aric�a (1995)on theestimationof ® for
dependentdata.

Thepurposeof thisstudyis to introduceamethodfor estimatingthetail index thatovercomes
theabovelistedshortcomingsof othertechniques.It is basedontheasymptoticmaxself–similarity
propertiesof heavy–tailed maxima. Speci�cally, the maximumvaluesof datacalculatedover
blocksof sizem, scaleat a rateof m1=®. Therefore,by examininga sequenceof growing, dyadic
block sizesm = 2j ; 1 · j · log2 n; j 2 N, andsubsequentlyestimatingthemeanof logarithms
of block–maxima(log–block–maxima)oneobtainsanestimateof thetail index ®. Noticethatby
usingblocksof data,thetemporalstructureof thedatais preserved.ThisprocedurerequiresO(n)
operations,making it particularlyuseful for large datasets;further, the estimatesfor ® canbe
updatedrecursively asnew databecomeavailable,by usingonly O(log2 n) memoryandwithout
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theknowledgeof theentiredataset,thusmakingtheproposedestimatorparticularlysuitablefor
streamingdata.Estimatorsbasedonmax–selfsimilarity for thetail index for i.i.d. datawereintro-
ducedin Stoev etal. (2006),wheretheirconsistency andasymptoticnormalitywasestablished.In
this paper, we extendthemto dependentdata,prove their consistency, examineandillustratetheir
performanceusingsyntheticandrealdatasetsanddiscussanumberof implementationissues.

The remainderof the paperis structuredasfollows: in Section2 the max–spectrumestima-
torsareintroduced.Their consistency andasymptoticnormality is establishedin Section3.1, for
m¡ dependentprocesses.Thedistributionalconsistency of theestimatorsis establishedin Section
3.2 for a large classof time seriesmodels(including linear processes)undera mild asymptotic
independencecondition. Theconstructionof con�denceintervals is furtheraddressedin Section
3.3.Theimportantproblemof automaticselectionof parametersis addressedin Section4. Appli-
cationsto �nancial timeseriesarediscussedin Section5, while mosttechnicalproofsaregivenin
theAppendix.

2 Max self–similarity and tail exponentestimators

Hereweintroducethemaxself–similarityestimatorsfor thetail exponentanddemonstrateseveral
of their characteristics.We start by reviewing the basicideasfor the caseof independentand
identicallydistributed(i.i.d.) data.A detailedexpositionis givenin Stoev etal. (2006).

Considerthesequenceof block–maxima

X m (k) := max
1· i · m

X (m(k ¡ 1) + i ) =
m_

i =1

X (m(k ¡ 1) + i ); k = 1; 2; : : : ; m 2 N;

whereX m (k) denotesthelargestobservationin thek¡ th block. By (1.1)& (1.2)andtheFisher–
Tippett–Gnedenko Theorem,

n 1
m1=®

X m (k)
o

k2 N

d¡ !
n

Z (k)
o

k2 N
; asm ! 1 ; (2.1)

where d! denotesconvergenceof the�nite–dimensionaldistributions,with theZ(k)'sbeinginde-
pendentcopiesof an®¡ Fréchetrandomvariable.A randomvariableZ is saidto be®¡ Fréchet,
® > 0, with scalecoef�cient ¾> 0, if

Pf Z · xg =
½

expf¡ ¾®x¡ ®g ; x > 0
0 ; x · 0

(2.2)

TheFréchetvariableZ is saidto bestandardif ¾= 1.
Thus, for large m's the block–maximaX m (k)'s behave like a sequenceof i.i.d. ®¡ Fréchet

variables,whichsuggeststhefollowing:
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De�nition 2.1 A sequenceof randomvariablesX = f X (k)gk2 N is saidto be max self–similar
with self–similarityparameterH > 0, if for any m > 0,

f
m_

i =1

X (m(k ¡ 1) + i )gk2 N
d= f mH X (k)gk2 N; (2.3)

with = d denotingequalityof the�nite–dimensionaldistributions.

Relationship(2.3)holdsasymptoticallyfor i.i.d. dataandexactly for Fréchetdistributeddata.
Hence,any sequenceof i.i.d. heavy–tailedvariablescanberegardedasasymptoticallymaxself–
similar with self–similarityparameterH = 1=®. This featuresuggeststhatanestimatorof H and
consequently® canbe obtainedby focusingon the scalingof the maximumvaluesin blocksof
growing size. A similar ideaappliedto block–wisesumswasusedin Crovella andTaqqu(1999)
for estimating®, in thecase0 < ® < 2.

For ani.i.d. sampleX (1); : : : ; X (n) from F , de�ne

D(j ; k) := max
1· i · 2j

X (2j (k ¡ 1) + i ) =
2j_

i =1

X (2j (k ¡ 1) + i ); k = 1; 2; : : : ; nj ; (2.4)

for all j = 1; 2; : : : ; [log2 n]; wherenj := [n=2j ] andwhere[x] denotesthe largestinteger not
greaterthanx 2 R. By analogyto the discretewavelet transform,we refer to the parameterj
asthescaleandto k asthe locationparameter. We considerdyadicblock–sizesbecauseof their
algorithmicandcomputationaladvantages.Introducethestatistics

Yj :=
1
nj

n jX

k=1

log2 D(j ; k); j = 1; 2; : : : ; [log2 n]: (2.5)

The Law of Large Numbersimplies that for �x ed j , as n j ! 1 , the Yj 's are consistentand
unbiasedestimatorsof EYj = E log2 D(j ; 1), if �nite (seeCorollary 3.1 in Stoev et al. (2006)).
On the other hand,the asymptoticmax self–similarity (2.1) of X and (2.4) suggestthat under
additionaltail regularityconditions(seee.g.Proposition6.1below):

EYj = E log2 D(j ; 1) ' j H + C ´ j =®+ C; asj ! 1 ; (2.6)

whereC = C(¾0; ®) = E log2 ¾0Z, andwhere' meansthatthedifferencebetweentheleft– and
theright–handsidetendsto zero,with Z beingan®¡ Fréchetvariablewith unit scalecoef�cient.

Then,a regression–basedestimatorof H = 1=®(andhence®) for a rangeof scales1 · j 1 ·
j · j 2 · [log2 n] is givenby:

bH (j 1; j 2) :=
j 2X

j = j 1

wj Yj ; and b®(j 1; j 2) := 1=bH (j 1; j 2); (2.7)
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wheretheweightswj 'sarechosensothat
P j 2

j = j 1
wj = 0 and

P j 2
j = j 1

j wj = 1. Theoptimalweights
wj 's canbe calculatedthroughgeneralizedleastsquares(GLS) regressionusingthe asymptotic
covariancematrix of the Yj 's. In practice,it is importantto at leastuseweightedleastsquares
(WLS) regressionto accountfor thedifferencein thevariancesof theYj 's(see,Stoev etal. (2006)).
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Figure2: Toppanel: auto–regressivetimeseriesof order1with Paretoinnovationsof tail exponent® = 1:5.
Bottomleft and right panels: the Hill plot for this datasetandits zoomed–inversion,respectively. The
dashedhorizontalline indicatesthevalueof ® = 1:5.

We proposeto usethe estimatorde�ned in (2.7) for dependenttime seriesdata. We �rst il-
lustrateits usagethrougha simulateddataexample. A datasetof sizen = 215 = 32; 768was
generatedfrom anauto–regressive timeseriesof orderonewith Paretoinnovations.Speci�cally,

X (k) = ÁX(k ¡ 1) + Z(k) =
1X

i =0

Ái Z(k ¡ i ); k = 1; : : : ; n;

whereÁ = 0:9 andPf Z (k) > xg = x ¡ ®; x > 1, with ® = 1:5. Thedatatogetherwith its Hill
plot areshown in Figure2. Notice thateventhoughtheHill estimatorwork bestfor Paretodata,
thedependencestructurein themodelleadsto aHill plot,whichis substantiallydifferentfrom that
for independentParetodata(seethe bottomleft panel). The zoomed–inversionof the Hill plot
(bottomright panel)however indicatesthatthetail exponentshouldbein therangebetween1 and
2. Thechoicesof k in therangebetween200and400do in factleadto estimatesaround1:5. This
rangehowever is hardto guessif onedid not know thetruevalueof ® = 1:5. ResnickandSt�aric�a
(1997)haveshown thattheHill estimatoris consistentfor suchdependentdatasets.Nevertheless,
asthisexampleindicates,theHill plot canbedif�cult to assessin practice.
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Figure3: Themax–spectrumplot for thedatasetin Figure2. Themaxself–similarityestimatorof thetail
exponent,obtainedfrom therangeof scales(j 1; j 2) = (10; 15), is b®(10; 15) = 1:4774.

In Figure3, themax–spectrumplot is shown; i.e. theplot of thestatisticsYj versustheavailable
dyadicscalesj ; 1 · j · [log2 n](= 15). The estimatedtail exponentover the rangeof scales
(10; 15) is 1:4774, which is very closeto the nominal valueof ® = 1:5. Moreover, the max–
spectrumis easyto assessandinterpret. Oneseesa “knee” in theplot nearscalej = 10, where
themax–spectrumcurvesupwardsandthusit is naturalto choosethe rangeof scales(10; 15) to
estimate®. Thechoiceof thescales(j 1; j 2) canbealsoautomated,asbrie�y discussedin Section
4 below.

