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Switched Processing Systems (SPS) serve as canonical models in a wide area of applications such
as high performance computing, wireless networking, call centers, and flexible manufacturing. In
this paper, we model the SPS by considering both slotted and continuous time and analyze it
under fairly mild stochastic assumptions. Two classes of scheduling policies are introduced and
shown to maximize the throughput and maintain strong stability of the system. In addition,
their performance with respect to the average job sojourn time is examined by simulating small
SPS subject to different types of input traffic. By utilizing the simulation result of the proposed
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1. INTRODUCTION: MODEL AND APPLICATIONS

Switched Processing Systems (SPS) serve as canonicalsiiondelvide area of applica-
tions such as computing, wireless networking, call ceneard manufacturing. They are
comprised of parallel FIFO queues whose service rates aafigu by a pool of service
configurations. An important feature of these models isttheyt allow flexible scheduling,
i.e., the system can switch into one of possible service matlany point in time. This
induces a fundamental resource-sharing problem on howphegriate service configu-
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2 . Y. C. Hung and G. Michailidis

ration should be selected in order to optimize the perfoaanetrics of interest. Specifi-
cally, consider a queueing system consistin@ahfinite capacity first-in-first-out (FIFO)
gueues in parallel, with each queue corresponding to ardiffeclass of job traffic. To il-
lustrate the main features of the system, we first assumé thizrates in slotted time and
that job arrival process is given by a Bernoulli procgigswith normalized rate\,, i.e., at

each time slot clasgreceives a job with probability,, 0 < A\, <1,¢ =1,...,Q. This
implies that the interarrival times of the clagpbs are independent random variables from
a common geometric distribution having me&fr,| = 1/),, ¢ =1,...,Q. Further, at

any point in time, the system can be in oneMfservice modes. When it switches into
service moden, the head-of-line (HOL) jobs of queuedeparts according to a Bernoulli
procesd,,, with normalized ratg,,q, i.€., at each time slot the HOL job of quegplkeaves
with probability fip,q, 0 < pimg < 1,¢=1,...,Q,andm =1, ..., M. This implies that

the service times of the claggobs are independent random variables from a common ge-
ometric distribution having meaB[S;q] = 1/ftmq, ¢=1,...,Q, andm =1,..., M.
Therefore, moden is associated with the service rate veqior = (tm1, thm2, - bmQ)-

We also assume that all departure proce$3gs and arrival processed, are mutually
independent. The model is extended to operating in contistime in Section 5.

This basic queueing model captures the essence of a funt@mesource allocation
problem in many modern systems involving heterogeneousessors and multiple classes
of job traffic flows. We discuss some interesting applicagioext. The first application
is a wireless packet network with unreliable communicatiioks that interface with each
other but share the same channel. The queues are assodifté@gmsmitters in which the
arriving packets are queued up and waiting to be transntittélae receiver. At each time
slot, a transmitter can transmit one packet from its queagpatticular power level. Thus,
the service rate,,, corresponds to the probability that the packet transmiitequeuey
is successfully received at its receiver, and, each semage is determined by the power
levels.

The second application is that of the high-sp@édy N crossbar switch with pack-
ets/cells arriving to input ports and destined for outputfoAt any time, the switch can
open the connection between each input port and exactly ofpeioport. It is assumed
that a cell from input port to output port;j arrives according to a Bernoulli process with
rate \;; which corresponds to clagsin our setting. Also, upon each connection a single
cellis transmitted and the transmission takes one time $tads, ;.,,,, corresponds to the
transmission rate of the connection between input poand output port;, which is one
for all m andg.

