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Abstract- Switched Processing Systems (SPS) represent a canon-
ical model for many areas of applications of communication,com-
puter and manufacturing systems. They are characterized by
flexible, interdependent service capabilities and multiple classes
of job traffic flows. Recently, increased attention has been paid
to the issue of improving quality of service (QoS) performance in
terms of delays and backlogs of the associated scheduling policies,
rather than simply maximizing the system’s throughput. In this
study, we investigate a measurement based dynamic service allo-
cation policy that significantly improves performance withrespect
to delay metrics. The proposed policy solves a linear program at
selected points in time that are in turn determined by a moni-
toring strategy that detects ’significant’ changes in the intensities
of the input processes. The proposed strategy is illustrated on a
small SPS subject to different types of input traffic.

I. I NTRODUCTION

There has been a lot of interest over the last decade for the
analysis and performance assessment of Switched Processing
Systems (SPS). This interest stems from the fact that such sys-
tems serve as canonical models in many areas of application,
including high performance computing, wireless networking,
call centers and flexible manufacturing. They are primarily
characterized by the flexible, interdependent nature of their
service capabilities, which for many service allocation poli-
cies induces complex queueing dynamics. A basic objective,
studied fairly extensively over the years, has been the investi-
gation of throughput maximizing scheduling policies [1, 2,3,
4, 5, 8, 14, 15, 16]. More recently, the focus has shifted to
quality of service (QoS) issues and the performance of various
scheduling policies with respect to performance metrics, such
as delay. Analytical results for service policies for SPS are in
general hard to come by, due to the inherent complexity of the
underlying queueing dynamics. Some notable exceptions can
be found in the work of Ross and Bambos [11, 12], and in our
previous work on the subject [6]. Specifically, a randomized
algorithm was introduced in [11, 12] and its QoS performance
compared with a class of projective cone policies, originally in-

troduced in [1]. A weighted variant of cone policies was stud-
ied in [6], where the weights were calculated by estimating on-
line the intensity of the incoming traffic. By measuring incom-
ing traffic and adjusting the weights correspondingly, the pro-
posed throughput maximizing policy becomes more responsive
to QoS aspects.

In this paper, a measurement based dynamic scheduling pol-
icy of the system’s resources is proposed and its performance
investigated. The policy relies on measuring the traffic inten-
sity and identifying changes over time. For the latter purpose,
we present a methodology that models the traffic intensities
as an exponentially weighted moving average (EWMA) pro-
cess, which achieves the following objectives: (i) prediction of
the intensity for the next time period under consideration and
(ii) monitoring for significant shifts of the intensity overtime.
Thus, the policy is adaptive to traffic fluctuations that occur in
practice.

The remainder of the paper is organized as follows. In Sec-
tion II, the SPS is introduced along with a measurement based
control policy. In Section III, the EWMA methodology is intro-
duced and implementation issues discussed. The performance
assessment of the proposed policy is illustrated in SectionIV.
Finally, some concluding remarks are drawn in Section V.

II. SPS: DESCRIPTION AND ADYNAMIC CONTROL POLICY

Consider a multiclass queueing system comprised ofQ par-
allel, infinite capacity, first-in-first-out (FIFO) queues,with each
queue corresponding to a different class of job traffic. The class
q jobs arrive according to a general processAq, q = 1, ..., Q.
Suppose thejth job of classq arrives to the system at time
tqj ∈ R+ and carries the service requirementδq

j . We model
these random quantities as elements of a random marked point
process (RMPP)

Iq = (tqj , δ
q
j ), j ∈ Z+, (1)

defined on some probability space(Ω,F , P ). Define thestochas-



tic traffic intensityof queueq at timet by

λq(t) = lim
∆t→0
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and letΛ(t) = (λ1(t), . . . , λQ(t)). It is further assumed that
λq(t) satisfies