Remark: (on the algorithmic implementation)The max–spectrumYj ; j = 1; : : : ; [log2 n] of a
datasetX 1; : : : ; X n canbecomputedef�ciently in O(n) steps,without sortingthedata. Indeed,
this is evidentfrom therecursiveconstructionof blockmaxima,since

D(j + 1; k) = maxf D(j ; 2k ¡ 1); D(j ; 2k)g; k = 1; : : : ; [n=2j +1 ]; 1 · j < [log2 n]:

Moreover, thispropertycanbefurtherusedto obtainasequentialalgorithmfor thecomputationof
the Yj 's. Indeed,keepin addition to the Yj 's, the last block–maximumD j := D(j ; nj ); nj =
[n=2j ] per scalej , and also the extra variablesRj = max2j n j <i · n X (i ), which representthe
maximaof the ' left–over' X i 's over the range2j [n=2j ] < i · n. Now, if a new observation
X n+1 is recorded,onecaneasilyupdatetheRj 's andtheYj 's, with thehelpof theRj 's, andthe
D j 0 := D(j 0; nj 0)'s, for 1 · j 0 < j . Thus,onerecoversthe (Yj ; D j ; Rj ) j ¡ representationof the
dataX 1; : : : ; X n+1 . Sinceonly log2 n scalesareavailable,we performO(log2 n) operationsper
updateanduseO(log2 n) memoryto storethemax–spectrumandtheauxiliarydata.

Thissequentialimplementationof themax–spectrumis of critical importancein thecontext of
datastreamsin moderndatabasesor Internettraf�c applications.In suchsettings,largevolumes
of dataareobservedin shortamountsof time; they cannotbestoredand/orsortedef�ciently while
at the sametime rapid 'queries' needto be answeredaboutvariousstatisticsof the data. The
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proposedmax–spectrumestimatorprovidesa uniquetool for theestimationof the tail–exponent
of suchdata.Noticethattheotheravailabletechniquesrequiresortingthedatawhichis impossible
without having to storetheentiredataset. A sequentialimplementationof theHill estimatorfor
examplewould requireO(n) memory, which is prohibitive in many applications.

3 Asymptotic properties

3.1 Asymptotic Normality (in the intermediate scalesregime)

TheestimatorsbH andb® = 1=bH in (2.7)utilize thescalingpropertiesof themax–spectrumstatis-
tics Yj in (2.5). The discussionin Section2 suggeststhat the max self–similarityestimatorsin
(2.7)will beconsistentasboththescalej andn j tendto in�nity . Theconsistency andasymptotic
normalityof theseestimatorswasestablishedin Stoev etal. (2006)for i.i.d. data.Thiswasaccom-
plishedby assessingtherateof convergenceof momenttype functionalsof block–maxima,such
asE log2 D(j ; 1), undermild conditionsontherateof thetail decayin (1.1).Here,wefocusonthe
caseof dependentdataandestablishtheasymptoticnormalityof theproposedmaxself–similarity
estimatorsunderanalogousconditionson therate.

Considerastrictly stationaryprocess(timeseries)X = f X (k)gk2 Z with heavy–tailedmarginal
c.d.f. F as in (1.1) & (1.2). Further, assumethat the X (i )'s arepositive, almostsurely, that is,
F (0) = 0. In many contexts, the block–maximaof X scaleat a ratem1=® asthe block sizem
growsevenunderthepresenceof strongdependence.This is so,for example,whenthetimeseries
X hasa positiveextremalindex (see,p. 53 in Leadbetteret al. (1983)).Thefollowing conditions
make thismorepreciseby quantifyingfurthertherateof convergence.

Let M n := max1· k· n X (k) andlet

Fn (x) ´ Pf M n=n1=® · xg =: expf¡ c(n; x)x¡ ®g; x > 0; n 2 N:

OnecanseethatM n=n1=® d¡ ! Z; n ! 1 if andonly if c(n; x) ! cX ´ const; n ! 1 ; for
all x > 0, whereZ is an®¡ Fréchetvariablewith scale¾= c1=®

X . Thefollowing conditionswill
helpusquantifytherateof thelastconvergenceandalsoobtainratesof convergencefor moment
functionalsof block–maximain Proposition3.1below.

Condition 3.1 Thereexists¯ > 0 andR 2 R, such that

jc(n; x) ¡ cX j · c1(x)n¡ ¯ ; for all x > 0; and c1(x) = O(x¡ R); x # 0; (3.1)

for somecX > 0.

Condition 3.2 For all x > 0, wehave

c(n; x) ¸ c2 minf 1; x° g; for some° 2 (0; ®); (3.2)

for all suf�ciently largen 2 N, wherec2 > 0 doesnotdependonn.
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Remarks

1. Conditions3.1and3.2arenot very restrictive. They canbeshown to hold, for example,for
a largeclassof moving maximaprocesses(see,Proposition6.2).

2. Condition 3.1 implies in particular that M n=n1=® d! c1=®
X Z; as n ! 1 , for a standard

®¡ FréchetvariableZ . In view of (1.1), we alsohave that M ¤
n =n1=® d! ¾0Z, asn ! 1 ,

with M ¤
n := max1· k· n X (k)¤, wheretheX (k)¤'s arei.i.d. randomvariableswith c.d.f. F .

This impliesthattheextremalindex µ of thetime seriesX is: µ := cX =¾®
0 (see,e.g.p. 53 in

Leadbetteretal. (1983)).

Conditions3.1& 3.2,yield thefollowing importantresulton therateof convergenceof log–block
maxima,similar to Corollary3.1 in Stoev etal. (2006).

Proposition3.1 Let X = f X (k)gk2 Z be a strictly stationarytime serieswhich satis�es Con-
ditions 3.1 & 3.2. Supposethat

R1
1 c1(x)x¡ ®¡ 1+ ±dx < 1 , for some± > 0. Then, with

M n := max1· k· n X k , wehaveEj ln(M n )jp < 1 , for all p > 0 andall suf�ciently large n 2 N.
Moreover, for anyp > 0 andk 2 N, wehave:
¯
¯
¯Ej ln(M n=n1=®)jp ¡ Ej ln(Z )jp

¯
¯
¯ = O(n¡ ¯ ); and

¯
¯
¯E(ln(M n=n1=®))k ¡ E(ln(Z )) k

¯
¯
¯ = O(n¡ ¯ );

asn ! 1 , whereZ is an®¡ Fréchetrandomvariablewith scalecoef�cient ¾= c1=®
X .

Theproof is givenin Section6. Proposition3.1readilyimplies:

E(Yj ¡ j =®) ´ E log2(D(j ; k)=2j =®) = E log2(c1=®
X Z1) + O(1=2j ¯ ); (3.3)

asj ! 1 , whereZ1 is a standard®¡ Fréchetvariable.This resultyieldsanasymptoticboundon
thebiasof theestimatorsbH (j 1; j 2) in (2.7)above.

Proposition3.1 can be further usedto establishthe asymptoticnormality of b®(j 1; j 2) =
1=bH (j 1; j 2) in (2.7). To do so,we focuson a rangeof scales(j 1; j 2) whichgrows with thesample
size.Namely, we �x ` 2 N; ` ¸ 2, let j 1 := 1 + j (n) & j 2 := ` + j (n), andasin (2.7)de�ne:

bHn :=
`X

i =1

wi Yi + j (n) and b®n := 1=bHn ;

where
P ` ¡ 1

i =0 i · wi = ·; · = 0; 1. Thenext theoremis themainresultof this section.It establishes
theasymptoticnormalityof theestimatorb®n , asj (n) andn tendto in�nity .

Theorem3.1 Let X 1; : : : ; X n be a samplefrom an m¡ dependentheavy–tailedprocessX =
f X (k)gk2 Z. Supposethat (3.1)and(3.2)holdandlet j = j (n) 2 N besuch that

2j (n)=n + n=2j (n)(1+2 min f 1;¯ g) ¡ ! 0; asn ! 1 : (3.4)
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Then,asn ! 1 ,

p
nj (b®n ¡ ®) d¡ ! N (0; ®2cw); with cw =

`X

i 0;i 00=1

wi 0wi 00§ 1(i 0; i 00); (3.5)

where nj = [n=2j ]. Here § 1(i 0; i 00) = 2min f i 0;i 00gCov(log2 Z1; log2(Z1 _ (2j i 0¡ i 00j ¡ 1)Z2)) ; for
i 0; i 00= 1; : : : ; `, whereZ1 andZ2 are independentstandard 1¡ Fréchetrandomvariables.

PROOF: By the 'Delta–method'(seee.g.Theorem3.1 in van der Vaart (1998)), it suf�ces to
show that

p
nj ( bHn ¡ H ) d¡ ! N (0; H 2cw); asn ! 1 : (3.6)

Indeed,sinceb®n = f ( bHn); with f (x) = 1=x, wehave b®n ¡ ® = ¡ H ¡ 2( bHn ¡ H ) + op( bHn ¡ H );
asn ! 1 .

Let now

eD(j 0; k) :=
2j 0

¡ m_

i =1

X (2j 0
(k ¡ 1) + i ) and eYj 0 :=

1
nj 0

n j 0X

k=1

log2
eD(j 0; k);

for all j 1 · j 0 · j 2, andk = 1; : : : ; nj 0; wherenj 0 := [n=2j 0
]. Observe thatsincethetime series

X is m¡ dependent,the eD(j 0; k)'s arenow independentin k. Hence,in view of Conditions3.1
& 3.2 andProposition3.1, the resultsof Theorem4.1 in Stoev et al. (2006)readily apply to the
max–spectrumeYj 0; j 0 = j 1; : : : ; j 2, which is basedon the independenteD(j 0; k)'s. Therefore,by
setting eHn :=

P `
i =1 wi

eYi + j (n) , weobtain:

p
nj ( eHn ¡ H ) d¡ ! N (0; H 2cw); asn ! 1 : (3.7)

In view of (3.7), to establish(3.6), it is enoughto show that bHn ¡ eHn = op(1=
p

nj ); n ! 1 , or
that,for example,

E( bHn ¡ eHn )2 = Var( bHn ¡ eHn ) + (E bHn ¡ E eHn)2 = o(1=nj ); asn ! 1 : (3.8)

Consider�r st thetermVar( bHn ¡ eHn ). Since bHn ¡ eHn =
P `

i =1 wi (Yi + j (n) ¡ eYi + j (n)); wehave

Var( bHn ¡ eHn ) · C
`X

i =1

Var(Yi + j (n)¡ eYi + j (n)) ·
C0

nj

`X

i =1

Var(log2 D(i+ j (n); 1)¡ log2
eD(i+ j (n); 1));

for someconstantsC andC0, wherethe last inequalityfollows from Lemma6.1. Now, Lemmas
6.2 and6.3 imply thatVar(log2 D(i + j (n); 1) ¡ log2

eD(i + j (n); 1)) ! 0; n ! 1 , andhence
Var( bHn ¡ eHn ) = o(1=nj ), asn ! 1 .

