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Graph-Based Semi-Supervised Learning

Mark Culp, George Michailidis

Abstract—Graph-based learning provides a useful approach
for modeling data in classification problems. In this modeling
scenario, the relationship between labeled and unlabeled data
impacts the construction and performance of classifiers, and
therefore a semi-supervised learning framework is adopted.
We propose a graph classifier based on kernel smoothing. A
regularization framework is also introduced, and it is shown
that the proposed classifier optimizes certain loss functions. Its
performance is assessed on several synthetic and real benchmark
data sets with good results, especially in settings where only a
small fraction of the data are labeled.

Index Terms—Semi-supervised Graph-based Learning, Con-
straint Loss Optimization

I. INTRODUCTION

EARNING in the semi-supervised context has received a

lot of attention over the past few years [1; 2; 3; 4]. The
main idea is that labeled observations (cases) are hard and/or
expensive to acquire, whereas unlabeled ones are easy and in-
expensive. The task of semi-supervised learning algorithms is
to use the information available in labeled data, in conjunction
with their relationship to unlabeled data, in order to complete
the labeling of the data at hand.

Several aspects of semi-supervised learning have been ad-
dressed in the literature; for a comprehensive survey, see
[4] and references therein. One direction of work involves
approaches based on extensions of the EM algorithm from
the supervised to the present setting [5]; these techniques rely
on the concept of self training. In this setting, the classifier
first concentrates on unlabeled cases that can be learned with
high confidence, and then iteratively adds these estimates to
the labeled set. After a prespecified number of iterations the
algorithm provides a learner that has trained from both the
labeled data and confident unlabeled data. Along similar lines
is extending the boundary established by a supervised learner
to a semi-supervised setting, such as the naive Bayes [1] and
the EM algorithms [5]. One technique, in particular, is the
Transductive SVM, which extends the supervised SVM to the
semi-supervised setting. The rationale is based on the cluster
assumption, that is the minimal generalization error is on a
border established between highly dense unlabeled regions,
and the challenge is finding it [4].

More recently, the focus has shifted towards algorithms that
utilize the graph structure obtained by capturing pairwise sim-
ilarities between the labeled and unlabeled cases [4]. The main
idea is to cut the minimum number of edges between vertices
(cases) such that each disjoint graph cluster has only one class
in it. Upon termination this algorithm classifies (hard labels)
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each unlabeled case, while the known labeled cases retain their
original labels, which is known as clamping [4; 6]. The idea
behind clamping is that the output of the algorithm needs to
exhibit perfect agreement with the training data. To extend
this technique, the proposed methodology borrows ideas from
physics, by treating the graph as an electric circuit, with the
labeled nodes representing positively or negatively charged
sources. The objective is to optimize an energy function that
labels all nodes; for example, the above approach corresponds
to the absolute energy optimization function [4].

The label propagation algorithm [6] provides a softer ap-
proach, where the fitted probability class estimate of each ver-
tex (as opposed to labels) propagates to neighboring vertices
while the originally labeled vertices (sources) are clamped.
The Gaussian harmonic field extension uses the Laplacian
matrix [7] of the graph (where the off-diagonal elements
correspond to the negative edge weights, while the diagonal
ones are the degrees of the vertices of the graph), and the
resulting optimization problem is solved by a generalized
eigenvalue decomposition of this matrix. The eigenvectors of
the Laplacian matrix correspond to the smooth functions of
each vertex that optimize a quadratic energy function [8]. The
Laplacian matrix can be thought of as a way of regularizing the
problem at hand, an approach adopted by other more recent
techniques, such as the regularized propagation approach in
[7] or the spectral graph transducer in [2]. In practice, the
proximity graph is typically constructed from a similarity
measure on the data, which requires tuning. One approach
to address this key issue is to add several Laplacian matrices
from the tuned proximity graphs in a regularized setting [3; 9].

An advantage of working with a graph structure is its ability
to naturally incorporate diverse types of information and
measurements. In the area of multi-view learning [1; 2], the
objective is to incorporate several distinct views for prediction
purposes, where a view is a set of variables that summarizes
one particular source of data. For example, consider a data
set stemming from pharmacology [10], involving the study of
adverse side effects of chemical compounds that are described
by their chemical descriptors (in the form of binary features)
and biological descriptors (noisy numerical features). The
graph-based learning approaches discussed above have been
successfully applied to such multi-view learning problems.

