Onthe Estimationof the Heary—Tail Exponentn Time
Seriesusingthe Max—Spectrurh

Stilian A. Stoa”Y and Geoge Michailidis

Departmenbf Statistics,TheUniversity of Michigan,AnnArbor, U.S.A.

Abstract

This paperaddressethe problemof estimatinghetail index ® of distributionswith heavy,
Pareto—typeails for dependentata,thatis of interestin the areasof nance, insurancegn-
vironmentalmonitoring and teletrafc analysis. A novel approachbasedon the max self—
similarity scalingbehaior of block maximais introduced.Themethodexploits theincreasing
lack of dependencef maximaover large sizeblocks,which provesusefulfor time seriesdata.

We establisithe consisteng andasymptoticnormality of the proposednax—spectrunes-
timator for a large classof mij dependentime series,in the regime of intermediateblock—
maxima.In theregime of large block—maximawe demonstratéhe distributional consisteng
of theestimatorfor a broadrangeof time seriesmodelsincludinglinearprocessesThe max—
spectrunmestimatoiis arobustandcomputationallyef cient tool, which providesanovel time—
scaleperspectie to the estimationof the tail-exponents. Its performancas illustratedover
syntheticandrealdatasets.

Keywords: heary—tail exponent,max—spectrumblock—maximaheavy tailedtime series,
moving maxima,max—stableFréchetdistribution

1 Intr oduction

The problemof estimatingthe exponentin heavy tailed datahasa long historyin statistics,due
to its practicalimportanceandthe technicalchallengest poses. Heavy tailed distributions are
characterizedby the slow, hyperbolicdecayof their tail. Formally, a realvaluedrandomvariable
X with cumulatve distribution function(c.d.f.) F(x) = Pf X - xg; x 2 R s (right) heary—tailed
with index ® > 0, if

PEX >xg=1j F(X)» L(x)x' ® asx! 1: (1.1)
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where» meansthatthe ratio of the left—handsideto the right—handsidein (1.1) tendsto 1, as
x ! 1 .HereL(9 isaslowly varyingfunctionatin nity ,i.e.L(,x)=L(x) ! 1;asx! 1 ,for
all, > 0. For simplicity purposeswe supposéahatX is almostsurelypositvei.e.F (0) = 0, and
we alsofocusonthe casewhenL () is asymptoticallyconstantnamely

L(x)» ¥%; asx! 1; (1.2)

for some¥y > 0. Thecasewhentheslowly varyingfunctionL (¢ is non—triial is discussedh the
RemarksafterTheorem3.1, below.

Thetail index (exponent ® controlstherateof decayof thetail of F. The presencef heavy
tails in datawas originally notedin the work of Zipf on word frequenciesn languagegZipf
(1932)), who alsointroduceda graphicaldevice for their detection(de Sousaand Michailidis
(2004)). SubsequentlyMandelbrot(1960) notedtheir presencen nancial data. Sincethe early
1970sheavy tailed behaior hasbeennotedin mary otherscienti ¢ elds, suchas hydrology,
insuranceclaimsandsocialandbiologicalnetworks (see e.g.FinkenstidtandRootz2n (2004)and
Barabas(2002)).In particular theemepgenceof theInternetandthe World Wide Webgave anew
impetusto the studyof heavy taileddistributions,dueto theiromnipresencen Internetpacketand
o w data,thetopologicalstructureof the Web, the sizeof computerles, etc. (seee.g.Adler etal.
(1998), Resnick(1997), Faloutsoset al. (1999), Adamic and Huberman(2000,2002), Park and
Willinger (2000)). In fact, heavy tailed behaior is a characteristiof highly optimizedphysical
systemsasarguedin CarlsonandDoyle (1999).

Heavy tails arealsoubiquitousin stockmarket data.lt is well-documentedhatthe returnsof
mary stocksmeasuredt high—frequeng exhibit non—ngligible extreme uctuations, consistent
with a non—Gaussiaheay—tailedmodel. The availability of high—frequenyg tic-by-tic datare-
vealsfurther pronouncedresencef heavy tails in the transactionvolumes. Figure 1 shows the
volumesassociatedvith all singletransaction®f the Honeywell Inc. stocksrecordedduring Jan-
uary 4th, 2005at the New York StockExchanggNYSE) andNASDAQ (see,WhartonResearch
DataService(url)). Thetransactionsireorderedoy theiroccurrencen time. Thepresencef large
spikesindicatesheavy tails, similar, for example,to the moving averagewith Paretoinnovations
shawvn in Figure2 below.

Someimportantfeaturesof suchdataare: (i) their large sizedueto the ne time scaleres-
olution (high—frequeng) at which they are collected(ii) their temporalstructurethatintroduces
dependencamongsibsenations,and (iii) their sequentiahature,sinceobserationsareadded
to the datasetover time. Traditionalmethoddor estimatingthe tail index arenot well suitedfor
addressinghesessuesasdiscussedbelow.

Themajority of theapproacheproposedn theliteraturefocusenthescalingbehaior of the
largestorderstatisticsX 4y , X , ¢¢¢, X, obtainedfrom anin dependenandidentically

(1975)andits numerouwariations(KratzandResnick(1996),ResnickandStarica (1997)),kernel
basedestimatordCsorgo etal. (1985)andFeuenemgerandHall (1999)). A review of thesemeth-
odsandtheir applicationgs givenin deHaanet al. (2000)andde SousaandMichailidis (2004)).
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Figure 1. Transactionvolumesfor Honeywell Inc. (HON) from the NYSE and NASDAQ consolidated
tradesand quotesdatabaseduring January4th, 2005. The obsenationscorrespondo the volumes(in a
numbershares)er singletransaction.The transactionsrelistedin the orderof their occurrencen time.
Theobseredheary—tailedbehaior of tradedvolumesis ubiquitousacrosdifferenttradingdaysandacross
theentirespectrunof relatively liquid stocks.

Themostwidely usedin practiceis the Hill estimato®y (k) de ned as:

8 1XK ’ il
®, (k) = K INX@yi NXgey (1.3)

i=1

withk;1- k- nj 1beingthenumberof includedorderstatistics.The parametek is typically
selectedoy examiningthe plot of the 8 (k)'s versusk, knowvn asthe Hill plot. In practice,one
choosesa value of k wherethe Hill plot exhibits a fairly constantbehaior (seee.g.de Haan
etal. (2000)).However, the useof orderstatisticsrequiressortingthe datathatis computationally
expensve (requiresatleastO(n log(n)) stepsyanddestrysthetime orderingof thedataandhence
theirtemporalstructure Further ascanbeseerfrom the brief review abore, mostof theemphasis
hasbeenplacedon pointestimatiornof thetail index andlittle on constructingcon denceintenals.
Exceptionscanbe foundin the work of ChengandPeng(2001)andLu andPeng(2002)for the
constructiorof con denceintervals andof Resnickand Starica (1995)on the estimationof ® for
dependentlata.

The purposeof this studyis to introducea methodfor estimatingthetail index thatovercomes
theaborvelistedshortcoming®f othertechniquesilt is basedntheasymptotianaxself-similarity
propertiesof heary—tailed maxima. Speci cally, the maximumvaluesof datacalculatedover
blocksof sizem, scaleat a rateof m=®. Therefore py examininga sequencef growing, dyadic
blocksizesm = 2; 1- j - log,n; j 2 N, andsubsequentlgstimatingthe meanof logarithms
of block—maximglog—block—maximapneobtainsan estimateof thetail index ®. Noticethatby
usingblocksof data,thetemporalstructureof thedatais presered. This procedureequiresO(n)
operationsmaking it particularly usefulfor large datasets;further, the estimatedor ® canbe
updatedrecursvely asnew databecomeavailable,by usingonly O(log, n) memoryandwithout
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the knowledgeof the entiredataset,thusmakingthe proposecdestimatorparticularly suitablefor
streamingdata.Estimatordasedn max—selisimilarity for thetail index for i.i.d. datawereintro-
ducedin Stoer etal. (2006),wheretheir consisteng andasymptoticnormalitywasestablishedIn
this paper we extendthemto dependentiata,prove their consisteng, examineandillustratetheir
performanceisingsyntheticandreal datasetsanddiscussa numberof implementationssues.

The remainderof the paperis structuredasfollows: in Section2 the max—spectrunestima-
torsareintroduced.Their consisteng andasymptoticnormality is establishedn Section3.1, for
mj dependenprocessesThedistributionalconsistenyg of the estimatorss establishedn Section
3.2 for alarge classof time seriesmodels(including linear processesiindera mild asymptotic
independenceondition. The constructionof con denceintenvalsis furtheraddresseah Section
3.3. Theimportantproblemof automaticselectionof parameterss addresseth Sectiord. Appli-
cationsto nancial time seriesarediscussedn Section5, while mosttechnicalproofsaregivenin
the Appendix.