Now, focuson theterm(E bHn ¡ E eHn)2 in (3.8). For someconstantC` > 0, wehave

(E bHn ¡ E eHn)2 · C`

`X

i =1

(EYi + j (n) ¡ EeYi + j (n))2 = C`

`X

i =1

³
E log2

D(i + j (n); 1)
eD(i + j (n); 1)

´ 2
; (3.9)

10



wherewe usedthe inequality (
P `

i =1 x i )2 · `
P `

i =1 x2
i and the stationarity(in k) of the D(i +

j (n); k)'s and eD(i + j (n); k)'s. We furtherhave that

E log2
D(i + j (n); 1)
eD(i + j (n); 1)

= E log2

³ D(i + j (n); 1)
2j (n)=®

´
¡ E log2

³ eD(i + j (n); 1)
(2j (n) ¡ m)1=®

´
¡

1
®

log2(1¡
m

2j (n)
):

(3.10)
Relation(3.3) impliesthat thelast two expectationarebothequalto E log2(Z ) + O(1=2j (n)¯ ); as
n ! 1 , whereZ is an®¡ Fréchetvariablewith scalec1=®

X . Therefore,from (3.9)and(3.10),we
obtain

(E bHn ¡ E eHn )2 = O(1=22j (n)¯ ) + O(1=22j (n)) = O(1=22j (n) min f 1;¯ g); asn ! 1 ;

wherein thelastrelationweusedthatlog2(1 ¡ x) = O(x); x ! 0.
By combiningtheabovederivedboundson thetermson theright–handsideof (3.8),weget

bHn ¡ eHn = oP (1=
p

nj ) + op(1=2j (n) min f 1;¯ g) = op(1=
p

nj ); asn ! 1 ;

wherethe lastequalityfollows from (3.4) sincen=2j (n)(1+2 min f 1;¯ g) = nj =22j (n) min f 1;¯ g ! 0; as
n ! 1 . This implies(3.6)andcompletestheproofof thetheorem.¤

Weconcludethissectionwith severalimportantremarksonthescopeof validity of theasymp-
totic resultsin Theorem3.1.

Remarks

1. (Ontheroleof ¯ ) Theparameter̄ > 0 in Condition3.1controlstherateof theconvergence
in distribution of M n=n1=® to the®¡ Fréchetlimit law. Thelarger thevalueof ¯ , thefaster
theconvergencein (3.1),andin view of (3.4),thewidertherangeof scalesj (n)'sin Theorem
3.1 that lead to asymptoticallynormal b®n 's. In particular, the larger the ¯ , the fasterthe
convergenceof the b®n 's canbemade,sinceonecouldchooserelatively small j (n)'s.

On theotherhand,whentherateof convergenceof the law of M n=n1=® to its limit is rela-
tively slow, thenthevaluesof ¯ > 0 canbecloseto zero. This canleadto arbitrarily slow
ratesof theconvergenceof b®n sinceonemayhave to chooserelatively largescalesj (n)'s to
compensatefor therateof thebiasin themax–spectrumonsmallerscales.

2. (On the connectionwith Hill estimators) As arguedin Stoev et al. (2006), for the caseof
independentdata,Condition3.1correspondspreciselyto thesecond–orderconditionusedin
Hall (1982),wheretheasymptoticnormalityof theHill estimatorwasestablished.Therates
of convergencein (3.5)above are,in thecaseof independentdata,in closecorrespondence
with theratesfor theHill estimator, obtainedin Hall (1982).

3. (Ondatawith regularly varyingtails) ConsiderthecasewhentheX (k)'ssatisfy(1.1)where
now theslowly varyingfunctionL(¢) is non–trivial. Then,themax–spectrumbasedestima-
torsof ® will continueto work. Indeed,for thecaseof i.i.d. data,wehave that

M n

an

d¡ ! Z; asn ! 1 ;
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whereZ is astandard®¡ Fréchetvariable,andwherean = n1=®`(n) is suchthat

na¡ ®
n L(an ) ´

1
`(n)

L(n1=®`(n)) ¡ ! 1; asn ! 1 :

Here`(¢) is anotherslowly varyingfunctionrelatedto L (seee.g.Proposition1.11in Resnick
(1987)).

If onereplacesn1=® by an ´ n1=®`(n) andcX by 1 in Conditions3.1 and3.2 thenPropo-
sitions3.1and6.1will continueto hold with M n=n1=® replacedby M n=an . Theproofsare
essentiallythethesame.In thecaseof independentdata,onehasthat

Var(Yj ) =
1
nj

Var
³

log2 D(j ; 1)=(2j =®`(2j )1=®)
´

=
1
nj

³
Var(log2 Z) + o(1)

´
; (3.11)

wheretheremaindertermo(1) vanishes,asj ! 1 , becauseof theanalogof Relation(3.3).
Also, by thecounterpartof (3.3),oneobtains:

E
³

Yj ¡ j =®¡ log2(`(2j ))=®
´

= E log2(Z ) + O(1=2j ¯ ); asj ! 1 : (3.12)

Considernow a �x edm 2 N; m ¸ 2 andlet

bHn =
mX

i =1

wi Yi + j (n) :

Relation(3.11)impliesthatVar( bHn ) ! 0, asn andj (n) tendto in�nity . On theotherhand,
Relation(3.12)shows that

E bHn =
1
®

mX

i =1

iw i + O(1=2j ¯ ) + (j (n) + E log2(Z ))
mX

i =1

wi +
1
®

mX

i =1

log2(`(2i + j ))

=
1
®

+ O(1=2j ¯ ) +
1
®

mX

i =1

log2

³
`(2i ¢2j (n))=`(2j (n))

´
; (3.13)

wherein thelasttwo relationsweusedthefactsthat
P m

i=1 iw i = 1 and
P m

i=1 wi = 0.

Now, the fact that `(¢) is a slowly varying function, implies that `(2i ¢2j (n))=`(2j (n)) ! 1,
as j (n) ! 1 . This shows that the right–handsideof (3.13) convergesto H ´ 1=®, as
j (n) ! 1 andhencetheestimator bHn is consistent,asn ! 1 andasj (n) ! 1 . Note
that therateof thebias(E bHn ¡ H ) dependsnot only on thetermO(1=2j ¯ ) but alsoon the
rateof theconvergence

`(¸j )=`(j ) ¡ ! 1; asj ! 1 :

This last rate dependson the structureof the slowly varying function `(¢) and it may be
possibleto controlin termsof theKaramata's integral representation

`(x) = c̀ (x) exp
n

¡
Z x

x0

²(u)=udu
o

;

12



at theexpensehowever, of two additionalparameterscontrollingtheratesof c` (¢) and²(¢).

This argumentshows the consistency of the max–spectrumbasedestimatorof ® for i.i.d.
X (k)'s with regularly varying tails. In principle, onecanestablishasymptoticnormality
of theseestimatorsalongsimilar line, but this would involve technicallycomplicatedas-
sumptionson theslowly varying functionsconsidered.Further, asin Theorem3.1 onecan
establishasymptoticnormalityresultsfor the b®n 's for m¡ dependentdata.We chosenot to
pursuethe generalcaseof regularly varying tails heresincethe technicaldetailsmay ob-
scurethe ideabehindthe estimator. Theseimportanttheoreticalresultswill be pursuedin
subsequentwork on thesubject.

3.2 Distrib utional consistency(in the largescalesregime)

In Theorem3.1,we consideranasymptoticregimewherethenumberof block–maximan j on the
scalej = j (n) grows, asn ! 1 . This is essentialfor theconsistency of theestimatorsb®n . In
practice,however, thesituationwherewe have a �x ednumberof block–maximaperscaleis also
of interest.Namely, for a sampleX (1); : : : ; X (n) anda �xed numberof block–maximar , we let
j (n) := [log2(n=r)] andconsidertheestimator

b®n :=
`X

i =1

wi Yi + j (n) ; where ` = [log2 r ]: (3.14)

This estimatorcorrespondsto taking the largest` scalesin the max–spectrum,where` is �xed.
Onecannotexpecttheestimatorsb®n to beconsistent(evenfor independentdata)sincethey involve
averagesovera�x ednumberof block–maximastatistics.Nevertheless,theasymptoticdistribution
of ®̂n is of interest.

Thenext resultestablishesthe'distributionalconsistency' of theestimatorsb®n in theaforemen-
tionedregime. We do so underthe conditionthat the block–maximain (2.1) areasymptotically
independent.Thisconditionis in factquitemild, asshown in Lemmas3.1and3.2below.

Theorem3.2 Supposethat (2.1)holdswhere theZ(k)'sare i.i.d. ®¡ Fréchet.Then,

b®n
d¡ ! b®Z ; asn ! 1 ; (3.15)

where ®̂F := 1=(
P `

i =1 wi Y Z
i ), and where f Y Z

i g`
i =1 is the max–spectrumof a sequenceof i.i.d.

®¡ FréchetvariablesZ(1); : : : ; Z (r ).