0 < E

∫ T

0

λq(t)dt < ∞ (3)

for any finite planning horizon[0, T ], q = 1, . . . , Q.
Suppose there areM admissible service modes and for each

modem ∈ {1, . . . , M}, the jobs of the queueq receive service
at rateµmq. Therefore, modem is associated with the non-
degenerate service rate vectorRm = (µm1, µm2, ..., µmQ).
TheM × Q matrix R = (µmq) is called theservice rate ma-
trix. It can be seen that the service modes introduce intricate
dependencies amongst the queues. We further introduce a null
service modeR0 = ~0, which is used when the system idles;
i.e. when no jobs are present in the system. Although, in prac-
tice splitting of service modes is not possible, we nevertheless
make such an assumption for mathematical convenience. Let
rm(t) denote the level at which service modem is participat-
ing at timet, with 0 ≤ rm(t) ≤ 1 for all m ∈ {0, 1, . . . , M},
and

∑M
m=0 rm(t) ≤ 1 for every point in time. In practice, the

quantitiesrm(t) capture the proportion of time, service mode
m is used over a fixed period of time.

Let the row vectorr(t) = (r1(t), . . . , rM (t)) ∈ R
M
+ denote

the control processof the M admissible service modes and
further assume that it is non-anticipative. We also assume that
the job service requirements are mutually independent and in
addition independent of the arrival processes. Theworkload
process under any scheduling policyπ can be written as

Wπ
q (t) = Wπ

q (0) +
∑

j∈Z+

δq
j1{t

q

j
∈(0,t]}−

M
∑

m=1

µmq

∫ t

0

rm(s)1{W π
q (s)>0}ds (4)

for everyq = 1, 2, . . . , Q.
We discuss next system stability issues. Define thelong-

term traffic intensityof queueq by

λq = lim
t→∞

[

1

t

∫ t

0

λq(s)ds

]

(5)

whereq = 1, . . . , Q. Thestability regionof the system under
consideration is given by

S =

{

~Lambda ∈ R
Q
+ : λq <

M
∑

m=0

ωmµmq for all q ∈ {1, . . . , Q}

}

(6)

where

ωm = lim
t→∞

[

1

t

∫ t

0

rm(s)ds

]

(7)

represents the long-run proportion that service modem is em-
ployed at a 100% level,m = 0, . . . , M , and

∑M
m=0 ωm = 1.

Intuitively, the stability region is comprised of all traffic inten-
sity vectors that the system can accommodate in the long-run
(in the sense that all workload processes would remain finite)
under some resource allocation policy. It can be shown (proof
omitted due to space considerations) that if~Λ 6∈ S, then the
workload of at least one queue would explode to infinity. It
can also be seen thatS is theconvex hullgenerated by all ser-
vice vectorsRm, m = 1, . . . , M . To illustrate, the stability re-
gion for a 2-queue system with 4 service vectorsR1 = (3, 0),
R2 = (2, 3), R3 = (0, 4), andR4 = (2.5, 1) is shown in the
left panel of Figure 2. The stability region for another 2-queue
system with 3 service vectorsR1 = (0, 5), R2 = (2, 4), and
R3 = (3, 3) is shown in Figure 1.
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Figure 1: (Right panel): The stability regionS for a 2-queue
system withR1 = (0, 5), R2 = (2, 4) andR3 = (3, 3).

At certain points in time, the system needs to decide which
service modem should be used. In [1], a dynamic through-
put maximizing class of policies was introduced that chooses
the modem that maximizes the inner product< ~W (t), µm >.
A variant of this policy that utilizes a weighted inner product
< ~W (t), µm >~α was investigated in our previous work [6].
Careful choice of the weights~α leads to improved performance
from an average delay point of view. We discuss next a mea-
surement based dynamic policy, whose justification is basedon
a fluid approximation [4].

The fluid analogue of the workload process is given by

W̄q(t) = W̄q(0) +

∫ t

0

λq(s)ds −
M
∑

m=1

µmq

∫ t

0

rm(s)ds, (8)

for everyq = 1, 2, . . . , Q, W̄q(t) ≥ 0 andt ≥ 0, whereW̄q(t)
represents the fluid level of queueq at timet, which is derived
by taking the limit of the following scaled process:

W̄q(t) = lim
r→∞

1

r
Wq(rt). (9)



Suppose that the above fluid model is differentiable at timet,
then we have that

˙̄Wq(t) =
dW̄q(t)

dt
= λq(t) −

M
∑

m=1

rm(t)µmq. (10)

Note that this approximation of the primitive processes elimi-
nates lower order stochastic fluctuations, but is still influenced
by the stochastic intensityλq(t). For the whole system, we can
write

dW̄ (t)

dt
= Λ(t) −

M
∑

m=1

rm(t)Rm = Λ(t) − r(t)R. (11)

where the operation between vectors is considered component-
wise.