In this paper, we propose an algorithm for semi-supervised
learning that employs both self-training and regularization. It
utilizes the information provided by the labeled data, as well
as the relationship between labeled and unlabeled cases. The
algorithm relies on the fact that neighbor cases should belong
to the same class, and the relationships between data points
are captured in the form of a similarity graph with vertices
corresponding to the cases and edge weights to their similarity.
Specifically, we introduce a graph-based classifier that weighs
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Fig. 1. The plot is a cross-section of a graph, where the labels are either
light or dark gray and the unlabeled cases are given as 1 to 7. The shortest
path distances are provided in the lower right when not accounting for the
unlabeled cases and when accounting for the unlabeled cases. The mere act
of constructing a learner from a graph places the problem in the transductive
setting, since the unlabeled data fundamentally affect the underlying topology.

the neighboring information available using a kernel function.
It also employs a penalty term that ‘corrects’ the predicted
labels of cases farther away from labeled data towards the
prior distribution of each class. The rationale for this feature
is that as the classifier moves away from the labeled cases,
uncertainty about predictions increases and the class prior
becomes more informative. Another key aspect of the proposed
algorithm 1is that it applies to both class (hard) labels and
probability class estimates (soft labels). A connection between
the type of loss function involved for soft labels (squared error)
and hard ones (exponential or logistic) is also established.
This approach is considered both in the multi-view setting and
classical proximity graph setting with competitive results to
the energy optimization approaches given above. In addition
the bias/variance trade-off for this classifier as it relates to
regularization is quantitatively assessed.

The remainder of the paper is organized as follows: the
problem is formulated in Section III, while the proposed
sequential predictions algorithm is introduced in Section IV.
Section V assesses the performance of the algorithm on a
number of synthetic and real data sets. Some concluding
remarks are drawn in Section VL.

II. TRANSDUCTIVE LEARNING ON GRAPHS

In a Euclidean learning problem it is common to observe
a data matrix X with n cases and p features, and the interest
is in constructing a learner on X to establish a rule for the
response Y. Learning in this paradigm relies on the following
rationale: if one restricts the construction of a learner to a
subset of the data (e.g. the training set) then the processing of
new cases (i.e. predicting) preserves the distances/associations
between all n cases. When deriving a learner on Euclidean
space, this realization equates to the notion that one can easily
train on the available data and predict unlabeled data without
worrying about updating the learner when a new unlabeled
case is processed.

Training Lattice

Lattice Structure

Fig. 2. Tllustration of the simple lattice, where the center cases are labeled
while the cases off center are unlabeled.

For graphs the problem is inherently more complex as it re-
lates to proximity. An unlabeled/testing case provides intrinsic
structural information, and its presence should be accounted
for, even though the corresponding label is unknown. For
example, consider defining the shortest path distance metric
on a simple graph, which gives the number of links between
two vertices. Figure 1 (a) illustrates the fact that unlabeled
cases (case 4 in the figure) can influence the distances between
almost all other labeled and unlabeled cases. This association
between labeled and unlabeled data greatly affects how one
builds a learner on a graph. The goal is to use as much of the
underlying graph topology as possible to make associations
that best preserve structure (e.g. distance, degree of vertices,
etc.) between all vertices, whether they are labeled or not. In
applications, this equates to using unlabeled cases during train-
ing, which places the problem of defining a suitable learner
on a graph in the transductive (semi-supervised) construct.

In this work, the similarity weighted matrix, W =
{Wi;}, 4,5 =1,--- ,n with W;; € [0,1] and W;; = 1, serves
the purpose of providing the transductive structure necessary
for deriving the graph-based classifier/learner. Large values
indicate a higher degree of similarity between two nodes
and small values the opposite. There are many options for
obtaining W in practice, and the optimal choice depends
in part on the nature of the underlying graph (e.g. sparse
or dense), and data size/computational considerations. For
example, consider the lattice shown in Figure 2 (b), where
the training data are clustered in the center with a linear
boundary separating the two classes. In this case, there are two
possibilities for defining W the first one uses the observed
lattice adjacency matrix as W directly. The second choice
relies on first computing the shortest path metric over the
lattice, and subsequently applying a kernel function to convert
dissimilarities to similarities, which results in a new adjacency
matrix W = W... The kernel function needs to be specified
in order to use this oppiqn, which in this work is chosen to
be K, (i,j) = exp (@), with d(-,-) denoting the shortest
path metric and 7 > 0 a tuning parameter. An analogous
discussion applies to the case of obtaining proximity graphs
from a feature space X [9].