PROOF: Theresultreadilyfollows from thecontinuousmappingtheorem.Indeed,by (2.1),and
in view of (2.4),wehavef D(j (n); k)=2j (n)=®; k = 1; : : : ; r g d¡ ! f Z (k); k = 1; : : : ; r g; asn !
1 ; andhence

f log2 D(j (n); k) ¡ j (n)=®; k = 1; : : : ; r g d¡ ! f log2 Z(k); k = 1; : : : ; r g; asn ! 1 :
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Dueto thedyadicstructureof theblock–maximaD(j (n); k)'s, onecanrecover D(i + j (n); k)'s,
for i = 1; : : : ; ` andk = 1; : : : ; [r =2i ] from theblock–maximaD(j (n); k), k = 1; : : : ; r througha
continuouscombinationof maximaoperations.Thus,by applyingthecontinuousmappingtheo-
remagain,weobtain

f Yi + j (n) ¡ j (n)=®g`
i =1

d¡ ! f Y Z
i g`

i =1 ; asn ! 1 ;

whichyieldstheconvergence(3.15)since
P `

i =1 wi j (n)=®= 0. ¤

Condition(2.1)appearsstringent,but contraryto intuition, it holdsin mostpracticalsituations.
We wereunableto �nd an exampleof ergodic heavy–tailedtime seriesX (of positive extremal
index) with asymptoticallydependentblock–maxima.We next show that(2.1)holdsfor thelarge
classof linearprocessesconsideredin Davis andResnick(1985).

Let »k ; k 2 Z be i.i.d. heavy–tailedinnovations,suchthatPfj »k j > xg » ¾®
» x¡ ®; x ! 1 ,

wherePf »k > xg=Pfj »k j > xg ! p; x ! 1 for somep 2 [0; 1]. Considerthelinearprocess

X (k) :=
1X

i =0

ci »k¡ i ; where
1X

i =0

jci j± < 1 ; for some± 2 (0; minf 1; ®g): (3.16)

The following resultshows that (2.1) holdsfor the linear processX = f X (k)gk2 Z. Its proof is
givenin theAppendix.

Lemma 3.1 Let c+ := maxi ¸ 0 ci andc¡ := maxi ¸ 0(¡ ci ). Supposethat eitherpc+ > 0 or (1 ¡
p)c¡ > 0. Then,the linear processin (3.16)satis�es(2.1)where theZ(k)'s are i.i.d. ®¡ Fréchet
with scalecoef�cient ¾»(pc®

+ + (1 ¡ p)c®
¡ )1=®.

Thenext resultprovidessomefurtherinsightto theobservedindependencephenomenonfor block–
maxima. Namely, it turnsout that the block–maximaof a heavy–tailed time seriesare always
asymptoticallyindependent,providedthatthey convergeto amax–stableprocess.

Lemma 3.2 Let X = f X (k)gk2 Z bea heavy–tailedtimeserieswith marginal distributionsas in
(1.1). Supposethat (2.1)holdswhere theZ(k)'sarenotassumedindependent.

If the limit time seriesZ = f Z (k)gk2 N is multivariatemax–stable, then it consistsof i.i.d.
randomvariables.

Theproof is givenin theAppendix.

3.3 On the construction of con�dence intervals

In many applications,an uncertaintyassessmentaboutthe estimatedtail exponentis important,
which requirestheconstructionof con�denceintervals.

The literatureis rathersparsefor con�denceintervals for theheavy tail exponenteven in the
caseof independentdata.We arenot awareof any generalresultson theasymptoticdistribution
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j 1 3 4 5 6 7 8 9 10 11
90%c.i. Á = 0:1 0:891 0:894 0:912 0:919 0:897 0:903 0:889 0:895 0:875

Á = 0:3 0:759 0:888 0:914 0:915 0:899 0:901 0:889 0:895 0:875
Á = 0:5 0:229 0:772 0:889 0:915 0:892 0:899 0:888 0:895 0:875
Á = 0:7 0:000 0:299 0:801 0:895 0:895 0:899 0:887 0:895 0:875
Á = 0:9 0:000 0:000 0:070 0:641 0:843 0:890 0:877 0:890 0:875

95%c.i. Á = 0:1 0:943 0:952 0:954 0:953 0:949 0:950 0:931 0:931 0:904
Á = 0:3 0:844 0:940 0:952 0:953 0:949 0:950 0:931 0:931 0:904
Á = 0:5 0:321 0:854 0:950 0:954 0:948 0:950 0:931 0:931 0:904
Á = 0:7 0:000 0:395 0:872 0:946 0:944 0:950 0:931 0:931 0:904
Á = 0:9 0:000 0:000 0:123 0:738 0:911 0:941 0:927 0:930 0:904

99%c.i. Á = 0:1 0:990 0:990 0:989 0:991 0:987 0:993 0:975 0:972 0:947
Á = 0:3 0:946 0:985 0:990 0:991 0:987 0:992 0:975 0:972 0:947
Á = 0:5 0:552 0:953 0:984 0:990 0:987 0:991 0:975 0:972 0:947
Á = 0:7 0:000 0:642 0:959 0:981 0:988 0:990 0:974 0:972 0:947
Á = 0:9 0:000 0:000 0:276 0:897 0:968 0:984 0:973 0:972 0:947

Table3.1: Coverageprobabilitiesof theasymptoticcon�denceintervals(3.17)for ® for max–AR(1)time
seriesasin (3.18)of length215. Max self–similarityestimatorsbH = bH (j 1; j 2) wereusedwith 1 · j 1 · j 2

andj 2 = 15. Resultsfor threecon�dencelevels: 90%, 95%and99%areshown for differentvaluesof j 1.

of the Hill or the momentestimatorof ® for dependentdata. Theorem3.1 above suggeststhe
following asymptoticcon�denceinterval for ® of level ° ; 0 < ° < 1:

³
( bH ¡ bH z(1¡ ° )=2

p
cw=

p
nj )¡ 1; ( bH + bH z(1¡ ° )=2

p
cw=

p
nj )¡ 1

´
; (3.17)

wherez(1¡ ° )=2 is (1 + ° )=2¡ quantileof the standardnormal distribution, and wherecw as in
Theorem3.1. Here,asrecommendedin Stoev et al. (2006),we usethereciprocalof a symmetric
con�denceinterval for H to obtainonefor ® = 1=H (seealso(3.6)).

Tables3.1 and 3.2 illustrate coverageprobabilitiesof con�dence intervals for ®, basedon
Theorems3.1 and3.2, respectively. They arebasedon 1000 independentreplicationsof max–
AR(1) timeseriesX = f X (k)gk2 Z:

X (k) := ÁX(k ¡ 1) _ Z(k) =
1_

i =0

Ái Z(k ¡ i ); k = 1; : : : ; n; (3.18)

of sizen = 215 = 32768for differentvaluesof Á. HeretheZ(k)'s arei.i.d. and®¡ Fréchetwith
® = 1:5. Thecoverageprobabilitiesfor 90%; 95%and99%levelsof con�dencearereportedin
eachrow, asa functionof j 1.

Observe that when the dataarecloserto independent(Á = 0:1), the coverageprobabilities
matchthenominalvalueseven for small j 1's. As thedegreeof dependencegrows, largervalues
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j 1 5 6 7 8 9 10 11 12 13
90%c.i. Á = 0:1 0:884 0:909 0:903 0:907 0:901 0:914 0:887 0:902 0:917

Á = 0:3 0:903 0:906 0:915 0:888 0:898 0:910 0:906 0:907 0:916
Á = 0:5 0:911 0:908 0:905 0:905 0:898 0:906 0:890 0:902 0:898
Á = 0:7 0:837 0:885 0:879 0:898 0:906 0:908 0:907 0:906 0:899
Á = 0:9 0:103 0:735 0:863 0:888 0:894 0:909 0:920 0:909 0:915

95%c.i. Á = 0:1 0:945 0:953 0:950 0:947 0:947 0:951 0:946 0:953 0:959
Á = 0:3 0:956 0:944 0:953 0:941 0:942 0:955 0:946 0:963 0:956
Á = 0:5 0:949 0:955 0:956 0:947 0:935 0:945 0:947 0:952 0:933
Á = 0:7 0:894 0:949 0:939 0:949 0:939 0:956 0:954 0:947 0:947
Á = 0:9 0:163 0:820 0:935 0:943 0:934 0:958 0:959 0:959 0:957

99%c.i. Á = 0:1 0:992 0:993 0:992 0:994 0:984 0:989 0:989 0:991 0:997
Á = 0:3 0:995 0:991 0:987 0:993 0:985 0:992 0:992 0:992 0:998
Á = 0:5 0:990 0:996 0:991 0:997 0:993 0:986 0:984 0:988 0:980
Á = 0:7 0:953 0:990 0:989 0:992 0:990 0:994 0:988 0:994 0:993
Á = 0:9 0:337 0:933 0:984 0:990 0:980 0:995 0:984 0:989 0:993

Table3.2: Coverageprobabilitiesof empiricalcon�denceintervalsbasedon Theorem3.2 for ® for max–
AR(1) time seriesasin (3.18)of length215. Max self–similarityestimatorsbH = bH (j 1; j 2) wereusedwith
1 · j 1 · j 2 andj 2 = 15. Resultsfor threecon�dencelevels: 90%, 95%and99%areshown for different
valuesof j 1.

for j 1 are requiredto achieve accuratecoverageprobabilities. Nevertheless,even in the most
dependentsetting(Á = 0:9) thevalueof j 1 = 8 in Table3.1yieldsverygoodresults.

Observe thatcoverageprobabilitiesin Table3.1deterioratefor very largescalesj 1. This is due
to theinadequacy of thenormalapproximationin Theorem3.1in thepresenceof a limited number
of block–maxima.For large j 1's the regimedescribedin Theorem3.2 is moreapplicable.Table
3.2 shows that the coverageprobabilitiesbasedon (3.15) arevery accurateeven for the largest
scalesj 1 = 13. We obtainedthesecon�denceintervalsby usinga MonteCarlomethod.Namely,
we approximatethe distribution of the statisticsb®F basedon 1; 000 independentpathsof i.i.d.
1¡ Fréchetvariables,multiplied by the estimatedb®n 's. Although thesecon�denceintervals are
signi�cantly slower to computethan(3.17),they exhibit excellentcoverageprobabilitiesevenfor
thelargestscalesj 1.