Another important application of this model is in the aredlekible manufacturing.
Suppose a factory workstation is manned by a worker who ¢geeaset of tools, working
on multiple classes of products. Each class is queued upepaate buffer. To complete a
job of a certain product class, the worker needs to use acphatisubset of the tools. Thus,
each particular subset of the tools corresponds to onecgemvode. There are some other
applications, which we briefly introduce below. In call censt different types of jobs cor-
respond to different requests (say airplanes, rental cauises, etc). The service vectors
correspond to different specializations of the workfolcewneb services, one request may
require a database search, another request may requireudatiah, a third request may
require loading an applet. The service vectors correspomdsources available (CPUs,
memory, hardisks, etc) to service those requests.
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The stability, throughput maximization, and resourcect®mn are the most fundamen-
tal problems when analyzing such systems. Over the yeaextansive literature has been
developed to construct throughput-maximizing schedupogcies for the well-known
input-queued switch (a special model of SPS) so that a celgael of system stability
can be achieved (see [Dai and Prabhakar 2000; McKeown ef88; IMekkittikul and
McKeown 1996] and references therein). For example, in [Blokn et al. 1999; Mekkit-
tikul and McKeown 1996] a 100% throughput and strong syst&hility were achieved
by using the Maximal Weight Matching algorithms (called L@#d OCF) under Marko-
vian settings. Strong stability in this context means tlaathequeue has a finite expected
length, independent of time. More recently, Armony and BasfArmony and Bambos
2003] showed that 100% throughput and rate stability of Sithe achieved by extending
the Maximal Weight Matching algorithm to a class of projeetcone policies, called the
MaxProduct policies. It is noted that many scheduling pediccan be shown to belong
to the class of cone policies in different state spaces;rattability related research for
variants of a SPS under different stochastic assumptiom®edound in [Andrews et al.
2004; Hung and Michailidis 2006; Ross and Bambos 2005; 8td@904; 2003; Tassiulas
and Ephremides 1992].

In this study, we focus on (i) modeling the SPS under fairlidraiochastic assumptions;
(i) constructing scheduling policies (i.e. selecting #evice modes over time) to max-
imize the throughput and achieve strong stability of theesys and (iii) examining the
performance of the proposed scheduling policies in termblefverage job sojourn time
via computer simulation. The rest of the paper is organizefbows. In Section 2, the
stability issue of the system is discussed. In Section 3,dlasses of scheduling policies
are introduced. The first class is the queue-length drivexRviaduct policy, which at any
points in time switches the system into the service mode @kesvice-rate vector has the
maximal inner product with the queue-length vector. Th@rdclass is called the Largest
Weighted Waiting Time (LWWT) policy, which at any points iime switches the system
into the service mode whose service-rate vector has themadvner product with the
waiting-time vector of head-of-line (HOL) jobs. In Sectidn the proposed scheduling
policies are shown to maximize the throughput and maintaimg stability of the system,
using drift analysis ( [Hajek 1982; Pemantle and Rosent®88)). In Section 5, we model
the SPS in continuous time and show that the same policiesmirzxthe throughput and
maintain system stability under fairly mild stochasticiaaptions. Note that the stability
here is a property of the “uniform mean recurrence time” tms@ompact set, which is
different from that defined for the queue length. Owing to tlo@-Markovian nature of
the states, a perturbed Lyapunov function method [Kush®@&v 1Kushner and Yin 2003]
is used to show the proof. In Section 6, we examine the qualiservice (QoS) perfor-
mance of the proposed policies via computer simulation. gde is to determine which
policy (the MaxProduct or LWWT) one has to use in order to mize the average job
sojourn time. The simulation result reveals that the soluts related to the input load
of each queue. For practical purposes, we construct a hgbhieduling policy (involving
the MaxProduct and the LWWT policy) and show that it outperfs (in terms of the av-
erage job sojourn time) both the MaxProduct and the LWWTgyolthen the system has
unknown and changing input loads.
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2. SYSTEM STABILITY

We first focus on the following version of system stabilitgtlV, (n) denote the length of
queuey at timen by Ny (n); then, if

sup,E[Ny(n)] < oo forallqg € {1,2,...,Q}, 1)

the queueing system is characterizedstigngly stable Note that the notion of stability
defined above (stability-in-the-mean) is stronger thamiotiotions, such aseak stability
or rate (pathwise) stabilitfjArmony and Bambos 2003; Leonaridi et al. 2001; Dai and
Lin 2005]. Further, for some systems the distribution ofdtete process can be shown to
converge to a finite stationary process, independent ofitialicondition, leading to an
even stronger notion of stability. However, it usually regga the strong Markov property
of the system [Walrand 1988; Meyn and Tweedie 1993]. Forradlkeénitions of stability
such agositive Harris recurrenceinder some stronger assumptions, the readers can refer
to [Dai 1995; Dai and Meyn 1995].