Remark: An important non-trivial problem under investiga-
tion is inductive learning, in which we wish to predict a vertex
that was not available in any capacity during training [4].
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III. PROBLEM FORMULATION

Let Gp = (Vp, Er) denote a weighted graph with vertex
set Vrp and edge set Er. The vertices correspond to the
data observations (cases) and the weighted edges capture
the relationship between them. Further, let Y (v) denote the
response — either a class label or a probability class estimate
— associated with node v. The vertex set Vz can be partitioned
into a labeled set V7, of size m and an unlabeled set Vi, of size
n—m, which translates into a similar partition for the response
vector Y. The goal is to predict the response Yy for the nodes
in the unlabeled set V. The matrix W, discussed in Section
I, is the n x n weighted similarity matrix corresponding to
Gr.

We briefly discuss next some challenges posed by the graph
structure, which the Sequential Predictions Algorithm (SPA)
is designed to overcome. In a supervised learning context,
only the labeled cases (in our setting those in the set V) are
used for constructing a classifier. However, the relationship
between labeled and unlabeled cases on a graph is more
complex, as previously indicated, which in turn is going to
affect the construction of nearest neighbor type classifiers.
For the SPA, the topology of the underlying graph is taken
into consideration during training, along with the problem
of predicting the unlabeled cases. The algorithm employs a
graph-based nearest neighbor classifier and a sequence of
vertex sets for label propagation purposes, together with a
regularization mechanism. We define next several quantities
necessary for subsequent developments.

Let d(u,v) denote the shortest path distance between two
nodes u and v. Further, let d(u,A) denote the shortest
path distance between node u and a vertex set A; formally,
d(u, A) = minyca{d(u,v)}. Consider next a sequence of
sets V = {V,}F_,, such that V;, = Vo C V3 C Vu C
... €V, = Vg. The sets V,. contain all the unlabeled nodes
that are within a certain distance of labeled ones and are
formally defined as: V. = {u € Vg d(u, V) < ¢}
where g, a prespecified nonnegative threshold with ¢p = 0
and g, = max,ey, d(u, V). In the case of an unweighted
graph, the sets V,. contain all the unlabeled nodes that are
at most ¢, hops away from labeled ones. Finally, define
the sequence of symmetric similarity matrices W, of size
| V.. | x | V;. |, whose (u,v)—th element W,.(u,v) € [0,1]
contains the similarity measure between nodes v and v € V.
This matrix W, is a submatrix of the weighted similarity
matrix W, whose values contain similarities between nodes
in VF.

IV. SEQUENTIAL PREDICTIONS ALGORITHM

The proposed algorithm employs a graph-based kernel
smoother classifier together with a regularization mechanism
and proceeds sequentially to predict the labels of nodes in V.
We start by defining the classifier. Given a similarity matrix
W, define the smoother matrix S,, whose (u,v)-th element
is given by

Smoother View

Distance View

Fig. 3. The above graph cross-section provides a simple example of applying
the local smoother in (1) for predicting a case v. For this example, the
first plot provides the labeled cases that are within 5 hops of v, where the
distance is taken over labeled and unlabeled cases. The second plot provides
the normalized kernel weights, which classifies v as light gray with probability
0.64.

Notice that S,. is a stochastic matrix; i.e. all its rows sum up
to 1. A classifier K, (v) that is designed to reflect the local
graph structure is defined for any v € V. as

K, (v) = Y Sp(u,0)Yr(u). (1)

u€eV

In compact notation, we have that K,.(V,.) = S,.Y,; i.e. the
classifier is linear in the response Y.

For illustration purposes, consider using this classifier
on the graph segment highlighted in Figure 3, using only
the labeled information contained in V, with Wy(u,v) =
exp(—d(u,v)/7), and 7 set to 2. In this case, Ko (v) classifies
the unknown vertex (observation) as light gray with probability
0.64. The tuning parameter 7 regulates the decrease in simi-
larity as a function of distance and could be estimated from
the data using generalized cross-validation [11].

The SPA (focus on SPA(s) given in Algorithm 4) proceeds
in an iterative fashion and at step r uses the labeled cases Y,._;
(both known and estimated ones) in set V,._; to predict those
in set V,.. The final output of the algorithm is an estimate of
the entire vector Y. In many cases, it is common to clamp
the response at each iteration, by setting Y;.(v) = Y,._1(v) for
all nodes v € V,._1.