In conclusion,thebrief numericalexperimentssuggestthat thecon�denceintervals in (3.17)
work well in practice,even for dependentdata, for judicious choiceof scalesj 1 and j 2. The
con�denceintervalsbasedon Theorem3.2 on theotherhand,work well for all suf�ciently large
scales,wherethe asymptoticnormality may not apply. Both typesof con�dence intervals are
usefulin practice.
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4 On the automatic selectionof the cut–off scalej 1

In the ideal caseof ®¡ Frécheti.i.d. data,the max–spectrumplot of Yj is linear in j . Whenthe
distribution of thedatais not Fréchet,or whenthedataaredependent,thenthemax–spectrumis
asymptoticallylinear, asthescalesj tendto in�nity . It is thereforeimportantto selectappropriately
the rangeof large scalesj for estimationpurposes. In view of (2.6), one can always choose
j 2 = [log2 n] to be the largestavailablescaleandhence,the problemis reducedto choosingthe
scalej 1; 1 · j 1 < j 2. The estimatorof ® is thenobtainedby performinga WLS or GLS linear
regressionof Yj versusj ; j 1 · j · j 2 (see(2.7)).

The“cut-off ” parameterj 1 canbeselectedeitherby visually inspectingthemax–spectrumor
througha datadriven procedure.In Stoev et al. (2006)an automaticprocedurefor selectingthe
cut–off parameterwasproposed,in the caseof independentdata,whosemain stepsarebrie�y
summarizednext. We alsodemonstratethat it performssatisfactorily for dependentdata. The
algorithmsetsj 2 := [log2 n] andj 1 := maxf 1; j 2 ¡ bg, with b = 3 or 4 in practicefor moderate
samplesizes.Next, j 1 is iteratively decreaseduntil statisticallysigni�cant deviationsfrom linearity
of Yj ; j 1 · j · j 2 aredetected.Namely, asj 1 > 1, ateachiterationover thescalej 1 thefollowing
two quantitiesarecalculatedbHnew = bH (j 1 ¡ 1; j 2) and bHold = bH (j 1; j 2). Whenever thevalueof
zerois not containedin a con�denceinterval centeredat ( bHnew ¡ bHold), thealgorithmstopsand
returnstheselectedj 1 and®̂ = 1=bHold ; otherwise,it setsj 1 := j 1 ¡ 1 andproceedsaccordingly.
Theconstructionof thecon�denceinterval about( bHnew ¡ bHold) utilizesthecovariancematrix§ 1

in Theorem3.1 which is the sameas in the i.i.d. case,seeStoev et al. (2006). The asymptotic
normality resultsuggeststhat themethodologyin thecaseof i.i.d. dataappliesasymptoticallyto
dependentdata,for moderatelylargescalesj 1. Alternatively, the resultsof Theorem3.2 maybe
usedto suitablycorrectthecon�denceintervalsonthelargestscalesj 1. Wedid not implementthis
method,sinceit is computationallydemandingin practice.

Figure 4 demonstratesthe performanceof the automaticselectionprocedurein the caseof
dependentdata.Eventhoughthemarginal distributionsof X areFréchet,thedependencecauses
a kneein the max–spectrumplot (see,e.g.Figure3). The automaticselectionprocedurepicks
up this “knee” andyieldsreasonablyunbiasedandpreciseautomaticestimatesof ® (seethetop–
right panelin Figure4). Comparingthe MSE plot andthe histogramof the selectedj 1 values,
we seethat over 70% of the times the value j 1 = 5 waschosen,which is closeto the optimal
value of j 1 = 6. The histogramof the resultingautomaticestimatesof ® (top–rightpanel)is
similar (with theexceptionof a few outliers)to thehistogramof theestimatorscorrespondingto
theMSE–optimalj 1 = 6 (bottom–rightpanel).

RecallTable3.1, andobserve that the caseÁ = 0:9 correspondsto the time seriesanalyzed
in Figure4. The coverageprobabilitiesof the con�denceintervals for ® essentiallymatchthe
nominallevels,for j 1 ¸ 8. On theotherhandtheMSE–optimalvalueis j 2 = 6 (Figure4) which
is only slightly smallerthanj 1 = 8. This canbecontributedto the fact that thebiasinvolved in
theestimatorsat j 1 = 6, althoughcomparableto their standarderrorsis signi�cant andnoticeably
shiftsthecon�denceinterval. As thescalej 1 grows, thebiasquickly becomesnegligible andthe
resultingcon�denceintervalsbecomeaccurate.
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Figure4: The top–plotshows the histogramof automaticallyselectedj 1 valuesfor 1; 000 independent
samplesof size N = 215 from an exponentialmoving maxima®¡ Fréchetprocess,X = f X (k)gk2 Z ,
de�ned asin (3.18)with Á = 0:9 andwith i.i.d. 1:5¡ Fréchetinnovations.We usedsigni�cancelevel and
back–startparametersarep = 0:01 andb = 4, respectively. Thetop–rightplot show thehistogramof the
resultingb® = 1= bH estimates.Thebottom–leftplot shows estimatesof thesquareroot of themeansquared
error (MSE) E( bH ¡ H )2 asa function of j 1. The bottom–rightplot containsa histogramof b® estimates
obtainedwith theMSE–optimalchoiceof j 1 = 11.

Thesebrief experimentssuggestthattheautomaticprocedureis practicalandworksreasonably
well in the caseof dependentmoving maximatime series.Similar experimentsfor independent
heavy–taileddata(not shown here)indicatethat the automaticselectionprocedurecontinuesto
performwell andchoosesvaluesof j 1 closeto theMSE–optimalones,thusmakingit appropriate
for usein empiricalwork. Nevertheless,a detailedstudyof its performanceundera combination
of heavy–taileddistributionsanddependencestructures,aswell asits sensitivity to thechoiceof
the back–startparameterb andthe level of signi�cancep, is necessaryandthe subjectof future
work.

5 Applications to Financial Data

We analyzemarket transactionsfor two stocks-Intel (symbolINTC) andGoogle(GOOG)-using
themax–spectrum.Thedatasetswereobtainedfrom theTradesandQuotes(TAQ) databaseof
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consolidatedtransactionsof theNew York Stock Exchange (NYSE) andNASDAQ (seeWharton
ResearchDataService(url)) andincludethefollowing informationabouteverysingletradeof the
underlyingstock: timeof transaction(up to seconds),price (of theshare)andvolume(in number
of shares).In our analysis,we focuson thetradedvolumesof thetwo stocksfor November2005,
that could provide information aboutthe respective sector's, as well as the market's economic
conditions(Lo andWang(2000)).

A ubiquitousfeatureof the volume datasetsis the presenceof heavy, Paretotype tails, as
canbe seenin Figure6. Speci�cally, the top panelshows transactionvolumesfor the Google
stockon November7, 2005,while thebottompanelsshow theHill andthemax–spectrumplots,
respectively. Thetail exponent,estimatedfrom themax–spectrumover therangeof scales(11; 15)
is b® = 1:0729. The Hill plot indicatesheavy–tail exponentestimatesbetween1:5 and2, which
correspondto theslopeof themax–spectrumover therangeof scales(1; 10). Thesmalldip in the
Hill plot for verylargeorderstatistics(smallvaluesof k) canberelatedto thebehavior of themax–
spectrumfor scales(11; 15). Suchbehavior is typical for almostall liquid stocks,aswell asthe
presenceof non–stationarityanddependence.In orderto minimize the intricatenon–stationarity
effects,we focushereon tradedvolumeswithin a day. The max–spectrumyields consistenttail
exponentestimatesevenin thepresenceof dependence.This factandtherobustnessof themax–
spectrumsuggestthat it maybesafelyusedin variouspracticalscenariosinvolving heavy–tailed
data.In Figure5, we show themaxself–similarityestimatesof thetail exponents,for eachof the
21 tradingdaysin November, 2005. The max–spectraof these21 time series(not shown here)
of tradingvolumesareessentiallylinear. This con�rms the validity of a heavy–tailedmodelfor
the data,valid over a wide rangeof time scales– from secondsup to hoursanddays. Further,
at the beginning andendof the tradingday, several large volumetransactionsareobserved, as
documentedin Hong and Wang (2000). Nevertheless,the trading activity of Google,remains
essentiallylinearover theperiodunderstudy, with a few bumpsat thelargestscalesdueto diurnal
effectsandothernon–stationarities.

In Figure5, thedaily tail exponentestimatesareshown for theGooglestock,which �uctuate
between1and2,alongwith pointwisecon�denceintervals(brokenlines).Theseestimatesindicate
thatthetail exponentexhibitsasigni�cant degreeof variability overtheperiodof amonth,andthat
an in�nite variancemodelmaybemostappropriatefor modelingtradingvolumes.For example,
on November7 (seeFigure6), the estimateof ® is nearly1, which may be due to the several
extremelylargepeaksin thevolumedata.Theupwardkneein themax–spectrumof thisdatasetis
likely causedby thesepeaks.Themax–spectraon mostotherdaysaremuchcloserto linearthan
theonein Figure6. Suchcorrespondencebetweenthepresenceof largepeaksin thedataandthe
behavior of the max–spectrumcanbe usedto identify statisticallysigni�cant �uctuations in the
volumedata.Hence,themax–spectrumplot canbeusednot only to estimate®, but alsoto detect
changesin themarket. We illustratethis lastpoint next, by examininganunusualtradingpattern
in theIntel stocktowardstheendof November, 2005.

Figure7 showsthemax–spectrumestimatesof thetail exponentsfor thetradedvolumesof the
Intel stockfor 21tradingdaysin November2005.Noticethatupto November21,thetail exponent
is fairly constant,�uctuating between1.2and2. On November22 (Tue)and23 (Wed),beforethe
Thanksgiving holiday on November24 (Thur), the tail exponenttakesvalueslarger than3 and
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Figure5: Top panel: tradedvolumesfor theGooglestockfrom theTAQ databaseof consolidatedtrades
of NYSE andNASDAQ for themonthof November, 2005.Thex– axisandy–axiscorrespondto time and
numberof tradedshares,respectively. This is ahigh–frequency dataset,whereeachdatapointcorresponds
to thevolumeof asingletransactionandnotemporalaggregationis performed.Thegapsof zerosin thedata
correspondto hoursof the day with no tradingand/orweekends.Bottompanel: estimatedtail exponents
(indicatedby circles)from themax–spectrumandtheir corresponding95%con�denceintervals(indicated
by broken lines),basedon theasymptoticexpressionin (3.17). Automaticselectionof thecut-off scalej 1

wasdonewith p = 0:1 andb = 3 (seeSection4). Every estimatewascomputedfrom a day worth of
transactionvolumes.