2 Max self—similarity and tail exponentestimators

Herewe introducethe maxself—similarityestimatorgor thetail exponentanddemonstratseveral

of their characteristics.We startby reviewing the basicideasfor the caseof independenand

identicallydistributed(i.i.d.) data.A detailedexpositionis givenin Stoes etal. (2006).
Considerthe sequencef block—maxima

Xm(k) = lr‘ni%X(m(ki D+i)=" X(mki D+i); k=12,2:::; m2N;

i=1

whereX , (k) denoteghelargestobsenrationin thek;j th block. By (1.1) & (1.2) andthe Fisher
Tippett—-Gnedenk Theorem,

n 1 (0] f‘ n (0]
. . I .
Xm0 itz o oasm!o1; 2.1)

where! denotesonvergenceof the nite—dimensionaldistributions,with theZ (k)'s beinginde-
pendentopiesof an®; Fréchetrandomvariable. A randomvariableZ is saidto be ®; Fréchet,
®> 0, with scalecoefcient 34> 0, if

Ve '3/?i® . >0
Piz. xg= O XN X

0 % 0 (2.2)

TheFréchetvariableZ is saidto bestandardf %= 1.
Thus, for large m's the block—maximaX ,(k)'s behae like a sequencef i.i.d. ® Fréchet
variableswhich suggestshefollowing:



De nition 2.1 A sequencef randomvariablesX = fX (k)gkon is saidto be max self—similar
with self-similarityparameteH > 0O, if for any m > 0,

7 X(m(ki 1)+ D)oy 2 TMTX (K)G,y: (2.3)

i=1
with =9 denotingequalityof the nite—dimensionaldistributions.

Relationship2.3) holdsasymptoticallyfor i.i.d. dataandexactly for Fréchetdistributeddata.
Hence,ary sequencef i.i.d. heary—tailedvariablescanbe regardedasasymptoticallymaxself—
similar with self—similarityparameteH = 1=® Thisfeaturesuggestshatanestimatorof H and
consequently® canbe obtainedby focusingon the scalingof the maximumvaluesin blocks of
growing size. A similarideaappliedto block—wisesumswasusedin CrovellaandTaqqu(1999)
for estimating®, in thecase0 < ®< 2.

2l
D(j;k) := 1m?>2<jx(2j(ki D+i)=" X@(ki D)+i); k=1,2:::;n;; (2.4)

i=1

forallj = 1;2;:::;[log, n]; wheren; := [n=2] andwhere[x] denoteshe largestinteger not
greaterthanx 2 R. By analogyto the discretewavelet transform,we refer to the parametej
asthe scaleandto k asthelocation parameterWe considerdyadicblock—sizeshecausef their
algorithmicandcomputationahdwantagesintroducethe statistics

1 X o
Y = o log, D(j;k); ] = 1,2;:::;[log, n]: (2.5)
I k=1
The Law of Large Numbersimplies thatfor xedj, asn; ! 1, theY,'s are consistentand
unbiasedestimatorsof EY; = Elog, D(j;1), if nite (seeCorollary3.1in Stoes etal. (2006)).

On the other hand, the asymptoticmax self—similarity (2.1) of X and (2.4) suggesthat under
additionaltail regularity conditions(seee.g.Proposition6.1 below):

EY, = Elog,D(j;1)' jH+C’ j=®+C; asj! 1; (2.6)

whereC = C(%,;®) = Elog, %Z, andwhere' meandghatthedifferencebetweertheleft—and
theright—handsidetendsto zero,with Z beingan®; Fréchetvariablewith unit scalecoefcient.
Then,aregression—baseestimatorof H = 1=®(andhence®) for arangeof scalesl - |, -
j - j2 [log,n]isgivenby:
NE
BG1i2) = wY; and 8(1j2) = =8 (j1j2); 2.7)

i=i1



wheretheweightsw; 'sarechosensothatp 2w = OandP i2;,Jw; = 1 Theoptimalweights
w;'s canbe calculatedthroughgenealizedleastsquaes (GLS) regressionusing the asymptotic
covariancematrix of the Y;'s. In practice,it is importantto at leastuseweightedleastsquaes
(WLS) regressiorto accounfor thedifferencen thevarianceof theY; 's (see Stoes etal. (2006)).

AR(1) with Pareto innovations:f =0.9a =1.5
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Figure2: Toppanel auto—rgressietime seriesof orderl with Paretoinnovationsof tail exponent® = 1:5.
Bottomleft and right panels the Hill plot for this datasetandits zoomed—inversion,respectrely. The
dashedhorizontalline indicateshevalueof ® = 1:5.

We proposeto usethe estimatorde nedin (2.7) for dependentime seriesdata. We rst il-
lustrateits usagethrougha simulateddataexample. A datasetof sizen = 21° = 32 768was
generatedrom anauto—r@ressve time seriesof orderonewith Paretoinnovations.Speci cally,

X
X (k)= AX (ki 1)+ Z(k) = Azki i); k=1:::n;

i=0
whereA = 0:9 andPfZ (k) > xg = x' ® x > 1, with ® = 1:5. Thedatatogethemwith its Hill
plot areshowvn in Figure2. Notice thateventhoughthe Hill estimatorwork bestfor Paretodata,
thedependencstructuren themodelleadsto aHill plot, whichis substantiallydifferentfrom that
for independenParetodata(seethe bottomleft panel). The zoomed-inversionof the Hill plot
(bottomright panel)however indicateshatthetail exponentshouldbein therangebetweerl and
2. Thechoicesof k in therangebetweer?00and400do in factleadto estimatesaroundl:5. This
rangehowever is hardto guessf onedid notknow thetruevalueof ® = 1:5. ResnickandStarica
(1997)have shavn thatthe Hill estimatoiis consistenfor suchdependentlatasets.Nevertheless,
asthis exampleindicatestheHill plot canbedif cult to asses practice.
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Figure3: The max—spectrunplot for thedatasetin Figure2. The maxself-similarityestimatorof thetail
exponent,obtainedirom therangeof scaleqj 1;j2) = (10; 15), is ®(10; 15) = 1:4774

In Figure3, themax—spectrurplotis showvn; i.e. theplot of thestatisticsy; versugheavailable
dyadicscaleg; 1 - j - [log,n](= 15). Theestimatedail exponentover the rangeof scales
(10; 15) is 1:4774 which is very closeto the nominalvalue of ® = 1:5. Moreover, the max—
spectrumis easyto assesandinterpret. Oneseesa “knee” in the plot nearscalej = 10, where
the max—spectruncurvesupwardsandthusit is naturalto choosethe rangeof scaleq10; 15) to
estimate®. Thechoiceof thescaleqj1;j,) canbealsoautomatedasbrie y discussedn Section
4 below.

D(j + k)= maxfD(j; 2k 1);D(j;2k)g; k=1;:::;[n=2"1]; 1- | < [log,n]:

Moreover, this propertycanbefurtherusedto obtainasequentiablgorithmfor the computatiorof
the Y;'s. Indeed,keepin additionto the Y;'s, the last block—maximumD; := D(j;n;); n; =
[n=2] per scalej, and also the extra variablesR; = maxain, <. n X (i), Which representhe
maximaof the 'left—over' X;'s over therange2 [n=2] < i - n. Now, if a nev obseration
Xn+1 is recordedonecaneasilyupdatethe R;'s andthe Y;'s, with the help of the R;'s, andthe
Djo := D(j%njo)'s,for 1 - j°< j. Thus,onerecoersthe (Y;;D;;R;);i representationf the

updateanduseO(log, n) memoryto storethe max—spectrunandthe auxiliary data.

This sequentialmplementatiorof the max—spectruns of critical importancen the context of
datastreamsn moderndatabasesr Internettraf c applications.In suchsettingsarge volumes
of dataareobseredin shortamountsof time; they cannotbe storedand/orsortedef ciently while
at the sametime rapid 'queries’ needto be answeredaboutvariousstatisticsof the data. The
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proposedmax—spectrunestimatorprovidesa uniquetool for the estimationof the tail-exponent
of suchdata.Noticethatthe otheravailabletechniquesequiresortingthedatawhichis impossible
without having to storethe entiredataset. A sequentialmplementatiorof the Hill estimatorfor
examplewould requireO(n) memory whichis prohibitive in mary applications.

3 Asymptotic properties

3.1 Asymptotic Normality (in the intermediate scalesregime)

Theestimators® and®= 1= in (2.7) utilize the scalingpropertiesof the max—spectrunstatis-
tics Y in (2.5). Thediscussionn Section2 suggestghat the max self—similarity estimatorsn

(2.7)will beconsistenasboththescalej andn; tendto in nity . Theconsisteng andasymptotic
normality of theseestimatorsvasestablishedh Stoes etal. (2006)for i.i.d. data.Thiswasaccom-
plishedby assessinghe rateof convergenceof momenttype functionalsof block—maximasuch
asElog, D(j; 1), undermild conditionsontherateof thetail decayin (1.1). Here,we focusonthe
caseof dependentlataandestablisithe asymptoticnormality of the proposednaxself—similarity
estimatorainderanalogougonditionsontherate.

Considemastrictly stationaryprocesgtime series)X = f X (k)gk2z with heary—tailedmamginal
c.d.f.F asin (1.1) & (1.2). Further assumehatthe X (i)'s are positve, almostsurely thatis,
F(0) = 0. In mary contets, the block—maximaof X scaleat a ratem*™® asthe block sizem
grows evenunderthe presenc®f strongdependencelhisis so,for example whenthetime series
X hasa positiveextremalindex (see,p. 53 in Leadbetteet al. (1983)). The following conditions
make this morepreciseby quantifyingfurthertherateof corvergence.

LetM, := maxy. . n X (k) andlet

Fo(X)© PFM,=n™®. xg=: expfi c(n;x)x ®g; x> 0; n2 N:

OnecanseethatM,=n*® {  Z: n! 1 if andonlyif ¢(n;x) ! cx ~ const n! 1 ;for
all x > 0, whereZ is an®; Fréchetvariablewith scale¥.= c>1(=®. Thefollowing conditionswill

helpus quantify the rateof thelastconvergenceandalsoobtainratesof corvergencefor moment
functionalsof block—maximan Proposition3.1 below.