Consider next a fixed planning horizon during which all time-
dependent quantities remain fixed at their time 0 levels except
for the workload process̄W (t); i.e.

Λ(t) ≡ Λ and r(t) = r or ~0, (12)

whereΛ = (λ1, . . . , λQ) andr = (r1, . . . , rM ). Therefore,

we have thatdW̄ (t)
dt

= Λ − rR for all t ∈ (0, T ]. This implies
that the flow balance equations are given byΛ = rR. For the
original time interval(0, T ] we obtain the instantaneous flow
balance equationsΛ(t) = r(t)R. The latter suggests that an
optimal scheduling policy (i.e. the optimal control process r)
solves the following LP problem:

minimize
r

max
q

Cq

(

λq

(rR)q − λq

)

subject to Λ ≤ rR (LP)

where(rR)q denotes theqth element of vectorrR (i.e. the av-
erage service rate devoted to queueq under control processr),
andCq > 0 is some cost component,q = 1, . . . , Q. It is noted
that LP-1 can be translated to (approximately) minimizing the
maximal value of the average (linear) holding cost among all
queues. This is simply true since

λq

(rR)q − λq

≈ E[Wq(t)] for all t ∈ [0, T ] (13)

under fairly strong assumptions such as Little’s law and allthe
input processesIq are not away from Compound Poisson with
exponentially distributed service requirements.
Remark:Under equal holding costs for all queues, the solution
to the above LP problem can be related to the LP problem given
in [1] that leads to the so-called ’FastEmpty’ policy.

It should be noted that for a SPS with stationary input pro-
cesses (and hence constant traffic intensities ratesΛ) the opti-
mal solution to the above posited LP problem performs poorly
with respect to various QoS metrics. However, if the traffic in-
tensity vector is estimated from observing the input processes,

then the control policyr(t) would be more responsive to traf-
fic fluctuations, thus achieving better performance. However,
if Λ is estimated and the LP has to be solved continuously, that
makes this strategy computationally expensive. Further, such
a strategy may lead to a large number of service mode switch-
ings, a shortcoming shared by the cone policies studied in [1].

In order to avoid these issues, the traffic intensity is moni-
tored for changes using an exponential moving average process
and the system switches to a different set of service modes only
when ’significant’ changes are detected. Hence, decision times
correspond to change points, when the LP needs to be solved
and a new service allocation made. It can also be seen that this
strategy easily accommodates non-stationary input processes.

IV. ESTIMATION AND SHIFT-MONITORING OFTRAFFIC

INTENSITY

In this section we proceed to make the proposed policy op-
erational. Recall that knowledge of input ratesΛ is necessary,
which is achieved by estimating them over time by tracking the
amount of work coming into the system. For this purpose, sup-
pose that time is divided into sequential intervals(∆k, ∆k+1), k =
0, 1, 2, · · · , so that at leastn job arrivals are observed in each
queue during that interval. Experience shows thatn = 30 is
reasonable in practice. Then, the traffic intensity of queueq
over thenth time interval can be estimated by averaging all the
service requirements; that is,

λ̂q(k) =
1

(∆k − ∆k−1)

nq
∑

j=1

δq
j , k = 1, 2, . . . , (14)

wherenq denotes the number of jobs that arrived during this
time interval. Thus, a sequence of estimated traffic intensities
{Λ̂(1), Λ̂(2), . . .} for all queues are obtained, whereΛ̂(n) =

(λ̂1(n), . . . , λ̂Q(n)), n = 1, 2, . . ..
A naive approach would be to solve the LP and change the

service allocation at every intervalk. However, such an ap-
proach would be sensitive to small shifts of traffic intensities,
thus making it computationally expensive. Therefore, we intro-
duce the Exponentially Weighted Moving Average (EWMA)
control chart, whose objectives are: (i) to provide an approxi-
mate one-step-ahead predictor of traffic intensities by utilizing
all previous observations; and (ii) to monitor ’significant’ shifts
of traffic intensities in the process. As previously mentioned,
the LP would be solved only when such changes are detected.