The responses Y, are obtained through the following it-
erative procedure, which corresponds to the so-called local
phase of the SPA (Algorithm 4). Initialize the responses
Y,? and then clamp those in set V,._;. Now, at iteration k,
predict Y,* = S,.Y*~! and clamp Y,*(v) = Y,_1(v) for each
v € Vg, until || Y,F —VF~1 ||< &, with § > 0 being a
prespecified tolerance parameter. The final response produced
during the local phase of the algorithm is denoted by Y*.
Convergence is guaranteed by the fact that S, is a stochastic
matrix and hence its V, — V,._; partition is substochastic
with norm less than one. In the local phase, the algorithm
successively adjusts the response employing the local graph
topology structure.

In the global phase of the SPA, the algorithm incorporates a
regularization component that takes into account the fact that
classification of unlabeled nodes farther away from labeled
ones is more uncertain, since they are based on predicted
responses at previous steps. The proposed regularization drives
the predictions towards the mean response of the labeled nodes
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for r € {1,...,k} do
Local Phase
Initialize, P0 = K,_1(V;.), ¥,2 = ¢(P?) and fix Y,2(v) = Y,—1(v)
for v € V.1 (clamp).
Repeat estimation of Prk = K, (V;) using the response Yrkfl, set
Y,F = ¢(PF) and then clamp Y.
Until | Y, — V,F~1 ||< § (i.e. convergence)
Denote the convergent response as Y,*.

Global Phase
Set Y (v) =YX (v) + a(p(r))(n — Y,*(v)) for each v € V, — V1.
end for

Fig. 4. The Sequential Predictions Algorithm (SPA). For soft labels, SPA(s),
set(p) = pand a(p) = p, and for hard labels, SPA(h), set {(p) = 17,>0.5}

_ P
and a(p) = =G

as a function of distance. Specifically, the response at step
r is given by Y, = Y* + p(r)(u — Y,*) where p is the
average response obtained from the labeled cases and p(r) is
a monotone increasing rate function in [0, 1]. As the procedure
processes cases farther away from the known data, the global
phase puts more emphasis on the global point estimate p to
counteract the use of previously predicted cases for the local
estimate, Y.

A. A loss function framework for SPA

The SPA(s) algorithm optimizes the following function in
the local phase when predicting probability class estimates
(soft labels)

Y.(v) = arg min J(h, Y, W)+ NP(h,p), (2)
h(v)ER

where J corresponds to the quadratic loss function and is given
by J(h,Y,W) = > W(u,v)(Y(u) — h(v))? and A, = 0.
Repeated optimization of this problem together with clamping
results in the convergent response Y. for the local phase
given in Algorithm 4. In the global phase, a penalty term
P(h,p) = (p — h)? with A\, > 0 for SPA(s) is supplied for
(2). The procedure is designed so that an increase in r results
in an increase in \,.. Notice that this preserves the monotone
property of the rate function since p(r) = 1 i;\r is identified
by the equivalence between optimization of (2) and the global
phase of SPA(s). Therefore, the procedure is applying an in-
crease in regularization to pull the local estimates towards the
global estimate v to account for extrapolation using predicted
responses.

Next, we investigate an extension of the above optimization
problem to the exponential loss function, with J(h,Y, W) =
> u W(u,v) exp(—g(Y (u))h(v)) and g(y) = 2y — 1. In this
case, the response corresponds to hard labels taking values in
the set {0, 1}. For this loss function, we consider a symmetric
penalty given by P(h,n) = exp(h — n) + exp(n — h)
(hyperbolic penalty). Optimization of exponential loss with
the hyperbolic penalty leads to the SPA(h) procedure given by
Algorithm 4.

Proposition 1: Let V. € V with response Y,._; assumed
known. The local phase of SPA(h) corresponds to optimization
of h(Ill;l)'éllR uev. Welu, v)e=9WhW) L\ (M)=np en—h(v))
with response g = 2Y,¥ — 1, (1) = 0.5log (ﬁ) and )\, =

0. For the global phase, the problem is solved with A\, > 0
and response g = 2Y* — 1.

This result shows that the exponential loss function regu-
larized with the symmetric hyperbolic penalty fits naturally
in the SPA framework. Interestingly, the specific optimization
problem introduces an adjustment function « that updates the
curvature of the rate p to account for p.