Condition 3.1 Thereexists > 0andR 2 R, sud that
jic(n;x)i cxj- a()ni ; forallx>0; and c(x)= O(X R); x #0; (3.1

for somecx > 0.

Condition 3.2 For all x > 0, wehave
c(n;x), minfl;x g; forsome® 2 (0;®); (3.2)

for all sufciently largen 2 N, wherec, > 0 doesnotdependonn.
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Remarks

1. Conditions3.1and3.2arenotvery restrictve. They canbe showvn to hold, for example for
alargeclassof moving maximaprocesse¢see Proposition6.2).

2. Condition 3.1 implies in particularthat M ,=n*=® 1° ¢, °Z;asn ! 1, for astandard

®; FréchetvariableZ. In view of (1.1), we alsohave thatM f=n'=® 1Y 3,7, asn! 1,
with M = maxy. . n X (k)”, wherethe X (k)*'s arei.i.d. randomvariableswith c.d.f. F.
Thisimpliesthatthe extremalindex p of thetime seriesX is: u:= cx =% (seege.g.p. 53in
Leadbetteetal. (1983)).

Conditions3.1& 3.2,yield thefollowing importantresulton therateof corvergenceof log—block
maxima,similarto Corollary3.1in Stoes etal. (2006).

Proposition3.1 Let X = fX(k)ggez be a strictly stationarytime serieswhich satis es Con-
ditions 3.1 & 3.2. Supposethat ;| ¢ (x)xi ® **dx < 1, for some+ > 0. Then,with
M, = maXy. k. n Xk, wehaveEjIn(M,)j° < 1 , for all p> 0andall sufciently largen 2 N.
Moreover, for anyp > Oandk 2 N, wehave:

EjIn(M,=n9)? | EjIn(Z)j"= O(n' ); and E(n(M,=n=9); E(n(Z))* = (i );

asn! 1 ,wheeZ isan®; Frédcetrandomvariablewith scalecoefcient %= c>1<:®.
Theproofis givenin Section6. Proposition3.1readilyimplies:
E(Yj i j=® " Elogy(D(j;k)=2=") = Elog,(c; °Z) + O(1=2 ); (3.3)

asj ! 1 ,whereZ, isastandard®; Fréchetvariable.Thisresultyieldsanasymptoticboundon
the biasof the estimators (j1;]2) in (2.7)above.

Proposition3.1 can be further usedto establishthe asymptoticnormality of ®(j 1;j2) =
1=19 (J1;J2) in (2.7). To do so,we focuson arangeof scaleqj 1; j ) which grows with the sample
size.Namelywe x “2 N; ~, 2/letj;:=1+j(n)&j,:= "+ j(n),andasin (2.7)de ne:

5

X
R, = W Yiijmy and ®, := 1=,

i=1

where i'=01|'wi = .. . = 0;1. Thenext theorems themainresultof this section.It establishes
theasymptoticnormality of theestimato®,, asj (n) andn tendto in nity .

Theorem3.1 Let X 4;:::; X, be a samplefrom an mj dependenheavy—tailedprocessX =
f X (K)gk2z. Supposehat (3.1)and(3.2) holdandletj = j(n) 2 N besud that

2M=n 4 n=2 (MA+2 minfl7g) .1 o asn! 1 : (3.4)
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Then,asn! 1,
P fl : X 1050
M@ i ®if N(;®%c,); withc, = Wiowioo 1(i%i°9; (3.5)
j0,j00=1
whee n; = [n=2]. Here §,(i%i% = 2mn""%*Cov(log, Z1;l0g,(Z; _ (2" 1| 1)Z,)); for
i%i%= 1;::::° wheeZ, andZ, areindependenstandad 1j Fréchetrandomvariables.

PrROOF: By the 'Delta—method'(seee.g. Theorem3.1 in van der Vaart(1998)), it sufces to
show that
pﬁ(ll?ni H)if N@©HZ%,); asn! 1: (3.6)

Indeed since®, = f(}tln);withf(x) = 1=x,wehave®, | ®=j Hi Z(Wn i H)+ op(ll?n i H);
asn! 1.

Let now
2%m 1R
T X@°(ki 1)+i) and ®o:= = log, B(j ¢ k);

i0

i=1 1" k=1

B(%k) =

forallj; - j°- jo,andk = 1;:::;njo; wherenjo ;= [n=2 °]. Obsere thatsincethetime series
X is mj dependentthe B(j % k)'s arenow independenin k. Hence,in view of Conditions3.1
& 3.2 andProposition3.1, the resultsof Theorem4.1in Stoer et al. (2006)readily applyto the

settingl®, :=  ;_; W%+, weobtain:
Pr8. i H)i! N(O;HZ%,); asn! 1: (3.7)

In view of (3.7),to establish(3.6), it is enoughto shav that®, | 14, = op(lzp n);,n! 1,or
that,for example,

E(R,i B,)2= Var(®,; B, + (EM, i EB,)2=ol=n); asn! 1: (3.8)
P.

Considerr stthetermVar(rtPn i 19). Since®, | 18, = 21 WiYisjmy i B+j(m)); wehave

X coX . o
Var(fi 8,) - C Var(Yijmi Bejm) - ~ Var(log, D(i+] (n); 1)i log, B(i+] (n); 1));

i=1 Ii=1
for someconstantC andC°® wherethe lastinequalityfollows from Lemmag.1. Now, Lemmas
6.2and6.3imply thatVar(log, D(i + j(n);1)i log,B(i +j(n);1))! 0, n! 1,6 andhence
var(R, | 18,) = o(l=n;),asn! 1 .

Now focusontheterm(El':Pn i ENR,)?in (3.8). For someconstanC- > 0, we have

3

X X A
(EM, i EB)?- C  (EYiujmi E®:jm)?=C Da+j();l) 2

- TR T TR
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P . P.
wherewe usedtheinequality ( ,_, xi)?> - = -, x? andthe stationarity(in k) of the D (i +
j(n);k)'sandB(i + j(n); k)'s. We furtherhave that

3 4 3 4
D(@+j(n);1) _ D(@i+j(n);1) BG+j(n)1) 1 .o m
iy o ame 1 EO% gaymse | g%t gm)
(3.10)
Relation(3.3) impliesthatthe lasttwo expectationareboth equalto E log,(Z) + O(1=2 (™ ); as

n! 1,6 whereZ isan®; Fréchetvariablewith scalec)l(:®. Therefore from (3.9) and(3.10),we
obtain

(EM, i EMn)?= O(1=2%™ )+ O(1=22 (M) = O(1=22™™"170), asn! 1

Elog

wherein thelastrelationwe usedthatlog,(1j x) = O(x); x! O.
By combiningthe above derivedboundson thetermson theright—handsideof (3.8),we get

B, B, = op(1:p nj) + 0y(1=2 (Mminfl gy = op(lzp n); asn! 1;

wherethe last equality follows from (3.4) sincen=2/ (N(1+2 minf17g) = pn, =p2(Mminfl7g | 0 a5
n! 1 .Thisimplies(3.6)andcompleteshe proofof thetheoremx

We concludethis sectionwith severalimportantremarkson the scopeof validity of theasymp-
totic resultsin Theorem3.1.

Remarks

1. (Ontheroleof ) Theparameter > 0in Condition3.1controlstherateof thecorvergence
in distribution of M,,=n*"® to the®; Fréechetlimit law. Thelargerthevalueof —, thefaster
thecorvergencdn (3.1),andin view of (3.4),thewidertherangeof scaleg (n)'sin Theorem
3.1thatleadto asymptoticallynormal®,'s. In particular the largerthe , the fasterthe
corvergenceof the®),'s canbe made sinceonecouldchooseaelatively smallj (n)'s.

Onthe otherhand,whenthe rate of convergenceof the law of M ,=n'"® to its limit is rela-
tively slow, thenthe valuesof > 0 canbe closeto zero. This canleadto arbitrarily slow
ratesof the corvergenceof 8, sinceonemayhave to chooserelatively largescaleg (n)'sto
compensatéor therateof thebiasin the max—spectrunon smallerscales.

2. (On the connectionwith Hill estimatos) As arguedin Stoev et al. (2006), for the caseof
independendata,Condition3.1correspondgreciselyto thesecond—ordezonditionusedin
Hall (1982),wheretheasymptoticnormality of the Hill estimatomwasestablishedTherates
of corvergencein (3.5) above are,in the caseof independentiata,in closecorrespondence
with theratesfor the Hill estimatoyobtainedn Hall (1982).

3. (Ondatawith regularly varyingtails) Considetthecasewhenthe X (k)'s satisfy(1.1)where
now theslowly varyingfunctionL (¢ is non—trivial Then,the max—spectrunbasecestima-
torsof ®will continueto work. Indeed for the caseof i.i.d. data,we have that

M
Tn.fzooasn! 1
an
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whereZ is astandard®; Fréchetvariable,andwherea, = n**®*(n) is suchthat

na, ®L(an) ~ %L(nF@‘(n)) il 1, asn! 1:
Here (9 isanotherslowly varyingfunctionrelatedio L (seee.g.Propositionl.11in Resnick
(1987)).