5, respectively. This changeis quitesurprisingandit is deemedsigni�cant by thecorresponding
con�denceintervals.A closerlook at thedatafrom November23(Figure8) showsachangingbut
persistentpatternof tradingascomparedto November21;seefor exampleFigure9).

Thisbehavior provespersistentandcontinuesonNovember25,aftertheThanksgiving holiday.
Moreover, no suchbehavior wasobserved for the Googledataon any of the 21 tradingdaysin
November, 2005.Althoughtradingof extremelylargevolumesoccursonNovember23,asseenin
Figure8, thesetradesareveryregularandhenceinconsistentwith aheavy–tailedmodel.Although
regular in time, theselarge transactionsoccuron a time scaleof several minutes,andhencethe
smallscalesof themax–spectrumarenotaffectedby thesepeaksandbehaveasonanormaltrading
day(seeFigure9). However, thelargepeaksdominatethelargerscalesj andtheirregularitymakes
themax–spectrumessentiallyhorizontal.TheHill plot, shown on thebottom–leftpanelof Figure
8, fails to pick up theunusualbehavior, sinceit suggestsvaluesof ® ¼ 1, whichcorrespondsonly
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Figure6: Top panel: the transactionvolumesduring the tradinghoursof November7, 2005. Thex–axis
correspondsto thenumberof the transactionandthey–axisto numberof shares.Note thatabout50; 000
transactionsoccurredon this day, which is typical for the Googlestock. Observe alsothe fairly classical
heavy–tailednatureof the volumedata. Bottompanels: the Hill plot (left) andthe max–spectrum(right)
of the data. The Hill plot is zoomed–into a rangewhereit is fairly constantanda tail exponentbetween
1:5 and2 canbe identi�ed. The max–spectrumrevealsmore: on large scalesthe plot is steeperthanon
smallscaleswith thetail exponentabout1 on therangeof scales(11; 15) andexponentabout1:7 on scales
(1; 10). Thepresenceof akneein themax–spectrumplot suggestsdifferentbehavior of thelargestvolumes
on largetimescalesthanonsmalltimescalesandcanbecontributedto theseveralvery largespikesof over
20; 000tradedshares(about5 million USdollars)thetopplot.

to thesmallestportionof themax–spectrum,whereb®(7; 11) = 1:0578¼ 1.
Ourbestguessis thatthischangein activity is relatedto theapproval by theboardof directors

of the Intel Corp.on November10 of a programfor a stockbuy–backworth of up to 25 billion
US dollars;(see,e.g.theFinancialTimes,London,on ThursdayNovember11, page27); hence,
someof the delayedeffects of the announcementof the programand market reactionto it are
demonstratedin thevolumeactivity discussedabove.
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Figure7: This �gure hasthesameformatasFigure5. On the top panel,the tradedvolumesof the Intel
stockfor themonthof November, 2005areshown. Observe that thetail exponentestimateson thebottom
plot �uctuate between1.5and2 upto November21. OnandafterNovember22,unusuallyhighvaluesof ®
appear(comparewith thecaseof theGooglestockin Figure5). This is furtheranalyzedin Figures8 and9,
below.
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6 Appendix

6.1 Ratesof convergencefor moment functionals of dependentmaxima

Proposition6.1 Supposethat f : (0; 1 ) ! R is an absolutelycontinuousfunctionon anycom-
pact interval [a;b] ½ (0; 1 ), andsuch that f (x) = f (x0) +

Rx
x0

f 0(u)du; x > 0 for some(any)
x0 > 0.

Let for somem 2 R and± > 0,

xm jf (x)j + esssup0<y · xym jf 0(y)j ¡ ! 0; asx # 0; (6.1)
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Figure 8: Top panel: tradedvolumesof the Intel stock for November23, 2005. Observe the regular
occurrenceof many very largetradesof approximatelythesamesizes:10,000,15,000,25,000anda few
of 20,000shares.This is a very unusualbehavior of thevolumedata,ascomparedto a typical tradingday
(see,e.g.Figure9). Bottompanels:theHill plot andthemax–spectrumof thedata.NoticethattheHill plot
fails to identify theunusualbehavior of thedata,whereasthemax–spectrum�attens out,on largescalesdue
to theregularnon–heavy tailedbehavior of thelargesttradedvolumes.Onceidenti�ed onthemax–spectrum
plot, onecanperhapsread–off thesedetailsfrom thevolatile Hill plot for very smallvaluesof k. On small
scales,wheretheregularlargetransactionsarenot frequentanddonotplayarole,themax–spectrumyields
tail exponentsabout1. This is in line with theHill plot.

x¡ ®jf (x)j + x1+ ±esssupy¸ xy¡ ®jf 0(y)j ¡ ! 0; asx ! 1 : (6.2)

Supposealso that the timeseriesX = f X ngn2 Z satis�esConditions3.1 and3.2, where c1(x) is
such that: Z 1

1
c1(x)x¡ ®jf 0(x)jdx < 1 : (6.3)

Then,E jf (M n )j < 1 ; for all suf�ciently largen 2 N, andfor someCf > 0, independentof n;

jEf (M n=n1=®) ¡ Ef (Z )j · Cf n¡ ¯ ; (6.4)

whereZ is an®¡ Fréchetvariablewith scalecoef�cient ¾:= c1=®
X .
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Figure9: This �gure hasthe sameformat asFigure8. The top plot shows the volumesof INTC during
November21,2005,whichasthevolumesof GOOGin Figure6, behave like a classicalheavy–tailedsam-
ple. TheHill plot andthemax–spectrum(bottomleft andright panels,respectively) identify tail exponents
around1.5. Thecut off scalein themax–spectrumplot wasselectedautomaticallywith p = 0:1 andb = 3
(asin Figure7. Notice thevolatile, saw–toothshapeof theHill plot which is dueto its non–robustnessto
deviationsfrom theParetomodel.Themax–spectrumis morerobustandfairly linearwith a smallkneeon
scalej = 12, which maybedueto a few clustersof largevolumesin thebeginningandat theendof the
tradingday.

PROOF: Theproof is similar to theproofof Theorem3.1in Stoev etal. (2006).Indeed,asin the
above reference,onecanshow thatEjf (Z )j < 1 andEjf (M n )j < 1 , for all suf�ciently largen.
Further, by usingtheconditions(6.1)and(6.2)andintegrationby parts,wehave that

Ef (M n=n1=®) ¡ Ef (Z ) =
Z 1

0
(G(x) ¡ Fn (x))f 0(x)dx; (6.5)

whereFn (x) := Pf M n=n1=® · xg andG(x) = Pf Z · xg. SinceFn (x) = e¡ c(n;x )x ¡ ®
; by the

meanvaluetheorem,wehave

jG(x) ¡ Fn (x)j = je¡ cX x ¡ ®
¡ e¡ c(n;x )x ¡ ®

j · jc(n; x) ¡ cX jx¡ ®e¡ min f µcX ; c(n;x )gx ¡ ®

· n¡ ¯ c1(x)x¡ ®
³

e¡ c2x ¡ ( ®¡ ° )
+ e¡ µcX x ¡ ®

´
;

wherein thelastinequality, weusedRelations(3.1)and(3.2).
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Thus,by (6.5),wehave that

jEf (M n=n1=®) ¡ Ef (Z )j · n¡ ¯
Z 1

0
c1(x)x¡ ®jf 0(x)j

³
e¡ c2x ¡ ( ®¡ ° )

+ e¡ cX x ¡ ®
´

dx

=: n¡ ¯
³ Z 1

0
+

Z 1

1

´
: (6.6)

The last integral is �nite. Indeed,sincetheexponentialtermsabove arebounded,Relation(6.3)
implies that the integral “

R1
1 ” is �nite. On theotherhand,conditions(3.1) and(6.1) imply that,

c1(x)jf 0(x)j = O(x¡ R); x # 0, for someR 2 R. However, for all p > 0, we have (e¡ c2x ¡ ( ®¡ ° )
+

e¡ cX x ¡ ®
) = o(xp); x # 0, since®¡ ° > 0. This implies that the integral in “

R1
0 ” in (6.6) is also

�nite. Thiscompletestheproofof (6.4). ¤

PROOF OF PROPOSITION 3.1: It is enoughto show that the functionsf (x) := j ln(x)jp and
f (x) := (ln(x)) k ; p > 0; k 2 N satisfythe conditionsof Proposition6.1. In the �rst case,for
example,jf 0(x)j = px¡ 1j ln(x)jp¡ 1; x > 0. Therefore,theassumption

R1
1 c1(x)x¡ ®¡ 1+ ±dx < 1

implies(6.3),sincej ln(x)jp¡ 1 · constx±; for all x 2 [1; 1 ). Theconditions(6.1) and(6.2) are
alsoful�lled in this case,andhenceProposition6.1yieldsthedesiredorderof convergence.The
functionsf (x) = (ln(x)) k ; k 2 N canbetreatedsimilarly. ¤

In therestof this sectionwe demonstratethatConditions3.1 and3.2 apply to a generalclass
of moving maximaprocesses.

Let f Zngn2 N beasequenceof i.i.d. randomvariableswith thecumulativedistribution function
Pf Z · zg = FZ (z). As in Stoev etal. (2006),wesupposethat

FZ (z) = expf¡ c(z)z¡ ®g; z > 0; (6.7)

andimposetwo furtherconditions,analogousto Conditions3.1and3.2.

Condition 6.1 Thereexists¯ 0 > 0, such that

jc(z) ¡ cZ j · K z¡ ¯ 0
; for all z > 0; (6.8)

wherecZ > 0 andK ¸ 0.