We discuss first the control chart for a single queue. Con-
sider a sequence of estimated traffic intensities{λ̂q(1), λ̂q(2), . . .}
for queueq and assume that they are independently and nor-
mally distributed as

λ̂q(k) ∼ N(λq(k), σ2
q ), k = 1, 2, · · · , (15)

whereλq) denotes its true mean andσ2
q its variance. By esti-

matingλq using at least measurements from 30 jobs, the nor-
mal assumption holds approximately. Letλ̄q(n + 1) denote



the one-step-ahead predictor ofλ̂q(k + 1), and compute the
EWMA statistic by

λ̄q(n + 1) = βλ̂q(n) + (1 − β)λ̄q(n), (16)

where0 < β ≤ 1 represents the weight that the most recent
observation carries.

If λ̄q(0) is set to be a target valueλq , it can be shown that

Eλ̄q(n) ≡ λq and Var̄λq(n) = σ2
q

(

β

2 − β

)

[1− (1− β)2n].

(17)
Based on these results, the control limits of an EWMA chart
for λq(n) can be constructed as follows: the lower and upper
control limits (LCL/UCL) of thek-th observation are set as

LCL/UCL(k) = λq ± cσq

√

(

β

2 − β

)

[1 − (1 − β)2k], (18)

with the + corresponding to the UCL and the− to the LCL
andc > 0 a tuning parameter that captures the sensitivity level
that one wishes to achieve. The EWMA chart generates an out-
of-control signal at periodk if λ̄q(k) > UCL(k) or λ̄q(n) <
LCL(k). The EWMA control chart for one of the queues of a
3-queue system is shown in Figure 2.
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Figure 2: The predicted traffic intensitiesλ̄q(k) (the solid lines)
of a queue monitored by the EWMA chart, with the dash lines
representing the UCL and LCL.

Remark: It is assumed that the estimated traffic intensities
are independent over time, which may not always be appropri-
ate in practice. If this assumption is violated, then one need
to adjust the tuning parameterc in order to avoid too many
change detections (positive correlations) or too few (negative
correlations).

We now discuss an appropriate extension for the general
multiclass SPS. Assume theQ estimated traffic intensities over
thek-th time interval follow a multivariate normal distribution
with meanΛ and covariance matrixΣ (i.e. Λ̂(n) ∼ N(Λ(n), Σ)).
The Multivariate EWMA statistic (in vector form) is given by

Λ̄(k + 1) = BΛ̂(k) + (I − B)Λ̄(k) (19)

whereB = diag(β1, . . . , βQ), 0 < βq ≤ 1, q = 1, . . . , Q, and
I is theQ × Q identity matrix. If there’s no specific reason

to weigh past observations differently for theQ input traffic
flows, then a single value ofβ can be chosen for all the queues.
Therefore, the asymptotic covariance matrix (ask → ∞) can
be written as{β/(2 − β)}Σ. The MEWMA chart gives an
out-of-control signal if

T 2(k) =
(2 − β)

β
Λ̄′(k)Σ−1Λ̄(k) > h, (20)

whereh is chosen to achieve a specified in-control average run
length (ARL) [7].

IV. PERFORMANCEASSESSMENT

In this Section we examine the performance with respect to
delay of the proposed measurement based dynamic policy on
three systems: (i) a 2-queue system with compound Poisson
input processes, (ii) the same 2-queue system but fed with frac-
tional Brownian traffic (both constant and changing over time)
and (iii) a 3-queue system with compound Poisson input pro-
cesses. We describe the systems and the simulation scenarios
next:

A. A 2-queue System with Compound Poisson Input Processes

We consider a 2-queue system with three service modesR1 =
(0, 4), R2 = (2, 3), andR3 = (3, 0). Jobs to queueq arrive
according to a compound Poisson processAq, with mean ser-
vice requirements areS1 = 1 andS2 = 10, and corresponding
average interarrival times aT1 = 0.345 andT2 = 10, respec-
tively (i.e. hence, the traffic intensities areΛ = (λ1, λ2) =
(0.3, 3.7)). An extensive computer simulation of the system is
carried out and various statistics of the delay process recorded.
The parameters for constructing the EWMA chart were set to
c = 2 andn = 30. We focus on the system’s average delay,
as well as the 95th percentile of the delay distribution under
the proposed policy, as well as under the dynamic policy that
maximizes< ~W (t), µm >~α (MaxProduct policy), for different
but fixed throughoutthe simulation choices of weights~α. Note
that all the weight vectors~α = (α1, α2) are chosen so that
α1 + α2 = 1, which include all possible directions inR2

+. The
resulting average system delays are shown in the left panel of
Figure 3, while the the 95th percentile of the delay distribution
in the right panel. It can clearly be seen from Figure 3 that by
dynamically allocating the system’s resources and monitoring
changes in traffic intensities, a significantly lower average sys-
tem delay and 95th percentile of delays are obtained compared
to that corresponding to almost any fixed choice for the Max-
Product policies. In a large number of cases, the improvement
in performance is over 100%, and exceeding 500% for some
prespecified weight vectors.

B. A 2-queue System with Fractional Brownian Input Traffic

We consider next the same 2-queue system, fed by the fol-
lowing fractional Brownian type of traffic considered by Nor-
ros [10]: Aq(t) = λqt + σqZq(t), q = 1, 2, whereAq(t)



Figure 3: (Left panel): The system’s average delay under compound Poisson inputs for the dynamic measurement based policy
and the the MaxProduct policy with all possibly fixed weights~α. (Right panel): The 95th percentile of the system’s delay
distribution.

Figure 4: (Left panel): The system’s average delay under FBMinputs for the dynamic measurement based policy and the the
MaxProduct policy with all possibly fixed weights~α. (Right panel): The 95th percentile of the system’s delay distribution.

is the total service requirement accumulated in the time inter-
val (0, t], Z1(t) andZ2(t) are independentnormalized frac-
tional Brownian motions(FBM) with the same Hurst param-
eter H , λq is the traffic intensity, andσq is the variance of
traffic in one time unit. The choice of the parameters were
Λ = (λ1, λ2) = (2.66, 1.0) and the corresponding variances
(σ1, σ2) = (100, 50). Note that these choices ofλq andσq

can guarantee that the system is stable andAq(t) will not go
negative, almost surely. In addition, the Hurst parameter is
chosen to beH = 0.7 for eachZq(t) so that the two in-
put processes are characterized aslong-range dependent(so
the independence assumption in the EWMA chart is violated).
Again, computer simulations were performed to derive the av-
erage system delays and the 95th percentiles of delays under
policy π~α(Λ̂) andπ~α with all possibly fixed choices of queue
weights~α. The results are shown in Figure 4 and to a large
extent confirm the previous findings.

We consider next the same fractional Brownian motion input

processes, but with changing input rates for the same 2-queue
system. Assume the system starts at time 0 with the initial traf-
fic intensitiesΛ = (λ1, λ2) = (0.8, 4.0) andΛ can change pe-
riodically at certain points in time,t = {2500, 5000, 7500, · · ·}.
Specifically, define the traffic intensities at timet by Λ(t) =
(0.8, 4.0) for t ∈ [2500i, 2500(i + 1)), i = 0, 2, 4, . . ., and
Λ(t) = (3.0, 1.8) for t ∈ [2500i, 2500(i + 1)), i = 1, 3, 5, . . ..
Note that the long-term traffic intensities for both queues are
thenΛ = (1.9, 2.9), which clearly belong to the stability re-
gion. The variance functions for both queues areσ1(t) = 10,
t ∈ [2500i, 2500(i + 1)), i = 0, 2, 4, . . ., andσ2(t) = 50,
t ∈ [2500i, 2500(i + 1)), i = 1, 3, 5, . . ., respectively. The re-
sulting average system delays and the 95th percentile of jobde-
lays under policyπ

~α(Λ̂) andπ~α with all possibly fixed choices
of queue weights~α are shown in Figure 5. In this case, the
measurement based policy outperforms by a wide margin (for
most choices of the weights) the MaxProduct policy, both in
terms of the average system delay and in terms of the 95th per-
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Figure 5: (Left panel): The system’s average delay under FBMinputs for the dynamic measurement based policy and the the
MaxProduct policy with all possibly fixed weights~α. (Right panel): The 95th percentile of the system’s delay distribution.

centile of the job delay distribution.