If onereplacen®™® by a, ~ n¥® (n) andcyk by 1 in Conditions3.1 and3.2 thenPropo-
sitions3.1and6.1 will continueto hold with M ,=n*=® replacedoy M ,=a,. The proofsare

essentiallyhethe same.In the caseof independentlata,onehasthat
3 ¢ 3

Var(Y;) = %Var log, D(j; 1)=(2=®(2)¥®) = % Var(log,Z) + o(1) ; (3.11)

wheretheremaindetermo(1) vanishesasj ! 1 , becaus®f theanalogof Relation(3.3).
Also, by the counterparbf (3.3),oneobtains:
3 ;

E Y i j=®i l0g,('(2))=® = Elog,(Z)+ O(1=2 ); asj! 1: (3.12)

Considemow a xedm 2 N; m, 2andlet

xn
R, = Wi Yitj(ny:
i=1

Relation(3.11)impIiesthatVar(}tPn) I 0, asn andj (n) tendtoin nity . Ontheotherhand,
Relation(3.12)shavs that

1 X _, xn 1 X o
ER, = e Wit O(1=2 )+ (j(n) + Elogy(Z))  w; + ® log, (" (2""))
i=1 i=1 i=1
1 oo
=5t o(1=2 )+ 5 0% (2 ¢2My="21(My ; (3.13)

i=1
P P
wherein thelasttwo relationswe usedthefactsthat ™, iw; = 1and [T, w; = 0,
Now, the factthat™ (9 is a slowly varying function,impliesthat™(2' ¢2 (M)="(2iM) 1 1,
asj(n) ! 1 . Thisshaws thatthe right—handside of (3.13)corvegesto H = 1=@® as
j(n)! 1 andhencethe estimatori®, is consistentasn ! 1 andasj(n) ! 1 . Note
thattherateof the bias(Ethn i H) dependsiotonly onthetermO(1=2 ) but alsoon the
rateof the corvergence
=0 it 1 aspt 1
This last rate dependson the structureof the slowly varying function " (¢ andit may be
possibleto controlin termsof the Karamatas integral representation
n YA X (0]
(X)=c(x)exp i 2(u)=udu ;

X0
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atthe expensehowever, of two additionalparametersontrollingtheratesof c-(§ and?(9.

This agumentshaws the consisteng of the max—spectrunbasedestimatorof ® for i.i.d.
X (k)'s with regularly varying tails. In principle, one can establishasymptoticnormality
of theseestimatorsalong similar line, but this would involve technicallycomplicatedas-
sumptionson the slowly varying functionsconsidered Further asin Theorem3.1 onecan
establishasymptoticnormality resultsfor the®,'s for mj dependentlata. We chosenotto
pursuethe generalcaseof regularly varying tails heresincethe technicaldetailsmay ob-
scurethe ideabehindthe estimator Theseimportanttheoreticalresultswill be pursuedn
subsequenwork onthe subject.

3.2 Distrib utional consistency(in the largescalesregime)

In Theorem3.1, we consideran asymptoticregime wherethe numberof block—-maximan; onthe
scalej = j(n) grows,asn ! 1 . Thisis essentiafor the consisteng of the estimators®,. In
practice however, the situationwherewe have a x ed numberof block—maximaperscaleis also

j (n) := [log,(n=r)] andconsiderthe estimator

"
®, = W;Yi+jmy; Where ™ = [log,r]: (3.14)
i=1

This estimatorcorrespondso taking the largest”™ scalesin the max—spectrumwhere” is xed.
Onecannotexpecttheestimator®), to beconsisten{evenfor independentlata)sincethey involve
averagesvera x ednumberof block—maximastatistics Neverthelesstheasymptotiaistribution
of ®, is of interest.

Thenext resultestablishethe' distributionalconsisteng' of theestimator®), in theaforemen-
tionedregime. We do so underthe conditionthat the block—maximain (2.1) are asymptotically
independentThis conditionis in factquite mild, asshovn in Lemmas3.1and3.2 below.

Theorem 3.2 Supposé¢hat (2.1) holdswheretheZ (k)'sarei.i.d. ® Frédet.Then,

® if ®; asn! 1; (3.15)

P . .
whee ®& = 1= ._, w;Y;?), andwhee fY,?g,_, is the max—spectrunof a sequencef i.i.d.

PrRoOOF: Theresultreadilyfollows from the continuousnappingtheorem.Indeed by (2.1),and
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Dueto the dyadicstructureof the block—maximaD (j (n); k)'s,onecanrecoverD (i + j(n); k)'s,

continuouscombinationof maximaoperations.Thus,by applyingthe continuousmappingtheo-
remaggin, we obtain

Y i §(M=@g_, i ! fYZg; asn! 1;

P.
whichyieldsthecorvegence(3.15)since _; w;ij (n)=®= 0. a

Condition(2.1) appearstringentbut contraryto intuition, it holdsin mostpracticalsituations.
We wereunableto nd anexampleof egodic heary—tailedtime seriesX (of positve extremal
index) with asymptoticallydependenblock—maxima.We next show that(2.1) holdsfor thelarge
classof linearprocessesonsideredn Davis andResnick(1985).

Let»; k 2 Z bei.i.d. heary—tailedinnovations,suchthat Pfj »j > xg » ¥xi® x! 1,
wherePf» > xg=Pfj »j > xg! p; x! 1 forsomep 2 [0;1]. Considetthelinearprocess

ps ps
X (K) := G;i; Where jgj*< 1; forsomet2 (0;minf1;®g): (3.16)
i=0 =0

The following resultshaws that (2.1) holdsfor the linear processX = fX (k)gk2z. Its proofis
givenin the Appendix.

Lemma3.1 Letc, = max_ oG andc, := max_o(i ¢). Supposehateitherpc, > Oor (1]
p)c; > 0. Then,thelinear processn (3.16)satis es(2.1)wheetheZ (k)'sarei.i.d. ® Frédet
with scalecoefcient %(pc? + (1 p)c®)*=®.

Thenext resultprovidessomefurtherinsightto theobsenedindependencphenomenofor block—
maxima. Namely it turns out that the block—maximaof a heary—tailedtime seriesare always
asymptoticallyindependentprovidedthatthey corvergeto a max—stablgrocess.

Lemma3.2 LetX = fX (k)gk.z bea heavy—tailedime serieswith marginal distributionsasin
(1.1). Suppos¢hat (2.1) holdswheretheZ (k)'s are notassumedndependent.

If the limit time seriesZ = fZ(k)gkon IS multivariate max—stablethenit consistsof i.i.d.
randomvariables.

Theproofis givenin the Appendix.

3.3 On the construction of con dence intervals

In mary applications,an uncertaintyassessmeraboutthe estimatedail exponentis important,
which requiresthe constructiorof con denceintervals.

The literatureis rathersparseor con denceintervals for the heavy tail exponentevenin the
caseof independentata. We arenot awareof ary generalresultson the asymptoticdistribution
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H j1 | 3 | 4 | 5 [ 6 [ 7 | 8 |9 [|10]11]

90%c.i. A= 0:1 || 0:891| 0:894 | 0:912| 0:919| 0:897 | 0:903 | 0:889 | 0:895 | 0:875
A= 03 0:759| 0:888 | 0:914 | 0:915| 0:899| 0:901 | 0:889| 0:895| 0:875
A= 05 0:229| 0:772| 0:889 | 0:915| 0:892 | 0:899 | 0:888 | 0:895 | 0:875
A= 07 0:000| 0:299| 0:801 | 0:895| 0:895| 0:899 | 0:887 | 0:895 | 0:875
A= 09 0:000| 0:000| 0:070| 0:641| 0:843 | 0:890 | 0:877 | 0:890| 0:875

95%c.i. A= 0:1 || 0:943| 0:952 | 0:954 | 0:953| 0:949| 0:950 | 0:931 | 0:931 | 0:904
A= 03 0:844 | 0:940| 0:952| 0:953| 0:949 | 0:950| 0:931| 0:931 | 0:904
A= 05 0:321| 0:854 | 0:950 | 0:954 | 0:948 | 0:950 | 0:931| 0:931| 0:904
A= 07 0:000| 0:395| 0:872 | 0:946 | 0:944 | 0:950 | 0:931| 0:931| 0:904
A= 09 0:000| 0:000| 0:123| 0:738| 0:911| 0:941| 0:927 | 0:930 | 0:904

99%c.i. A= 0:1 || 0:990| 0:990| 0:989| 0:991| 0:987 | 0:993 | 0:975 | 0:972 | 0:947
A= 03 0:946 | 0:985| 0:990 | 0:991| 0:987 | 0:992 | 0:975| 0:972| 0:947
A= 05 0:552| 0:953| 0:984 | 0:990| 0:987 | 0:991| 0:975| 0:972 | 0:947
A= 07 0:000| 0:642 | 0:959 | 0:981 | 0:988| 0:990| 0:974 | 0:972 | 0:947
A= 09 0:000| 0:000| 0:276 | 0:897 | 0:968 | 0:984 | 0:973 | 0:972 | 0:947

Table3.1: Coverageprobabilitiesof the asymptoticcon denceintervals (3.17)for ® for max—AR(1)time
seriesasin (3.18)of length2°. Max self—simiIarityestimatorstP = ftP(j 1;j2) wereusedwith1 - j1 - j2
andj, = 15. Resultsfor threecon dencelevels: 90% 95%and99%areshavn for differentvaluesof j ;.

of the Hill or the momentestimatorof ® for dependentlata. Theorem3.1 above suggestghe
following asymptoticcon denceinterval for ® of level °; 0< ° < 1.
3

i Bzy, on G M) 5+ Bz, o G )L (3.17)

wherez; -y is (1 + °)=2j quantileof the standardnormal distribution, and wherec,, asin
Theorem3.1. Here,asrecommendeth Stoes etal. (2006),we usethe reciprocalof a symmetric
con denceinterval for H to obtainonefor ® = 1=H (seealso(3.6)).