V. ILLUSTRATIVE EXAMPLES

The examples in this section illustrate the SPA on both real
and simulated data sets. Results are provided for both SPA(s)
(soft labeled version of SPA) and SPA(h) (hard labeled version
of SPA). Recall that for hard labels, classification using the
exponential loss function together with a hyperbolic penalty
term is used, while for soft labels the quadratic loss function
and a quadratic penalty are employed.

We discuss next a data driven estimation approach for
determining the set {¢,}%_;, which is used in constructing
the sets V.. A good way of defining the g, sequence is to
specify it according to the partition of d(v, V) for v € Vi
into k regions with area equal to % Therefore given « the
entire ¢, sequence is determined. Next, we define the rate
function by the corresponding shrunken ‘probability’ estimate:
Prn(T) = 300 imm X Ligio1,q.(r) for v > 0. The new
parameter ~ allows p to influence the local estimate Y*
without forcing it to be identical to i, especially for r ~ x. The
remaining parameters (k, v and 7) are estimated using cross
validation unless otherwise specified. The implementation of
the SPA is available on the main author’s website.

A. A synthetic data set

The graph GF is given by a 40x40 node lattice with
two classes (black and gray) and 144 cases reserved for
training purposes with 72 in each class (see Figure 2). The
planar nature of this graph allows a visual inspection into the
workings of the SPA.

The SPA is evaluated without regularization (i.e. execute
SPAwithk =1landy =00 = p(r) =0and V = {V;,Vr})
on the two training configurations given in the first column
of Figure 5 (a) for both SPA(s) and SPA(h). In the case of
SPA(s) (second column) the intensity of each case is related
to its proximity on the lattice to a labeled (training) case. Cases
close to a labeled black case have a high PCE for the black
class and will be dark on the plot. Similarly, cases close to a
labeled gray case have a low PCE for the black class and will
be lightly colored on the plot. The predictions become less
certain for cases located farther away from labeled cases. On
the other hand, for SPA(h) the intensity of each case is related
to its proximity on the lattice to the classification border (not
the training data). Therefore cases close to the classification
border will be classified with less certainty and will be neither
black (high PCE for black) nor white (high PCE for gray) in
either training configuration.

As mentioned above, SPA(s) optimizes a squared error loss
function, which leads to an internal regularization effect over
the unlabeled data. The algorithm is internally decreasing the
confidence of the PCEs based on their location with respect to
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Fig. 5.

k=5 Y= Inf k=5 Y=08 xk=1600 Y=0.8

k=5 Y= Inf
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(b)
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(a) (First Column) The positioning of the training data over the lattice in each example. (Second Column) The PCEs for SPA (s) over the entire

unknown lattice without regularization (i.e. x = 1 and v = 00). At each point on the lattice, a class prediction (gray or black) is made. The intensity of
the pixel at each point represents the probability that the point has been classified as “black”. The more intense the pixel, the larger the PCE for the black
class. (Third Column) The analogous SPA(h) result for each training configuration. For SPA(s) and SPA(h), the training data were classified using Ko(v) as
described in Section IV. (b) The gird of plots demonstrates regularization of SPA(s) and SPA(h) (i.e. vary x and +y) for the first training configuration only.

the labeled data. On the other hand, SPA(h), has binary output
and as a result there is a sharp boundary (reflected in the PCE)
between the two classes. The results reflect the underlying loss
function used for optimization in a fairly intuitive way. As a
final comment, the PCEs for the labeled data seem to be on a
different scale, and the reason for this will become more clear
as we discuss regularization.

To assess the effect of regularization (i.e. vary s and 7)
refer to Figure 5 (b). In the case of kK = 5 we observe discrete
jumps, which indicate the specific vertex grouping (i.e. cases
in V7 predict new cases in V5 which in turn predict new cases
in V3, etc.). As k increases, the distinction between the labeled
and unlabeled data becomes blurred, where the cases near the
labeled data are increasing in confidence to become similar to
the fixed training data (recall that the training data is unaffected
by the rate function). As « increases and v decreases the
procedure more dramatically accounts for the use of unlabeled
data. In particular, the confidence of a case somewhat farther
away from labeled data is adjusted with a stronger pull towards
1 = 0.5 (the class prior probability). In this plot we notice that
the effect of regularization in the limit (x — co and v — 0)
for SPA(s) and SPA(h) are fairly similar.