We define next thstability regionof the system, which is the maximal set of all possible
input rates so that the system can be stabilized under someing discipliner. Letting

—

A= (A1,...,Aq), itis defined for the system at hand as

M

S{XeRﬁ;Aq<Zwmumq,fora||q1,...,@} 2)
m=1

wherew,, is interpreted as the long-term proportion that the systeim $ervice moden,

0<wnm <l,andyM  w, <1.

It can also be shown that the stability region is tde@vex hullthat contains all service
vectorsji,,. The left panel of Fig. 1 shows an example of the stabilityioegs for a
2-queue system with 4 service modés= (0, 1), jio = (1/2,3/4), iz = (3/4,0) and
iy = (1/4,1/4). Note that here the service mogde can be omitted since it is dominated
by fi-. The right panel of Fig. 1 shows another example of the stabigion for a
3-queue system with 6 service modeés = (5/6,0,0), > = (0,1,0), fis = (0,0,1),
s = (1/3,1/2,2/3), fis = (0,1/2,5/6) andjis = (2/3,1/2,0).

On the other hand, a queueing system is said tarbeable if there exists at least one
gueueg such that

lim inf N, (n) = 400 with probability 1.

The instability of the system under consideration is shawthé following theorem.

THEOREM 2.1. If X ¢ S, then the queueing system is unstable for every controtyoli
.

PROOF The result is obtained in [Armony and Bambos 2003] and floeeeis omit-
ted. O

3. THE SCHEDULING POLICY

A scheduling policy is a rule that determines at any pointrivetwhich service mode the
system has to switch into. We first introduce a schedulingcpahat is motivated by the
starvation-free algorithm in [Mekkittikul and McKeown 18P For then—the time slot,
we define the following quantities of interest.

(1) D, : the set of job departure times in queyeg = 1,...,Q.

ACM Journal Name, \Vol. V, No. N, Month 20YY.
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Fig. 1. (Left panel): The stability region for a 2-queue systwith 4 service modes. (Right panel): The stability
region for a 3-queue system with 6 service modes.

(2) Y, (n) : the time that the head-of-the line (HOL) job has spent instygtem by timez,
which is typically the sum of the delay and service time.

(8) 7¢(n) : the interarrival time between the HOL job of quegiat timen and the job
behind it.

The evolution of the HOL job waiting time is best illustratedFig. 2, whereC,(n)
denotes the HOL job of queugat timen. Note that ifC,,(n) does not leave the queue at
timen + 1, its waiting time increases by one, that is,

Yy(n+ 1) = Yy(n) + 1.

If C,(n) leaves behind a non-empty queue at time 1, the job behind then becomes the
new HOL job. In this case,

Yo(n +1) = Yy(n) +1 = 74(n).

If C,(n) leaves behind an empty queue at time- 1, then we have that

Y,(n+1)=0.
To summarize, the next-state waiting time for the HOL job wégeq is denoted by
Yy(n+1) = [Yy(n) +1— 7?1(”)[{n+1ez)qﬂJr . (3)

The Largest Weighted Waiting Time (LWWT) policy switche® thystem into service
modem* at timen if
Q
m* =arg max o <Y(n),fim >5= arg m:r{laxM Z g Yy (1) fmg, 4)

m=1,-,
q=1

whereY (n) = (Y1(n),...,Ygo(n)), andd@ = (au, ..., aqg) is any positive weight vector
chosen for all queues. If the solution of* is not unique, saym* = m/’, the system is
randomly switched into service moade* or modem’. Itis clear that the LWWT policy
partitions the waiting time spac® into exclusive subset§’;, Cs, . ... Specifically, the
subselC,,- is defined byC),,» = {y € V : argmax;=1....m < Y, iim >a= m*}, where
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?
Yq(n) T
T\\\M///T n n+1 time
Tq(n)
Gy(n) Gy(n+1)