Tables3.1 and 3.2 illustrate coverageprobabilitiesof con dence intervals for ®, basedon
Theorems3.1 and 3.2, respectiely. They arebasedon 1000 independenteplicationsof max—
AR(1) timeseriesX = X (K)Qkz2z:

1

X(K):=AX(kij 1)_z®K) =" Azki i), k=1L:::;m (3.18)

i=0

of sizen = 2% = 32768for differentvaluesof A. Herethe Z (k)'s arei.i.d. and®; Fréchetwith
® = 1.5. Thecoverageprobabilitiesfor 90% 95%and99%levels of con dencearereportedin
eachrow, asafunctionof ;.

Obsere that whenthe dataare closerto independentA = 0:1), the coverageprobabilities
matchthe nominalvaluesevenfor smallj;'s. As the degreeof dependencgrows, largervalues
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H i1 | 5 [ 6 [ 7 | 8 | 9 | 10 | 11 | 12 | 13 |

90%oc.i. A= 0:1 || 0:884 | 0:909| 0:903 | 0:907 | 0:901 | 0:914 | 0:887 | 0:902 | 0:917
A= 03 0:903 | 0:906 | 0:915| 0:888| 0:898 | 0:910| 0:906 | 0:907 | 0:916
A= 05 0:911| 0:908| 0:905| 0:905| 0:898 | 0:906 | 0:890 | 0:902 | 0:898
A= 07 0:837| 0:885| 0:879| 0:898 | 0:906 | 0:908 | 0:907 | 0:906 | 0:899
A= 09 0:103| 0:735| 0:863 | 0:888 | 0:894 | 0:909 | 0:920| 0:909 | 0:915

95%c.i. A= 0:1 | 0:945| 0:953 | 0:950| 0:947 | 0:947 | 0:951 | 0:946 | 0:953 | 0:959
A= 03 0:956 | 0:944 | 0:953| 0:941 | 0:942| 0:955| 0:946 | 0:963 | 0:956
A= 05 0:949 | 0:955| 0:956 | 0:947 | 0:935| 0:945| 0:947 | 0:952 | 0:933
A= 07 0:894 | 0:949| 0:939| 0:949 | 0:939 | 0:956 | 0:954 | 0:947 | 0:947
A= 09 0:163| 0:820| 0:935| 0:943 | 0:934 | 0:958 | 0:959 | 0:959 | 0:957

99%oc.i. A= 0:1 || 0:992| 0:993| 0:992 | 0:994 | 0:984 | 0:989 | 0:989 | 0:991 | 0:997
A= 03 0:995| 0:991| 0:987 | 0:993| 0:985| 0:992 | 0:992| 0:992 | 0:998
A= 05 0:990 | 0:996 | 0:991 | 0:997 | 0:993 | 0:986 | 0:984 | 0:988 | 0:980
A= 07 0:953 | 0:990| 0:989 | 0:992 | 0:990 | 0:994 | 0:988 | 0:994 | 0:993
A= 09 0:337 | 0:933| 0:984 | 0:990| 0:980| 0:995| 0:984 | 0:989 | 0:993

Table3.2: Coverageprobabilitiesof empiricalcon denceintervals basedon Theorem3.2 for ® for max—
AR(1) time seriesasin (3.18)of length2'®. Max self—simiIarityestimatorék! = Il?(jl;jz) wereusedwith
1- j1- jeoandjo = 15 Resultsfor threecon dencelevels: 90%, 95% and99% areshown for different
valuesofj ;.

for j, arerequiredto achiere accuratecoverageprobabilities. Neverthelessgven in the most
dependensetting(A = 0:9) thevalueof j, = 8in Table3.1yieldsvery goodresults.

Obsenrethatcoverageprobabilitiesin Table3.1 deterioratdor verylargescaleg ;. Thisis due
to theinadequayg of thenormalapproximatiorin Theoren.1in the presencef alimited number
of block—maxima.For largej ;'s the regime describedn Theorem3.2 is moreapplicable.Table
3.2 shaws that the coverageprobabilitiesbasedon (3.15) are very accurateeven for the largest
scaleg; = 13 We obtainedthesecon denceintervals by usinga Monte Carlomethod.Namely
we approximatethe distribution of the statistics®- basedon 1; 000 independenpathsof i.i.d.
1j Fréchetvariables,multiplied by the estimatedB},'s. Althoughthesecon denceintenals are
signi cantly slower to computethan(3.17),they exhibit excellentcoverageprobabilitiesevenfor
thelargestscaleg ;.

In conclusion the brief numericalexperimentssuggesthatthe con denceintenalsin (3.17)
work well in practice,even for dependentata, for judicious choiceof scalesj; andj,. The
con denceintervals basedon Theorem3.2 on the otherhand,work well for all sufciently large
scales,wherethe asymptoticnormality may not apply. Both typesof con denceintenals are
usefulin practice.
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4 On the automatic selectionof the cut—off scalej ;

In the ideal caseof ®; Frécheti.i.d. data,the max—spectrunplot of Y; is linearin j. Whenthe
distribution of the datais not Frechet,or whenthe dataaredependentthenthe max—spectrunis
asymptoticallflinear, asthescaleg tendtoin nity . It is thereforamportantto selectappropriately
the rangeof large scalesj for estimationpurposes. In view of (2.6), one can always choose
j2 = [log, n] to be the largestavailable scaleand hence the problemis reducedo choosingthe
scalej;;1 - j1 < j2. Theestimatorof ® is thenobtainedby performinga WLS or GLS linear
regressiorof Y; versug; j1 - | - ]2 (see(2.7)).

The“cut-off” parametef, canbe selecteckitherby visually inspectingthe max—spectrunor
througha datadriven procedure.In Stoes et al. (2006) an automaticprocedurefor selectingthe
cut—of parametemwas proposedjn the caseof independentiata,whosemain stepsare brie y
summarizechext. We alsodemonstratehat it performssatistctorily for dependentiata. The
algorithmsetsj, := [log,n] andj, := maxf1;j,j bg, with b= 3or4in practicefor moderate
samplesizes.Next, | ; isiteratively decreasedntil statisticallysigni cant deviationsfrom linearity
ofY;; j1- J - J.aredetectedNamely asj; > 1, ateachiterationoverthescalg , thefollowing
two quantitiesarecalcuIatedklnew = fb(j 1i Lj2) andl,y = ll?(j 1;]2). Wheneer thevalueof
zerois not containedn a con denceinterval centeredat(lbnew i ltP0|d), the algorithmstopsand
returnsthe selected ; and® = 1:rtr0.d; otherwisejt setsj; := j; | 1andproceedsccordingly
Theconstructiorof thecon denceinterval about(ll?neW i ltlom) utilizesthe covariancematrix 8§ ;
in Theorem3.1 which is the sameasin thei.i.d. case,seeStoes et al. (2006). The asymptotic
normality resultsuggestshatthe methodologyin the caseof i.i.d. dataappliesasymptoticallyto
dependentlata,for moderatelylarge scaleg ;. Alternatiely, the resultsof Theorem3.2 may be
usedto suitablycorrectthecon denceintervalsonthelargestscaleg ;. We did notimplementthis
method sinceit is computationallydemandingn practice.

Figure 4 demonstrateshe performanceof the automaticselectionprocedurein the caseof
dependentiata. Eventhoughthe mamginal distributionsof X areFréchetthe dependenceauses
a kneein the max—spectrunplot (see,e.g. Figure 3). The automaticselectionprocedurepicks
up this “knee” andyields reasonablynbiasedandpreciseautomaticestimateof ® (seethe top—
right panelin Figure4). Comparingthe MSE plot andthe histogramof the selected ; values,
we seethat over 70% of the timesthe valuej; = 5 waschosenwhich is closeto the optimal
valueof j; = 6. The histogramof the resultingautomaticestimatesof ® (top—right panel)is
similar (with the exceptionof a few outliers)to the histogramof the estimatorscorrespondingo
the MSE—-optimalj; = 6 (bottom-rightpanel).

Recall Table 3.1, and obsere thatthe caseA = 0:9 correspondso the time seriesanalyzed
in Figure4. The coverageprobabilitiesof the con denceintenals for ® essentiallymatchthe
nominallevels,forj; , 8. Ontheotherhandthe MSE—optimalvalueisj, = 6 (Figure4) which
is only slightly smallerthanj, = 8. This canbe contributedto the factthatthe biasinvolvedin
theestimatorsatj, = 6, althoughcomparabléo their standarcerrorsis signi cant andnoticeably
shiftsthe con denceintenal. As the scalej ; grows, the biasquickly becomeshegligible andthe
resultingcon denceintervalsbecomeaccurate.
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Figure 4: The top—plotshaws the histogramof automaticallyselected ; valuesfor 1; 000 independent
samplesof sizeN = 2% from an exponentialmoving maxima®; FréchetprocessX = X (k)gk2z,
de ned asin (3.18)with A = 0:9 andwith i.i.d. 1:5; Fréchetinnovations. We usedsigni cancelevel and
back—starparametersrep = 0:01andb = 4, respectiely. Thetop-rightplot shav the histogramof the
resulting® = 1=1 estimatesThe bottom—leftplot shawvs estimate®f the squareroot of the meansquared
error (MSE) E(rb i H)? asafunctionof j;. The bottom—rightplot containsa histogramof ® estimates
obtainedwith the MSE—optimalchoiceofj; = 11

Thesebrief experimentsuggesthattheautomatigrocedures practicalandworksreasonably
well in the caseof dependentmoving maximatime series. Similar experimentsfor independent
heary—tailed data(not shavn here)indicatethat the automaticselectionprocedurecontinuesto
performwell andchoosewaluesof j ; closeto the MSE—optimalones thusmakingit appropriate
for usein empiricalwork. Neverthelessa detailedstudyof its performancaindera combination
of heary—taileddistributionsanddependencstructuresaswell asits sensitvity to the choiceof
the back—starparameteb andthe level of signi cancep, is necessarandthe subjectof future
work.