C. A 3-queue System with Changing Compound Poisson Input
Processes

We consider next a 3-queue system with 6 admissible ser-
vice vectorsR1 = (0, 0, 6), R2 = (4, 0, 3), R3 = (6, 0, 0),
R4 = (4, 5, 0), R5 = (0, 8, 0), andR6 = (0, 5, 3). Suppose
there are four possible input process vectors~I1 = (I1

1 , I2
1 , I3

1 ),
~I2 = (I1

2 , I2
2 , I3

2 ), ~I3 = (I1
3 , I2

3 , I3
3 ), and~I4 = (I1

4 , I2
4 , I3

4 )
so that each input process vector is equally likely to happenev-
ery 25000 time units. Assume that for each input process vec-
tor ~Ii, all the elementsIq

i are compound Poisson processes,
i = 1, 2, 3, 4, andq = 1, 2, 3. Specifically, we further as-
sume that the mean service requirements are(S1

1 ,S2
1 ,S3

1 ) =
(0.55, 0.55, 2.32), (S1

2 ,S2
2 ,S3

2 ) = (2.32, 0.55, 0.55), (S1
3 ,S2

3 ,S3
3 ) =

(0.55, 2.72, 0.55), and(S1
4 ,S2

4 ,S3
4 ) = (1.38, 2.21, 1.22), while

for simplicity, the mean interarrival times are chosen to be
T q

i = 1/Sq
i for all i, q. Therefore, the long-term traffic inten-

sities for these 4 input combinations areΛ1 = (0.3, 0.3, 5.4),
Λ2 = (5.4, 0.3, 0.3),Λ3 = (0.3, 7.4, 0.3), andΛ4 = (1.9, 4.9, 1.5).

Computer simulations are performed to derive the average
system delay and the 95th percentile of job delays under the
measurement based proposed policy, the MaxProduct policies,
as well as the Maximum Weighted Queue Length policy that
is a MaxProduct policy with weight vector1, but employs the
queue length process instead of the workload process. Note
that for the family of MaxProduct policies with fixed queue
weights, it suffices to look at all(α1, α2, α3) combinations sat-
isfyingα1+α2+α3 = 1 (which include all possible directions
in R

3). The resulting contour plots of the average system de-
lays and the 95th percentile of job delays are shown in Figure6.
The minimal average system delay and the minimal 95th per-
centile of delays are both given around~α = (0.55, 0.05, 0.4),
with corresponding values 33.83 and 121.12, respectively.On
the other hand, the proposed policy achieves an average system
delay of 21.84 and the 95th percentile of delays 70.16, while

the MWQL policy has an average system delay 28.93 and the
95th percentile of delays 92.36.

Overall, these results indicate that the measurement based
policy is competitive for different input processes and is most
suitable when the underlying input processes change over time.

VI. CONCLUDING REMARKS

In this paper, a measurement based dynamic service alloca-
tion policy was introduced, whose goal is to improve the QoS
for switched processing systems. The proposed strategy is in-
tentionally designed to minimize (approximately) the maximal
value of the average holding cost among all queues. It employ-
ees a statistical technique called Exponentially WeightedMov-
ing Average (EWMA), which provides an approximate one-
step-ahead predictor for the traffic intensity and at the same
time monitors the shifts of the traffic intensity over time. Fur-
ther, the proposed policy is throughput maximizing. Simula-
tion results show that it achieves significant improvement in
terms of average delay and the high percentile of delays for
various types of input traffic.

Topics currently under investigation include: (i) the perfor-
mance of the policy for general non-stationary input processes;
and (ii) the computational complexity of obtaining the optimal
solution in a SPS comprised of a very large number of queues
and service configurations.
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