Fig. 2. The time line for the next-state waiting time for th©Hjob of queueg. The arrivals are denoted below
the line while the departures are denoted above the line.

by definition each elementin C,,- has the maximal projection gi,,- (skewed by the
weight vecto®) among all admissible service vectors. Itis also notedithat C,,~, then

ay € C,,« for any constant > 0. Further, it can be seen that the boundary between any
two subsets is hyperplanghrough the origin irQ-dimensional space. These facts indicate
thatCy, Cs, . . . arepolyhedral coned the waiting time space; thus, LWWT belongs to the
class of so-calledone policies introduced in [Armony and Bambos 2003]. Whén) is

in a certain con€’,,, the system is switched into the service mode associatéditite.

iim). An example of such cones for a 2-queue system with 3 semaxesii; = (0, 1),

ia = (1/2,3/4), andjis = (3/4,0), is shown in Fig. 3. If we replace the HOL job waiting

0

Fig. 3. The cone partition of the waiting time spa¢einder the LWWT policy for a 2-queue system with service
modesgi; = (0,1), g2 = (1/2,3/4), andjis = (3/4,0). Here all queue weights are equally placed (i.e.
a=1).

timeY;(n) by the queue lengtV,(n) in (4), the policy then becomes the so-called (queue-
length driven) MaxProduct policy introduced in [Armony aBdmbos 2003]. Although
the LWWT policy and the MaxProduct policy have similar cotieistures in the state
space, their sample paths turn out to to be quite differemillUstrate, let's consider a 2-
gueue system and assume both queues are non-empty at.tlfrtbere are no departures
at timen + 1, itis clear that(Yy(n + 1),Y2(n + 1)) = (Yi(n) + 1,Y2(n) + 1). That

is, Y(n) always goes at a 45-degree angle pointing away from the mustate until a
departure happens. However, whenever a departure odc(swill jump and probably
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jump to a decision cone that is far away from the current onlis intuitively implies
that sample paths under the LWWT policy are sensitive to jepadtures. On the other
hand, the variation of sample paths under the (queue-lefrgtan) MaxProduct policy is
relatively small for this type of stationary process, siateach time slot the queue length
will increase or decrease only by one.

4. STABILITY RESULTS IN SLOTTED TIME

We start by examining the stability issue in slotted timehwthe SPS fed by indepen-
dent Bernoulli processes and independent geometric gdimies, as described in Section
1. Our goal is to show that both the LWWT and the MaxProducicgahaximize the
throughput and maintain strong stability (as defined in ¢1}he system. The result is es-
tablished usinglrift analysis[Hajek 1982; Pemantle and Rosenthal 1999]. In subsequent
developments, the strong assumptions of independent Birpmcesses for the arrivals
and departures are relaxed; nevertheless, the slottedsgitiag provides strong insight
into the proof under milder stochastic assumptions, sinaeynsteps are very similar.

The following Lyapunov function is considered.

Q
n) =Y ag\ Y] (n). (5)
=1
Let F,, denote thes-field that contains all system information up to timeand letFE,,
denote the expected value conditionedn We establish the following two lemmas.