B. Multi-view learning with SPA

In this section, we consider a multi-view data set involving
compounds used in drug discovery [10]. The success of a
compound in becoming an approved drug is highly related
to its clinical side-effect status. The objective is to predict
the side-effect status of compounds based on biological (1st
view) and chemical (2nd view) features. The first view consists
of 191 continuous noisy biological features that describe the
association between the compound and a specific target (cell,
protein) measured in a lab over a period of a few weeks. The
second view consists of 151 chemical structural binary features

Pharmacology Data
Multi-view Int/Union Comparison

Pharmacology Data
Multi-view Learner Comparison

o - § B o
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2 n 2
z &1 f‘/./ 3 g
g g °©
3 B4 3
g ° g 84 —=— SPA(h) Int
x —e— SPA(s) Int
s —m— SPA(h) Int 3 SGT
o |* —e— SPA(s) Int s Co-train
s SPA(h) Union .
o | SPA(s) Union 2
° r T T T T T T 1 r T T T T T T T 1
10 20 30 40 50 60 70 80 90 10 20 30 40 50 60 70 80 920
% Labeled % Labeled
Fig. 6. (left) provides SPA(s) and SPA(h) performance results for these data

using both the union and intersection graphs. The x axis provides the percent
labeled, where the remaining cases are treated as unlabeled. (right) provides
the performance of SPA compared to that of co-training and the SGT.

computed via software, which indicate the presence or absence
of a particular molecular structure in the compound.

Both the SPA(s) and SPA(h) algorithms were employed
with this data set, using K = 1 Nearest Neighbor graphs
constructed independently from each view. The SPA operated
on the union and intersection graph [12] computed element-
wise as max(Wy, W) and /W, W, respectively (W; is the
weighted adjacency matrix for view ¢). The results in Figure 6
provide average testing performance over 50 replicates, where
the training set size varied from 10-90% of the originally
labeled cases, while the corresponding testing cases were
treated as unlabeled. The intersection graph is interpreted as
capturing the agreement between the biological and chemical
views. The union graph provides an edge additive effect, and as
a result, performance suffers since the association for specific
chemistry and biological similarity is lost.

The results in Figure 6 (right) provide a comparison between
the SPA and both co-training with the supervised K nearest
neighbor classifier (X-NN) and the spectral graph transducer
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Fig. 7. Performance plots for various data sets. The x-axis is the % of
labeled cases, where the remainder are treated as unlabeled, and the y-axis is
accuracy average over 50 random samples.

(SGT) (default settings for SGT-lite software) [1; 2]. The
co-training procedure iteratively and greedily adds confident
unlabeled predictions from each view to the labeled set.
However a closer inspection reveals that in many cases the
confident biological and chemical predictions for the side-
effect class are incorrect, which in turn leads to reenforcement
of mistakes for co-training. The graph-based approaches have
a significant advantage in this setting, since the procedures are
not operating on the predictions of the K-NN classifier, but
are operating on the relational information associated with the
K-NN graphs. The SGT provides a competing graph-based
approach similar to SPA; it uses the spectral values on the
Laplacian matrix constructed by adding the adjacency matrices
of each view. On this particular data set, the regularized
version of SPA applied to the intersection graph exhibits the
best performance.

C. Application to real data sets

A number of standard data sets taken from the UCI reposi-
tory (Thyroid, Ionosphere German Credit, and Pima) are used
to assess the performance of the SPA. The SGT procedure was
used together with the regularized Laplacian (RLAP) [7]. The
RLAP procedure solves a sparse system of equations using
ridge regularization on the spectra of Laplacian. The super-
vised K-NN procedure was also provided since all procedures
rely on the K-NN structure, and this provides a baseline for
comparison. Notice that the co-training algorithm is specific
to multi-view learning and could not be used in this context.

For SPA and supervised K-NN, the parameter K = 5
was sufficient. The RLAP and SGT were performed using
the available software with K set to 10 and 50, respectively.
In our experience, these parameter setting performed well;
nevertheless, small changes in K can affect the performance
of each technique [2; 4]. Approaches for estimating K in SPA
along the lines of [3] are currently under investigation.

Simulated Moon Data Set Bias/Varaince Plot

Bias SPA(s)
- = Var SPA(s)
.-+ Bias SPA(h)
s | -+ VarSPA(h)

Scaled Bias/Variance

Fig. 8. A simulated data set with | L |= 6 (3 for each class). The adjacent
plot is bias and variance (scaled to [0, 1]) averaged over 500 such data sets
for several choices of ~.