Condition 6.2 FZ (0) = 0 andfor all x > 0,

c(z) ¸ cminf 1; z° g; for some° 2 (0; ®); (6.9)

with c > 0.

Observe that(6.8) impliesc(z) ! cZ ; z ! 1 , andin factPf Z > zg = 1 ¡ FZ (z) » cZ z¡ ®; as
z ! 1 : De�ne now themoving maximaprocessX = f X kgk2 Z:

X k := max
1· i · m

ai Zk¡ i +1 ; k 2 Z; (6.10)

with somecoef�cients ai > 0; i = 1; : : : ; m; andm ¸ 1. The following resultshows that the
processX satis�esconditionsConditions3.1& 3.2.
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Proposition6.2 If the Zn 's satisfyConditions6.1 and 6.2, then the processX = f X kgk2 Z in
(6.10)satis�es(1.1), Conditions3.1and3.2with ° asin (6.9),

¾®
0 = cZ

mX

i =1

a®
i ; ¯ = minf 1; ¯ 0=®g and c1(x) := const(1 + x¡ ¯ 0

); (6.11)

where ¯ 0 is asin (6.8)andwhere cX := cZ max1· i · m a®
i . In particular, theextremalindex of X is

µ = cX =¾®
0 = max1· i · m a®

i =
P m

i=1 a®
i :

PROOF: We �rst derive themarginaldistributionof theX k 's. By (6.7)and(6.10),wehave

Pf X k · xg = Pf Zk · x=a1; : : : ; Zk¡ m+1 · x=amg = expf¡
mX

i =1

c(x=ai )a®
i x¡ ®g:

Thus,in view of (6.8),c(x=ai ) ! cZ ; x ! 1 , andhence,asx ! 1

Pf X k > xg » ¾®
0 x¡ ®; where¾®

0 := cZ

mX

i =1

a®
i : (6.12)

Wenow focusonthemaximaM n := max1· i · n X i : For n > m, andx > 0, wehave thatFn (x) :=
Pf M n=n1=® · xg equals

Fn (x) = Pf X 1 · n1=®x; : : : ; X n · n1=®xg

= P
n 0_

j =2 ¡ m

gj ;m Z j · n1=®x;
n¡ m+1_

j =1

a(1) Z j · n1=®x;
m¡ 2_

j =0

hj Zn¡ j · n1=®x
o

where

a(1) :=
m_

k=1

ak ; gj ;m =
m_

k=2 ¡ j

ak ; hj =
1+ j_

k=1

ak :

Therefore, by using the independenceof the Z j 's and Relation (6.7), we get Fn (x) =
expf¡ c(n; x)x¡ ®g; x > 0; where

c(n; x) =
1
n

³ 0X

j =2 ¡ m

c(n1=®x=gj ;m )g®
j ;m + (n ¡ m + 1)a®

(1) c(n1=®x=a(1) ) +
m¡ 2X

j =0

c(n1=®x=hj )h®
j

´
:

(6.13)
We will now show thatRelation(3.1)holdswith ¯ andc1(¢) asin (6.11). Let cX := cZ a(1) =

cZ max1· i · m a®
i . By (6.13),wehave

jc(n; x) ¡ cX j = jc(n; x) ¡ cZ a®
(1) j

·
1
n

0X

j =2 ¡ m

¯
¯
¯c(n1=®x=gj ;m ) ¡ cZ

¯
¯
¯g®

j ;m +
(n ¡ m + 1)

n

¯
¯
¯c(n1=®x=a(1) ) ¡ cZ

¯
¯
¯a®

(1)

+
1
n

m¡ 2X

j =0

¯
¯
¯c(n1=®x=hj ) ¡ cZ

¯
¯
¯h®

j +
C
n

=: A1 + A2 + A3 +
C
n

; (6.14)
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wherethe constantC doesnot dependon x. In the last relation,we addandsubtractthe �nite
numberof 2(m ¡ 1) termsof thetypeg®

j ;m cZ andh®
j cZ andapplythetriangleinequality.

Now, by applyingRelation(6.8) to eachoneof theabsolutevaluetermsin A1, weobtain

A1 ·
K a®

(1)

n

0X

j =2 ¡ m

n¡ ¯ 0=®x¡ ¯ 0
g¯ 0

j ;m ·
m ¡ 1
n1+ ¯ 0=®

K a®+ ¯ 0

(1) x¡ ¯ 0
=

C1

n1+ ¯ 0=®
x¡ ¯ 0

; (6.15)

wheretheconstantC1 doesnot dependon n andx andwherein thelast inequalitieswe usedthat
gj ;m · a(1) . Oneobtainsasimilarboundfor thetermA3 in (6.14):

A3 ·
C3

n1+ ¯ 0=®
x¡ ¯ 0

; (6.16)

wheretheconstantC3 doesnotdependonn andx.
Now, for thetermA2 in (6.14),wealsohaveby (6.8) that

A2 ·
n ¡ m + 1

n
K a®+ ¯ 0

(1) x¡ ¯ 0
n¡ ¯ 0=® ·

C2

n¯ 0=®
x¡ ¯ 0

; (6.17)

wheretheconstantC2 doesnotdependonn andx.
By combiningtheboundsin (6.15)– (6.17),for thetermsin (6.14),weobtain

jc(n; x) ¡ cX j ·
(C1 + C3)

n1+ ¯ 0=®
x¡ ¯ 0

+
C2

n¯ 0=®
x¡ ¯ 0

+
C
n

;

whichshows that(3.1)holdswith c1(x) = const(1 + x¡ ¯ 0
); where¯ := ¯ 0=®.

We now show that (3.2) holds. Since(3.2) involvesa lower bound,we can ignore the two
positive sumsin (6.13). Recall (6.9) and note that c(n1=®x=a(1) ) ¸ c0

2 minf 1; (n1=®x=a(1) )° g:
Since,for suf�ciently largen, n1=® > a(1) , and(n1=®x=a(1) )° ¸ x° ; we obtainc(n1=®x=a(1) ) ¸
c0

2 minf 1; x° g: Therefore,by (6.13),sincefor all suf�ciently largen, (n ¡ m + 1)=n ¸ 1=2, we
have c(n; x) ¸ c2 minf 1; x° g; wherec2 = a®

(1) c
0
2=2. This implies(3.2)andcompletestheproof of

theproposition.¤

6.2 Auxiliary lemmas

Thenext threelemmaswereusedin theproofof Theorem3.1.

Lemma 6.1 Undertheconditionsof Theorem3.1,for all j > log2 m, wehave

Var(Yj ¡ eYj ) ·
3
nj

Var(log2(D(j ; 1)=eD(j ; 1))):
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PROOF: For notationalsimplicity, let »k := log2(D(j ; k)=eD(j ; k)); k = 1; : : : ; nj . We have,by
thestationarityof »k in k, that

Var(Yj ¡ eYj ) =
1
nj

Var(»1) +
2
n2

j

n j ¡ 1X

k=1

(nj ¡ k)Cov(»k+1 ; »1):

Notethat»k+1 = log2(D(j ; 1 + k)=eD(j ; 1 + k)) and»1 = log2(D(j ; 1)=eD(j ; 1)) areindependent
if k > 1. Indeed,this follows from the fact that theprocessX is m¡ dependent,andsince»k+1

and»1 dependon blocksof thedataseparatedby at least2j > m lags. Therefore,only the lag–1
covariancesin theabovesumwill benon–zeroandhence

Var(Yj ¡ eYj ) ·
1
nj

Var(»1) +
2
nj

¯
¯
¯Cov(»2; »1)

¯
¯
¯ ·

3
nj

Var(»1);

since by the Cauchy–Schwartz inequality we have jCov(»2; »1)j · Var(»2)1=2Var(»1)1=2 =
Var(»1). Thiscompletestheproofof thelemma.¤

Lemma 6.2 Undertheconditionsof Theorem3.1,for any�xed k, wehaveD(j ; k)= eD(j ; k) P¡ ! 1;
asj ! 1 :

PROOF: Let ± 2 (0; 1=®) bearbitraryandobserve that

Pf D(j ; k)=eD(j ; k) < 1g = Pf R > eD(j ; k)g · Pf R > 2j ±g + Pf 2j ± > eD(j ; k)g; (6.18)

whereR = max1· i · m X 2j (k¡ i )+1 . Now, by stationarity,

Pf R > 2j ±g = Pf max
1· i · m

X i > 2j ±g ! 0; asj ! 1 :

On the other hand,Relation(3.1) implies that 2¡ j =® eD(j ; k) d! Z; as n ! 1 , whereZ is a
non–degenerate®¡ Fréchetvariable.Thus,since± 2 (0; 1=®), wehave that

Pf 2j ± > eD(j ; k)g ! 0; asj ! 1 :

Thelasttwo convergencesandtheinequality(6.18)imply thatPf D(j ; k)= eD(j ; k) < 1g ! 0; j !
1 . Sincetrivially Pf D(j ; k)=eD(j ; k) > 1g = 1, weobtainD(j ; k)=eD(j ; k) convergesin distribu-
tion to theconstant1, asj ! 1 . This completestheproof sinceconvergencein distribution to a
constantimpliesconvergencein probability. ¤

Lemma 6.3 Thesetof randomvariables
¯
¯
¯ log2

³
D (j ;k)
eD (j ;k)

´ ¯
¯
¯
p
; j ; k 2 N is uniformly integrable, for

all p > 0, whereD(j ; k) and eD(j ; k) areasin Theorem3.1.
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PROOF: Let q > p bearbitrary. By usingtheinequalityjx + yjq · 2q(jxjq + jyjq); x; y 2 R, we
get

E
¯
¯
¯ log2

D(j ; k)
eD(j ; k)

¯
¯
¯
q

· 2qEj log2(D(j ; k)=2j =®)jq + 2qEj log2( eD(j ; k)=2j =®)jq:

In view of Proposition3.1,appliedto theblock–maximaD(j ; k) and eD(j ; k), weobtain

Ej log2(D(j ; k)=2j =®)jq = Ej log2(M 2j =2j =®)jq ¡ ! const; asj ! 1 :

Thus the set f Ej log2(D(j ; k)=2j =®)jq; j ; k 2 Ng is bounded. We similarly have that the set
f Ej log2( eD(j ; k)=2j =®)jq; j ; k 2 Ng is boundedsincelog2(2j ¡ m) » j ; j ! 1 , for any �x edm.