LEMMA 4.1. Under the LWWT policy, there exist some 0 andb > 0 such that, for
all x e S,if V(Y(n)) > bthen

En[V(Y(n+1)) =V (Y(n))] < —e. (6)
PROOF Here we use the approximate next-state for the HOL job mgtime
21(” +1) =Yy(n) + 1 —75(n)[{ns1ep,}- (7)

SinceE, [V (Y (n+1)) -V (Y(n))] < E, [V(Y(n+1))— V(Y (n))], it suffices to show
that E,,[V (Y (n + 1)) V(Y (n))] < —e. Let's start without considering the condition
V(Y (n)) > b, so we have that

Q
E VY (n+1)=V(Y(n))] = E, Zan YZ(n+1) Zan YZi(n (8)

ReplacingY, (n + 1) by (7) and expanding the above term yields

E V(Y (n+1) = V(Y ()] = 2 aghgYy()En [1 = 74(0){n11ep,)]

+>aghEn (1= 7(M)I(ni1ep,y)?] - (9)

Note that the last expression can be easily bounded since

E, [(1 — Tq(n)I{n+1€Dq})2} <E,[(1+ Tq(n))Q] forall ¢, (20)
ACM Journal Name, Vol. V, No. N, Month 20YY.
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andE,[77(n)] = (2/A2 — 1/),) directly from the assumption of geometric distribution.
Thus, there exists ad > 0 such that

En[V(?(n +1)) - V(Y(n))] < 2ZanqYZI(n)En [1 - Tq(n)l{nJrlqu}] +A. (11)

Since we assume that all arrival processes and departuregs@s are mutually indepen-
dent, it is clear that

E, [Tq(n)l{nJrlqu}} = Mm*q/)‘qv (12)

wherem* = argmax,,=1.....m Zle oY, (n)pmg by the LWWT policy. Expanding the
bracketed term in (11) yields

Q

EV(Y(n+1))=V(Y(n)] <A+2 {Z aqgYy Z g Yq (1) pn= q} - (13)
q=1

Note that for any giveri' € S, there existuy, . .., wys satisfyingd < w,, < 1 forall m

andz _1 wm < 1,andc > 0 such that\, Zf\f:lwmumq < —cforallg=1,...,0Q.
The last expression in (13) can be eaS|Iy bounded by

M Q M
Zaq Mrn q > Zaq Mrn q (Z Wm) > Z Z Wmaq Mrnq (14)

g=1m=1

Therefore, (13) can be expressed as

Q M
E,L[V(?(n +1) - V(¥ (n)] <A+2 {Z agYq(n)[Aq — Z meMq]} . (15)

g=1
Denoteq* = argmax,{Y,(n)} anda = max,{a,\,}, the conditionV' (Y (n)) > b di-

rectly implies that- (n) > ,/%. Therefore, whe (Y (n)) > b, (15) can be expressed
as

En[V(Y(n+1)) = V(Y (n))]
M
< A4 204 Yo (n)[Age — Z Win fimg+] < —2cag= 4| % +A=—¢(b). (16)

Thus, we can always choob¢o be large enough so thath) > 0 andE,, [V (Y (n 4 1)) —
V(Y (n))] < —e(b) whenV (Y (n)) > b. O

LEMMA 4.2. Under the LWWT policy, there exist some- 2 and D > 0 such that

E, VY (n+1))—V(Y(n))P <D. a7
PrROOFE First,
Ep[V(Y(n+1)) = V(Y (n)" = YZ(n+1) = Y72 (n)]
< E Yy (n+1) + Y, (n)]? (18)

ACM Journal Name, Vol. V, No. N, Month 20YY.
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ReplacingY, (n + 1) in the last expression by (3),
P

Q
EV(Y(n+ 1)) = V()P < B |3 aghl2Y,(m) + 1+ 7, . (19)

Note that by expanding the bracketed term, the last exmressieasily bounded by the
expected value of a polynomial af (n) of order2p. Since allr,(n) have independent
geometric distributions, it is clear that they have finitememts of all orders. Therefore,
there exists a finitéd> > 0 such that (17) holds.d

PROPOSITION 4.3. Under the LWWT policy, the queueing system is stronglyesfabl
all A e S.

PrROOF According to the result in [Pemantle and Rosenthal 1998&yilaa 4.1 and
LEMMA 4.2 imply that the job waiting times are stable. We now shoat this also
implies that queue length occupancies are stable. Corsidarbitrary nonempty queye
at timen and denote the arrival time of its HOL job by, m < n. Thus,Y,(n) =n —m
if n > m and 0 otherwise. Since time is slotted, the queue lengthpaocory must satisfy
that NV, (n) < n —m + 1. So bounded waiting times in the system imply bounded queue
length occupancies, which shows that queue length occigsaie stable as well..]