5 Applications to Financial Data

We analyzemarket transactiongor two stocks-Intel (symbolINTC) andGoogle(GOOG)-using
the max—spectrumThe datasetswere obtainedfrom the Tradesand Quotes(TAQ) databaseof
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consolidatedransactionf the New York Stok Exchange (NYSE) andNASDAQ (seeWharton
ResearcIbataService(url)) andincludethefollowing informationaboutevery singletradeof the
underlyingstock: time of transaction(up to seconds)price (of the share)andvolume(in number
of shares)In our analysiswe focuson thetradedvolumesof the two stocksfor November2005,
that could provide information aboutthe respectre sectors, aswell asthe market's economic
conditions(Lo andWang(2000)).

A ubiquitousfeatureof the volume datasetsis the presenceof heary, Paretotype tails, as
canbe seenin Figure 6. Speci cally, the top panelshaws transactionvolumesfor the Google
stockon November7, 2005, while the bottompanelsshav the Hill andthe max—spectrunplots,
respectrely. Thetail exponentestimatedrom themax—spectrunovertherangeof scaleq11; 15)
is® = 1:0729 TheHill plot indicatesheary—tail exponentestimatedetweenl:5 and2, which
correspondo the slopeof the max—spectrunover therangeof scaleq1; 10). Thesmalldip in the
Hill plotfor verylargeorderstatisticsmallvaluesof k) canberelatedto thebehaior of themax—
spectrumfor scaleg(11; 15). Suchbehaior is typical for almostall liquid stocks,aswell asthe
presencef non—stationarityanddependenceln orderto minimize the intricate non—stationarity
effects, we focushereon tradedvolumeswithin a day The max—spectrunyields consistentail
exponentestimatesvenin the presencef dependenceThis factandthe robustnesof the max—
spectrumsuggesthatit may be safelyusedin variouspracticalscenariosnvolving heary—tailed
data.In Figure5, we shav the max self—similarityestimateof thetail exponentsfor eachof the
21 tradingdaysin Novembey 2005. The max—spectraf these21 time series(not shavn here)
of tradingvolumesare essentiallylinear. This con rms the validity of a heary—tailedmodelfor
the data, valid over a wide rangeof time scales- from secondaup to hoursanddays. Further
at the beginning and end of the trading day, several large volume transactionsare obsered, as
documentedn Hong and Wang (2000). Neverthelessthe trading actvity of Google,remains
essentiallyinearoverthe periodunderstudy with afew bumpsatthelargestscaledueto diurnal
effectsandothernon—stationarities.

In Figure5, the daily tail exponentestimatesareshawn for the Googlestock,which uctuate
betweerl and2, alongwith pointwisecon denceintenvals(brokenlines). Theseestimatesndicate
thatthetail exponentexhibitsasigni cant degreeof variability overtheperiodof amonth,andthat
anin nite variancemodelmay be mostappropriatefor modelingtradingvolumes. For example,
on November7 (seeFigure 6), the estimateof ® is nearly 1, which may be dueto the several
extremelylarge peaksn thevolumedata.Theupwardkneein the max—spectrunof this datasetis
likely causedyy thesepeaks.The max—spectr@n mostotherdaysaremuchcloserto linearthan
theonein Figure6. Suchcorrespondencletweerthe presencef large peaksin the dataandthe
behaior of the max—spectruntanbe usedto identify statisticallysigni cant uctuationsin the
volumedata.Hence the max—spectrunplot canbe usednot only to estimate®, but alsoto detect
changesn the market. We illustratethis last point next, by examininganunusualradingpattern
in the Intel stocktowardsthe endof November 2005.

Figure7 shavs the max—spectrunestimate®f thetail exponentdor thetradedvolumesof the
Intel stockfor 21tradingdaysin November2005. Noticethatupto November21, thetail exponent
is fairly constant,uctuating betweenl.2and2. On November22 (Tue)and23 (Wed),beforethe
Thanksgving holiday on November24 (Thur), the tail exponenttakes valueslarger than3 and
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5 Transaction volumes for GOOG in November 2005
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Figure5: Top panel: tradedvolumesfor the Googlestockfrom the TAQ databaseof consolidatedrades
of NYSE andNASDAQ for the monthof Novembey 2005. The x— axisandy—axiscorrespondo time and
numberof tradedsharesrespectiely. Thisis ahigh—frequeng dataset,whereeachdatapointcorresponds
to thevolumeof asingletransactiorandnotemporalaggreationis performed.Thegapsof zerosin thedata
correspondo hoursof the day with no tradingand/orweelends. Bottompanel: estimatedail exponents
(indicatedby circles)from the max—spectrunandtheir correspondin®5% con denceintenals (indicated
by brokenlines), basedon the asymptoticexpressionn (3.17). Automaticselectionof the cut-off scalej 1
wasdonewith p = 0:1 andb = 3 (seeSection4). Every estimatewas computedfrom a day worth of
transactiorvolumes.

5, respectrely. This changes quite surprisingandit is deemedsigni cant by the corresponding
con denceintenals. A closerlook atthedatafrom November23 (Figure8) shavs a changingout
persistenpatternof tradingascomparedo November21; seefor exampleFigure9).
Thisbehaior provespersistenandcontinueson November25, afterthe Thanksgving holiday:
Moreover, no suchbehaior wasobsered for the Googledataon ary of the 21 tradingdaysin
November2005.Althoughtradingof extremelylarge volumesoccurson November23,asseenn
Figure8, thesdradesareveryregularandhencanconsistentvith aheary—tailedmodel. Although
regularin time, theselarge transaction®ccuron a time scaleof several minutes,and hencethe
smallscalesof themax—spectrurarenotaffectedby thesepeaksandbehae asonanormaltrading
day(seeFigure9). However, thelargepeaksdominatethelargerscaleg andtheirregularity makes
the max—spectrunessentiallyhorizontal. The Hill plot, shavn onthe bottom—leftpanelof Figure
8, failsto pick up theunusuabehaior, sinceit suggestyaluesof ® ¥4 1, which correspondsnly
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NET Transaction volumes for GOOG: Nov 7, 2005
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Figure6: Top panel: the transactiorvolumesduring the tradinghoursof November7, 2005. The x—axis
correspondso the numberof the transactiorandthe y—axisto numberof shares.Note thatabout50; 000

transaction®ccurredon this day, which is typical for the Googlestock. Obsene alsothe fairly classical
heary—tailed natureof the volume data. Bottompanels: the Hill plot (left) andthe max—spectrungright)

of the data. The Hill plotis zoomed—into a rangewhereit is fairly constantanda tail exponentbetween
1:5 and2 canbeidenti ed. The max—spectrumevealsmore: on large scalesthe plot is steepeithanon

smallscaleswith thetail exponentaboutl ontherangeof scaleg11; 15) andexponentaboutl:7 on scales
(1; 10). Thepresencef akneein themax—spectrunplot suggestslifferentbehaior of thelargestvolumes
onlargetime scaleghanon smalltime scalesandcanbe contributedto the severalvery large spikesof over

20; 000tradedsharegabout5 million US dollars)thetop plot.

to thesmallestportionof the max—spectrumyhere®(7; 11) = 1:0578% 1.

Our bestguesss thatthis changdn actvity is relatedto theapproval by the boardof directors
of the Intel Corp. on Novemberl0 of a programfor a stock buy—backworth of up to 25 billion
US dollars; (see,e.g.the FinancialTimes,London,on ThursdayNovemberl1, page27); hence,
someof the delayedeffects of the announcementf the programand market reactionto it are
demonstratedh the volumeactvity discusse@bove.
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X 106 Transaction volumes for INTC in November 2005
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Figure7: This gure hasthe sameformatasFigure5. On the top panel,the tradedvolumesof the Intel
stockfor the monthof Novembey 2005areshavn. Obsene thatthetail exponentestimatesn the bottom
plot uctuate betweernl.5and2 upto November21. OnandafterNovember22, unusuallyhigh valuesof ®
appeat(comparewith the caseof the Googlestockin Figure5). Thisis furtheranalyzedn Figures8 and9,
below.
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6 Appendix

6.1 Ratesof corvergencefor momentfunctionals of dependentmaxima

Proposition6.1 Supposehatf : (0;1 ) ! R isanabsolutghycontinuousfunctiononanycom-
pactinterval [a;b] Y2 (0;1 ), andsud thatf (x) = f (Xq) + XXO f Qu)du; x > 0 for some(any)
Xo > 0.