Wehave thusshown that

sup
j ;k2 N

E
¯
¯
¯ log2

D(j ; k)
eD(j ; k)

¯
¯
¯
q

< 1 ;

for q > p, whichyieldsthedesireduniform integrability. ¤

Wenow presenttheproofsof Lemmas3.1and3.2 in Section3.2.

PROOF OF LEMMA 3.1: Following theproof of Theorem3.1 in Davis andResnick(1985),intro-
ducethemapTr : M p((0; 1 ) £ R n f 0g) ! Rr ;

Tr

³ 1X

k=1

²(uk ;vk )

´
:=

³
_uk 2 (0;1=r ] vk ; ¢¢¢; _ uk 2 (i=r ;(i +1) =r ]vk ; ¢¢¢; _ uk 2 (( r ¡ 1)=r;1]vk

´
: (6.19)

ThemapTr is simplerthanthanthemapT : M p((0; 1 ) £ R n f 0g) ! D(0; 1 ) consideredin
Davis andResnick(1985),whereD(0; 1 ) denotestheSkorkhodspaceof c�adlág functions.The
spaceM p of Radonpoint measuresis equippedwith the topologyof vagueconvergence,where
a setK ½ (0; 1 ) £ R n f 0g is compactif it is closedandboundedaway from zero. We will
arguebelow thatthemapTr is almostsurelycontinuouswhenappliedto suitablePoissonrandom
measures.

Proceedingasin theproof of Theorem3.1 in Davis andResnick(1985),(by Theorem2.4 (i)
therein)weget

1X

k=1

²(k=m;m 1=® X (k)) =)
1X

i =0

1X

k=1

²(tk ;j k ci ) ; (6.20)

where' ) ' denotesweakconvergenceof point processesandwhere² (t;j ) denotesa point measure
with unit massconcentratedat (t; j ) 2 (0; 1 ) £ R n f 0g. In (6.20),f (t k ; j k)gk¸ 0 arethepointsof
aPoissonrandommeasure(PRM)with intensitymeasure

¹ (dt; dx) = dx£ ¸ (dx); where ¸ (dx) = ®px¡ ®¡ 11(0;1 )(x)dx+ ®(1¡ p)(¡ x)¡ ®¡ 11(¡1 ;0)(x)dx;

(recallthedistributionof the»k 's aboveandsee(2.1) in Davis andResnick(1985)).
Let now m =

P 1
k=1 ²(tk ;j k ci ) be the PRM in (6.20) andobserve that Pf m(@B) = 0g = 1,

whereB := ((0; 1=r] £ R n f 0g) [ ¢¢¢[ ((r ¡ 1)=r; 1] £ R n f 0g) is thesetassociatedwith the
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mapTr in (6.19),andwhere@B denotestheboundaryof B . Indeed,this follows from thefactthat
theintensitymeasure¹ (dt; dx) of thePRMm doesnotchargewith positivemasssetsof Lebesgue
measurezero.ThefactthatPf m(@B) = 0g = 1 showsthat,almostsurely, thepointsf (t k ; j k)g do
not lie on theboundary@B. Sincethepointsof discontinuityof Tr areat only thosemeasuresin
M p with atomson @B, it follows thatthemapTr is almostsurelycontinuouswhenappliedto the
realizationsof thePRM m. Therefore,thecontinuousmappingtheorem(seee.g.Theorem3.4.3
in Whitt (2002))yields:

Tr

³ 1X

k=1

²(k=m;m 1=® X (k))

´
d¡ ! Tr

³ 1X

i =0

1X

k=1

²(tk ;j k ci )

´
; asm ! 1 ;

where

Tr

³ 1X

i =0

1X

k=1

²(tk ;j k ci )

´
=

³
_ tk 2 (0;1=r ] _1

i=0 ci j k ; : : : ; _ tk 2 (( r ¡ 1)=r;1] _1
i=0 ci j k

´
=: (Z (1); : : : ; Z (r )) :

However, sincethe intervals (0; 1=r]; (1=r; 2=r]; : : : ; ((r ¡ 1)=r; 1] in (6.19) do not overlap, the
randomvariablesZ(1); : : : ; Z (r ) areindependent.Moreover, thestationarity(in t) of theintensity
of the PRM shows that the Z(k)'s are identically distributed. Now, it remainsto arguethat the
Z(k)'s have the desired®¡ Fréchetdistribution. This follows as in Davis andResnick(1985),
sincefor Z (1), for example,wehave:

Z (1) = _ tk 2 (0;1=r ] _1
i=0 ci j k = _ tk 2 (0;1=r ](c+ j k _ (¡ c¡ )j k);

which in factequalstheextremalprocessY(t) thereinevaluatedat t = 1=r. ¤

PROOF OF LEMMA 3.2: For multivariatemax–stabledistributions,pairwiseindependenceim-
plies independence(Ch. 5 in Resnick(1987)). Thus,it suf�ces to show that Z (1) andZ(2) are
independent.Thecontinuousmappingtheoremimpliesthat

1
m1=®

(X m (1) _ X m (2)) d¡ ! Z (1) _ Z(2); asm ! 1 :

We alsohave thatX m (1) _ X m (2) = X 2m (1) andsince(2m)¡ 1=®X 2m (1) d! Z (1); asm ! 1 ,
weobtain

Z (1) _ Z(2) d= 21=®Z(1): (6.21)

In view of (1.1), the marginal distributions of Z can only be ®¡ Fréchet. Thus, since
(Z (1); Z (2)) is amax–stablevector, Proposition5.11' in Resnick(1987),implies

Pf Z1 · x1; Z2 · x2g = exp
n

¡
Z 1

0

f ®
1 (u)
x®

1
_

f ®
2 (u)
x®

2
du

o
; x1; x2 > 0: (6.22)
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for somenon–negative functionsf 1 andf 2 suchthat
R1

0 f ®
i (u)du < 1 ; i = 1; 2. Thus,by (6.21),

for all x > 0:

Pf Z (1) _ Z(2) · xg = expf¡ x ¡ ®
Z 1

0
f ®

1 (u) _ f ®
2 (u)dug

= Pf Z1 · 2¡ 1=®xg = expf¡ 2x¡ ®
Z 1

0
f ®

1 (u)dug:

This,sinceby stationarity
R1

0 f ®
1 (u)du =

R1
0 f ®

2 (u)du, yields

Z 1

0
f ®

1 (u) _ f ®
2 (u)du =

Z 1

0
f ®

1 (u)du +
Z 1

0
f ®

2 (u)du:

The last relationis valid if andonly if the non–negative functionsf 1(u) andf 2(u) have disjoint
supports.This fact,in view of (6.22),impliestheindependenceof Z (1) andZ(2). ¤

References

Adamic,L. andB. Huberman(2000). The natureof marketsin the world wide web. Quarterly
Journalof ElectronicCommerce1, 5–12.

Adamic,L. andB. Huberman(2002).Zipf 'spowerlaw andtheInternet.Glottometrics3, 143–150.

Adler, R.,R.Feldman,andM. S.Taqqu(Eds.)(1998).APracticalGuidetoHeavyTails: Statistical
TechniquesandApplications. Boston:Birkhäuser.
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Leadbetter, M. R., G. Lindgren, and H. Rootźen (1983). Extremesand RelatedPropertiesof
RandomSequencesandProcesses. New York: Springer-Verlag.

Lo, A. andJ.Wang(2000). Tradingvolume:De�nitions, dataanalysis,andimplicationsof port-
folio theory. Review of FinancialStudies13, 257–300.

Lu, J.-C. and L. Peng(2002). Likelihood basedcon�dence intervals for the tail index. Ex-
tremes5(4), 337–352(2003).

Mandelbrot,B. B. (1960). The Pareto-Ĺevy law and the distribution of income. International
EconomicReview 1, 79–106.

Park,K. andW. Willinger (Eds.)(2000).Self-SimilarNetworkTraf�c andPerformanceEvaluation.
New York: J.Wiley & Sons,Inc.

32



Resnick,S.andC. St�aric�a (1995). Consistency of Hill' s estimatorfor dependentdata.Journal of
AppliedProbability32, 139–167.

Resnick,S. andC. St�aric�a (1997). Smoothingthe Hill estimator. Adv. in Appl. Probab. 29(1),
271–293.

Resnick,S.I. (1987).ExtremeValues,RegularVariationandPointProcesses. New York: Springer-
Verlag.

Resnick,S. I. (1997).Heavy tail modelingandteletraf�c data.TheAnnalsof Statistics25, 1805–
1869.With discussionsandrejoinder.

Stoev, S., G. Michailidis, andM. Taqqu(2006). Estimatingheavy–tail exponentsthroughmax
self–similarity. TechnicalReport447,Universityof Michigan.

Tsay, R. (2005). Analysisof Financial TimeSeries(seconded.). Hoboken,New Jersey, U.S.A.:
JohnWiley & Sons.

van der Vaart,A. W. (1998). Asymptoticstatistics, Volume3 of Cambridge Seriesin Statistical
andProbabilisticMathematics. Cambridge:CambridgeUniversityPress.

WhartonResearchDataService(url). https://wrds.wharton.upenn.edu/ . Wharton
Schoolof Management,Universtyof Pennsylvania.

Whitt, W. (2002). Stochastic–ProcessLimits. An Introductionto Stochastic–ProcessLimits and
TheirApplicationto Queues. New York: Springer.

Zipf, G. (1932). SelectiveStudiesandthePrinciple of RelativeFrequencyin Language. Harvard
UniversityPress.

33