The size of the cases retained for training purposes was var-
ied between 10-90% and the results based on 50 replications
are shown in Figure 7. It can be seen that for the Ionosphere
and German Credit data sets, the SPA usually outperformed
its competitors. It also exhibited good performance for the
Thyroid data. The Pima data set provides a noisy scenario,
where the SPA and SGT algorithms experienced difficulties
with their performance, especially in the presence of a small
size labeled set, while RLAP and K-NN performed well. The
SPA catches up in performance when the size of the labeled
set exceeds 50% of the total cases.

D. Bias/variance tradeoff

We briefly investigate the issue of bias and variance on
a synthetic data set. The model is in general given by
n(Y) = f(v) + € where 7 is the link function, f a function
over the vertices, and the error term ¢ has mean zero with
constant variance o2. The conditional expected error rate,
E[|| n— f 13| G]. for a graph-based learner, f, is decomposed
in Var(e) + Bias®(f) + Var(f), as discussed in [11]. Typically,
a decrease in bias results in an increase in variance, and one
is often interested in the tradeoff between the two. In our
example, the data generation mechanism gives two moon-
shaped components, whose relation is shown in Figure 8
(left). The true probability of the dark gray class reflects
displacement from the border g defined on the z,y-plane,
given by: p = (1 + exp(g(z) — y))~! with true function,
f = n(p). Six labeled observations were randomly selected
(three from each class) over 500 samples, and the average
bias and variance of f resulting from SPA was computed.
The values for v were varied over a grid with « fixed to 100.
From Figure 8 (right), it can be seen that the optimal values of
~ are selected with v ~ 1 for SPA(s) and v = 7 for SPA(h).
This suggests that the regularization imposed by SPA leads to
a tradeoff between bias and variance.

VI. CONCLUSIONS

In this paper, we proposed the SPA as a graph-based algo-
rithm which propagates labels across vertices. The framework
encompasses both hard and soft labels as they relate to the
underlying loss function and statistical regularization. The
algorithm was evaluated on a number of synthetic and real
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data sets. In particular, the pharmacology data emphasized
how information from different views (assays and compound
fingerprints) can be naturally incorporated through a graph
structure. The SPA provides a useful algorithm for graph-based
learning that is competitive compared to existing propagation
algorithms.

APPENDIX
PROOF OF PROPOSITION 1

Proposition 1: Let V. € V with response Y,._; assumed
known. The local phase of SPA(h) corresponds to optimization

of min W (u, v)e= IR\ (M©)=n 4 en—h(v)),
h(v)ER

ueV,
with response g = 2Y,¥ — 1, (1) = 0.5log (ﬁ) and \, =
0. For the global phase, the problem is solved with A\, > 0
and response g = 2Y* — 1.

Proof: The proposition relies on optimization of (2),
starting with a response Y,._1 defined on the vertex set V. € V,
and a parameter A\ > 0. Further let n(u) = 0.5log (ﬁ)

Find the initialized PCE P?_,(v) for some v € V, by
minimizing J(h). For this, let ¢ = 2Y,_; —1 and 7 be short for

Yuev,_y Wr—1(w,v)Yr_1(u)
n(p), Kr—1(v) = ezvuelv — W, oi(up > 2nd then J(h) =

(K,—1(v) e e ) 4 (1-K,_; (v) +Ae~")e"™). The so-

lution to miny,,)er J(h) is h(z) = 5 log (%)

The resulting PCE is: P?(v) = n~1(h(v)) = % If
we set A = 0, then we obtain the PCE, P%(v) = K,_1(v)
for v € V.. The next step is to update the response by
Y;O = 1{p7920‘5}, with YTO(’U> = Yr_l(v) for v € V..
Then at iteration k, minimize J(h) with response Y,*~! to
obtain PCE, P*(v) = K, (v). This completes the local phase
of SPA under exponential loss with final PCE, P and clamped
response Y, .

For the global phase we update the PCE with the response

Y and define: v(\) = % € [0,1]. Notice that
e’ Ae” "

—igen- Therefore, we see that the final PCE is given by,

P.(v) = (1 — v(N)Pr(v) + v(A)u. Moreover using the

identity p = x37 we have for all A > 0 that a(p) =
—2 =y e]0,1]. [ |
v, YW el
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