Letfor somem 2 R and+> 0,

x™jf (x)j + esssup., . Y ifAY)ji! O asx#0; (6.1)
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5 Transaction volumes for INTC: Nov 23, 2005
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Figure 8: Top panel: tradedvolumesof the Intel stock for November23, 2005. Obsenre the regular
occurrencef mary very large tradesof approximatelythe samesizes:10, 000, 15,000, 25,000anda few
of 20,000shares Thisis avery unusuabehaior of the volumedata,ascomparedo atypical tradingday
(see.e.g.Figure9). Bottompanels:theHill plot andthe max—spectrunof thedata.NoticethattheHill plot
failsto identify theunusuabehaior of thedata,whereaghe max—spectrumattens out, on large scalesdue
to theregularnon—heay tailedbehaior of thelargesttradedvolumes.Onceidenti ed onthemax—spectrum
plot, onecanperhapgead—of thesedetailsfrom the volatile Hill plot for very smallvaluesof k. Onsmall
scaleswheretheregularlargetransactionsirenot frequentanddo not play arole, themax—spectrunyields
tail exponentsaboutl. Thisis in line with theHill plot.

Xt O (x)j + x* *esssup ¥ CifAy)ji! O asx! 1: (6.2)
Supposalsothat thetime seriesX = fX,gn.z satis esConditions3.1and 3.2, whele c;(x) is
sud that: Z,

ci(X)x! Gf Ax)jdx < 1 : (6.3)

1
ThenEjf (M)j < 1 ; for all sufciently largen 2 N, andfor someC; > 0, independenof n;

JEf (M=n¥®); Ef(Z2)j- Cinl ; (6.4)

wher Z isan®; Frédetvariablewith scalecoefcient ¥%:= c>1<:®.
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5 Transaction volumes for INTC: Nov 21, 2005
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Figure9: This gure hasthe sameformatasFigure8. Thetop plot shavs the volumesof INTC during

November21, 2005,which asthe volumesof GOOGin Figure6, behae like a classicaheary—tailedsam-
ple. TheHill plot andthe max—spectrungbottomleft andright panelsrespectrely) identify tail exponents
aroundl.5. Thecutoff scalein the max—spectrunplot wasselectecautomaticallywith p = 0:1andb= 3

(asin Figure7. Notice the volatile, sav—toothshapeof the Hill plot whichis dueto its non—rolustnesgo

deviationsfrom the Paretomodel. The max—spectrunis morerobustandfairly linearwith a smallkneeon

scalej = 12, which maybe dueto afew clustersof large volumesin the beginning andat the endof the
tradingday.

PROOF: Theproofis similarto theproofof Theoren3.1in Stoe etal. (2006).Indeed asin the
above referencepnecanshaw thatEjf (Z)j < 1 andEjf (M,)j < 1 , for all sufciently largen.
Further by usingthe conditions(6.1) and(6.2) andintegrationby parts,we have that

1

Ef (M=n""%) i Ef(Z)= . (G(x) i Fa(x))f (x)dx; (6.5)

whereF,(x) := PfM,=n"® . xgandG(x) = PfZ - xg. SinceF,(x) = e «m)x ®: by the
meanvaluetheoremwe have

GO i Fa(x)i = je X" e XL jo(nx) i ox jxi % MTHo et
ni g (x)xi ® e @x @7 4 giuexxi®

wherein thelastinequality we usedRelationg(3.1) and(3.2).
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Thus,by (6.5),we have that
Z, s ,
JEf(Ma=n=®) | Ef(Z)] - ni c()x O Yxj @7+ @ o dx
3 1 247

= n + : (6.6)
0 1

Thelastintegral is nite. F&ndeed sincethe exponentialtermsabove areboundedRelation(6.3)
impliesthattheintegral“ .~ ” is nite. Onthe otherhand,conditions(3.1) and(6.1) imply that,

c(X)jf Ax)j = O(xi R); x #O, for someR 2 R. However, for all p > 0, we I’ﬁve (CR
e %X %) = o(xP); x #0, since®;j ° > 0. Thisimpliesthattheintegralin * 1” in (6.6)is also
nite. Thiscompletesheproofof (6.4). o

PROOF OF PROPOSITION 3.1: It is enoughto shav that the functionsf (x) := jIn(x)j? and
f(x) == (In(x))¥; p> 0; k 2 N satisfythe conditionsof Prop05|t|0ﬂ6 1.1In the rst case,for
example,jf 4x)j = pxi 3] In(x)jp' ', x > 0. Thereforetheassumption ; ¢ (x)x' @ Iridx < 1
implies (6.3), sincej In(x)jPi 1 - constx*; forall x 2 [1;1 ). Thecond|t|ons(6 1l)and(6.2)are
alsoful lled in this case,andhenceProposition6.lyieldsthedesiredorderof convergence.The
functionsf (x) = (In(x))%; k 2 N canbetreatedsimilarly. o

In therestof this sectionwe demonstrat¢hat Conditions3.1 and3.2 applyto a generaklass
of moving maximaprocesses.

LetfZ,gn2n beasequencef i.i.d. randomvariableswith the cumulatve distribution function
PfZ - zg= Fz(z). Asin Stoer etal. (2006),we supposehat

Fz(z) = expfi c(2)z' ®g; z> 0, (6.7)
andimposetwo furtherconditions,analogousgo Conditions3.1and3.2.
Condition 6.1 Theeexists °> 0, suc that
jcz)i czj- Kzi % forallz> 0 (6.8)
wheecz; > 0OandK | O.
Condition 6.2 Fz(0) = Oandfor all x > 0,
c(z), cminfl;z°g; forsome® 2 (0;®); (6.9)

withc> 0.

Obsenrethat(6.8)impliesc(z) ! c¢;; z! 1 ,andinfactPfZ > zg=1j Fz(2) » ¢;z' ®; as
z! 1 :De ne now themoving maximaprocessX = f X Qkoz:

Xy = 1max aZki i+1 5 k22Z; (610)
i m

with somecoefcients a; > 0; i = 1;:::;m; andm | 1. Thefollowing resultshows thatthe
processX satis escondltlonsCondltlonss.l& 3.2.
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Proposition6.2 If the Z,'s satisfyConditions6.1 and 6.2, thenthe processX = fX0k2z In
(6.10)satis es(1.1), Conditions3.1and3.2with ° asin (6.9),

xn _
¥W=c, a% =minfl;"%®y and cy(X):= cons(l+ x' ); (6.11)
i=1
where %isasin (6.8)andwr]§|e Cx = Cz maxy. ;. m &°. In particular, the extremalindex of X is
H= =% = maxg. i ma®= 1, a

PrROOF: We rst derivethemamginal distribution of the X 's. By (6.7)and(6.10),we have

PfXy - xg= PfZy - x=a1;:::;Zk; ms1 - X=8nQg = expfj X o(x=g)a’x' ®q:
i=1
Thus,in view of (6.8),c(x=a) ! cz; x! 1 ,andhenceasx! 1
PfX, > xg» ¥%x' ®  where¥ := ¢ X a®: (6.12)
i=1
We now focusonthemaximaM , := max. ;. , Xj: Forn > m, andx > 0, we have thatF,(x) :=
PfM,=n"®. xgequals

Fa(X) = PfXyi- n¥®;::: X, - n¥g
n o ni m+1 mj 2 o)
= P g:mZ; n'=ex; amnZj - n*=®x; hZn, n=®x
j=2im j=1 j=0
where
m m 1+j
& = &G Gim T a; h= a
k=1 k=2 j k=1

Therefore, by using the independenceof the Z;'s and Relation (6.7), we get F,(x) =
expfi c(n;x)xi ®g; x > 0; where
13 X0 i 2
o(nix) = = AN=%=g m) g + (i M+ Dagyc(n=x=ag) +  o(n"*x=h)h{ :
j=2im j=0
(6.13)
We will now show thatRelation(3.1) holdswith — andc, (9 asin (6.11).Letcx = czan) =
Cz Maxy. i. m &°. By (6.13),we have
jomx) i exj = je(nix)i czag

1 X = - ni m+ 1=, . -
n o(n*=*%=gm) i C2 G + MURLAR n Feni=x=aw) i c aq)
j=2im
(R ~o C C
o c(n*™®=h;) i c;h°+ CEALE Agt Agt (6.14)

j=0
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wherethe constantC doesnot dependon x. In the last relation, we add and subtractthe nite
numberof 2(m j 1) termsof thetypegj‘?m Cz andhj®cz andapplythetriangleinequality
Now, by applyingRelation(6.8) to eachoneof theabsolutevaluetermsin A, we obtain

-0 _ C, . =0

e L xi (6.15)

Ka?l X0 1 -

) ®+ 0 .

A1 n n X Gm - n1+—0:®Ka(1) xto= ni+ =®
j=2im

wherethe constaniC, doesnotdependonn andx andwherein thelastinequalitieswe usedthat
O:m - aq). Oneobtainsasimilar boundfor thetermAs in (6.14):

C3 . =0

A3 ' n1+70:®XI ; (616)

wherethe constantC; doesnotdependonn andx.
Now, for thetermA, in (6.14),we alsohave by (6.8) that

nim+ 1 oo o e, < xi (6.17)

Az - n € n =

wherethe constantC, doesnotdependnn andx.
By combiningtheboundsn (6.15)— (6.17),for thetermsin (6.14),we obtain

; . Cc,+C o C o C
AT 6l (nllim@?)x e
which shaws that(3.1) holdswith ¢;(x) = const(1+ xi °); where™ := ~%@®

We now shaw that (3.2) holds. Since(3.2) involves a lower bound,we canignore the two
positive sumsin (6.13). Recall (6.9) and note that c(n**®*x=ay,) , I minf1;(N*®x=ay,)" o:
Since,for sufciently largen, n**® > a,, and(n**®x=a,)" , x’; we obtainc(n*™®x=a;)) ,
¢ minf 1;x" g: Therefore by (6.13),sincefor all sufciently largen, (nj m+ 1)=n, 1=2, we
havec(n;x) ., ¢, minf1;x"g; wherec, = a?l)(gzz. Thisimplies (3.2) andcompleteghe proof of
theproposition.o
6.2 Auxiliary lemmas

Thenext threelemmaswereusedin the proof of Theorem3.1.

Lemma 6.1 Undertheconditionsof Theoem3.1,for all j > log, m, wehave

var(Y, i %) %Var(logz(D (1 1)=8(; 1)):
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PROOF:  For notationalsimplicity, let » := log,(D (j;k)=B(j;k)); k = 1;:::;n;. We have, by
the stationarityof », in k, that

1 2 X
Var(Y i %)= ZVart) + 5 (0 i KICov(xer;m):

Notethat».; = log,(D(j;1+ k)=B(j;1+ k)) and» = log,(D(j;1)=B(j; 1)) areindependent
if k > 1. Indeed,this follows from the factthatthe processX is mj dependentandsince»y.;

and»; dependon blocksof the dataseparatedby atleast2 > m lags. Thereforeonly thelag—1
covariancesn theabove sumwill benon—zerandhence

1 2_ — 3
Var(Y; i %) - anar(>>1) + n—__COV(>>z;>>1) - n—_Var(»l);
j j j

since by the Caucly—Schvartz inequality we have jCov(»;»)j - Var(»)¥™Var(»)¥™ =
Var(» ). Thiscompleteghe proofof thelemma.a

Lemma 6.2 Undertheconditionsof Theoem3.1,for any xed k, wehaveD (j; K)=B(j; k) i T 1;
asj! 1:

PrROOF: Letz2 (0;1=@®) bearbitraryandobsene that
PfD(j;k)=0(j:k) < 1g= PFR > B(j;k)g- PfR> 2*g+ Pf2*> B(j:k)g;  (6.18)
whereR = maxy. i. m X2 (; i)+1 - Now, by stationarity
PfR > 2*g= Pf max X; > 2*gl 0; asj! 1:

On the other hand, Relation (3.1) implies that 21 iI=88(j: k) ! Z;asn ! 1, whereZ is a
non—dgenerate®; Fréchetvariable.Thus,since+ 2 (0; 1=®), we have that

Pf2*> B(;k)g! 0, asj! 1:

Thelasttwo corvergencesindtheinequality(6.18)imply thatPf D (j; k)=B(j; k) < 1g! O;j !
1 . Sincetrivially PfD (j; k)=8(j; k) > 1g= 1, weobtainD (j: k)= (j ; k) convergesin distribu-
tion to theconstantl, asj ! 1 . Thiscompleteghe proof sincecorvergencein distributionto a
constanimpliescorvergencen probability o

3

Lemma 6.3 Thesetof randomvariables log,

o |

D (j:k)
BGk)
all p> 0,wheeD(j;k) andB(j; k) areasin Theoem3.1.

j;k 2 Nis uniformlyintegrable for
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PROOF: Letq> pbearbitrary By usingtheinequalityjx + yj4 - 29(jxj9+ jyj9); X;y 2 R, we
get _ _

- D(j;k)z
E log, ﬁg'k;

In view of Proposition3.1, appliedto the block—maximaD (j ; k) andB(j ; k), we obtain

- 29Ejlogy(D (j; k)=2 %) + 29Ej logy(B (j ; k) =2 =*)j:

Ejlog,(D (j; k)=2=%)j% = Ejlog,(M»=2-®)j9;! const asj! 1:

Thus the setfEjlog,(D (j; kK)=27®)j9% j;k 2 Ng is bounded. We similarly have that the set
fEjlog,(B(j; k)=2"%)j% j;k 2 Ngis boundedsincelog,(2 j m)» j;j ! 1, forary x edm.
We have thusshowvn that = D=
. q
sup E"log, Uik

j:k2N B(;k)
for g > p, whichyieldsthedesireduniformintegrability. =

We now presenthe proofsof Lemmas3.1and3.2in Section3.2.

PROOF OF LEMMA 3.1: Following the proof of Theorem3.1in Davis andResnick(1985),intro-
ducethemapT, : Mp((0;1 ) £ Rnf0Og) ! R';

3 )4 ’ 3
T 2uevi) = _ue2(0:1=r Vi 8¢y, o (i=ri+n) = Vi OO0 w2 (i n=rigVk - (6.19)
k=1

ThemapT, is simplerthanthanthemapT : M,((0;1 ) £ RnfOg) ! D(0;1 ) consideredn
Davis andResnick(1985),whereD (0; 1 ) denoteghe Skorkhodspaceof cadlag functions. The
spaceM, of Radonpoint measuress equippedwith the topology of vaguecornvergence where
asetK % (0;1 ) £ Rnf0g is compactif it is closedand boundedaway from zero. We will
arguebelav thatthemapT, is almostsurelycontinuousvhenappliedto suitablePoissorrandom
measures.

Proceedingasin the proof of Theorem3.1in Davis andResnick(1985),(by Theorem2.4 (i)

therein)we get
X X X

? (k=mim =0 (i) =) 2 (teiia); (6.20)
k=1 i=0 k=1

where') ' denotesveakcorvergenceof point processeandwhere? .y denotesa point measure
with unit massconcentrateat(t;j) 2 (0;1 ) £ Rnf0g. In (6.20),f (tx;j«)9k o arethepointsof
aPoissorrandommeasuréPRM) with intensitymeasure

L(dtdx) = dxE, (dx); where | (dX) = @pxt ® Mo, () dx+ @(Li P X)'® Mz 0)()dx;

(recallthedlstrlmtllgn of the»'sabove andsee(2.1)in Davis andResnick(1985)).
Letnov m = ,_; %u,.c) bethe PRMin (6.20) andobsere thatPfm(@) = Og = 1,
whereB = ((0;1=r]£ RnfOg) [ ¢¢¢[ ((r i 1)=r;1]£ R nfOg) is thesetassociateavith the
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mapT, in (6.19),andwhere@ denotegsheboundaryof B. Indeed thisfollows from thefactthat
theintensitymeasureé (dt; dx) of thePRM m doesnotchagewith positve masssetsof Lebesgue
measureero. ThefactthatPf m(@) = Og = 1 shavsthat,almostsurely thepointsf (ty;jk)gdo
notlie onthe boundary@ . Sincethe pointsof discontinuityof T, areatonly thosemeasure
M, with atomson @3, it follows thatthemapT, is almostsurelycontinuousvhenappliedto the
realizationsof the PRM m. Therefore the continuousmappingtheorem(seee.g. Theorem3.4.3
in Whitt (2002))yields:

X L TRX
Tr 2(kemmi=ox (cy i1 Tr (teikey » asm!t 1
k=1 i=0 k=1
where
PR R Cos
Te 2(ika) = _tk2(0;1:r]_il=ocijk; UL _te2((ri l)=r;1]_il=0 Gik = (Z@Q);:::;Z(r)):
i=0 k=1

However, sincethe intervals (0; 1=r]; (1=r; 2=r];:::;((r i 1)=r;1]in (6.19)do not overlap, the

of the PRM shaws thatthe Z (k)'s areidentically distributed. Now, it remainsto argue thatthe
Z (k)'s have the desired®; Fréchetdistribution. This follows asin Davis and Resnick(1985),
sincefor Z (1), for example,we have:

Z(1) = _y, 2012 _izo Gk = _t201=n(C ik _ G )ik

whichin factequalsheextremalprocessy (t) thereinevaluatedatt = 1=r. o

PROOF OF LEMMA 3.2: For multivariate max—stabledistributions, pairwiseindependencém-
pliesindependencéCh. 5 in Resnick(1987)). Thus,it sufces to shav thatZ (1) andZ(2) are
independentThe continuousnappingtheoremmpliesthat

L (X _Xn(@) if Z@)_Z(); asm! 1:

We alsohave thatX (1) _ Xm(2) = Xam(1) andsince(2m)i X 5, (1) 1 Z(1);asm! 1,
we obtain
Z(1) _z(2) 2 2¥°z(1): (6.21)

In view of (1.1), the maginal distributions of Z can only be ®; Fréchet. Thus, since
(Z(1);Z(2)) is amax—stablerector Propositions.11'in Resnick(1987),implies

Z
P O (O P

szl' Xl;ZZ' Xog = exp ®  — ®
o X1 X2

C X1, X2 > 0 (6.22)
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for somenon—ngative functionsf ; andf, suchthatFilfi®(u)du <1 ;i= 12 Thus,by (6.21),
forallx > O:
z 1
expfi x'® f£(u) _f(u)dug
0 7 .

PfZ, - 2 ™g=expfi 2x' ® f&(u)dug:
0

PfZ(1) _Z(2) - xg

. . . . Rl ® _ Rl ® .
This, sinceby stationarity , f"(u)du= f;’(u)du, yields
Z 1 Z 1 YA 1
fou) _foudu=  f2udu+  f2(u)du:

0 0 0

The lastrelationis valid if andonly if the non—ngative functionsf ;(u) andf,(u) have disjoint
supports.Thisfact,in view of (6.22),impliestheindependencef Z(1) andZ(2). &
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