Note that the (queue-length driven) MaxProduct policy cesathe service mode* at
timen if
Q
m’ =arg max < N(n), fim >a= arg nax q; agNy(n)pimg, — (20)
whereN (n) = (N1(n), ..., Ng(n)) denotes the queue-length vector at timeandd =
(a1, ...,aq) is any positive weight vector chosen for all queues. We neasthat the
system is stable under the MaxProduct policy.

THEOREM 4.4. Under the MaxProduct policy, the queueing system is styosgible
forall A € S.

PrRoOF Although the proof is quite similar to that of the LWWT pajjave show it for
the sake of completeness. We first prove thatva 4.1 is true under the MaxProduct
policy. Let us consider the approximate next-state for theug length

Ng(n+1) = Nyg(n) + Ag(n + 1) — Dyg(n + 1) (21)

whereA,(n+ 1) andD,(n + 1) are independent Bernoulli random variables denoting the
number of arrivals at queugand the number of departures from queuat timen + 1,
respectively. Choosing an alternative Lyapunov funclitiV(n)) = Zqul agNZ(n), an
equation similar to (9) yields

Q
En[V(N(n+1)) = V(N(n)] = 2 agNg(n)EnlAg(n +1) — Dy(n + 1)]

Q
+> agBn[Ag(n+1) = Dy(n+ 1)1, (22)
q=1

ACM Journal Name, Vol. V, No. N, Month 20YY.



10 . Y. C. Hung and G. Michailidis

where the last expression is simply boundeo@?z1 ay. LetB = Zqul ay andm* =
arg maX,=1,... M < N(n), flm >z, we then have

Q Q
B, [V(N(n+1)) = V(N(n))] < B+2 {Z A anq<n>um*q} L (29)

q=1

Analogously, let's denotg* = argmax,{N,(n)} anda = max,{a,}. Given that
V(N(n)) > b, an inequality similar to (16) yields

E,[V(N(n+1)) = V(N(n))] < —2ca, \/g + B. (24)

Thus, we can always choos&o be large enough so that the negative drift (similar toig6))
obtained. Now we prove thatdMMA 4.2 is true under the MaxProduct policy. Following
similar lines in the proof of EMMA 4.2, it can be shown that

Q

> ag2Ny(n) + 1)°

q=1

P

En[V(N(n+1)) = V(N(®n)” < E, , (25)

where the term on the right hand side is clearly a constanarfigrgivenp. Again, ac-
cording to the result by Pemantle and Rosenthal,the qugwyistem is stable under the
MaxProduct policy. O

5. STABILITY RESULTS FOR SPS UNDER RELAXED STOCHASTIC ASSUMP-
TIONS

We now consider SPS in continuous time under significantlxesl stochastic assump-
tions. Specifically, let4, be the input process of queyemarked by a sequence of job

interarrival timeSrql, 73, .... Define the mean input rate of each queue by
N
Ag = lim —— ¢g=1,...,Q. 26
q NE}’OZLT;" g=1,...,Q (26)

When the system is in service mode denote the sequence of service times for the jobs

of queuey by S}, 57, . .. and define its mean service rate by
lim N m=1 M, qg=1 Q 27)
Hmg = 11 —N o =L g =4,
N—oo Zi:l S’?nq

Suppose now the system conditions are weakened so thae (plhinterarrival times
and service times can be correlated; and (ii) all input psses can be interdependent.
These assumption lead to non-Markovian dynamics for thiesyand thus the techniques
used in the previous sections are not directly applicabteisTa more general framework
is required, provided by the perturbed Lyapunov functioirad [Kushner 1967; Kushner
and Yin 2003]. We start by introducing some additional neagsassumptions for future
developments.

5.1 Assumptions and Stability

Assumption5.1.1. There exists sone< A < oo such thatE[r7] < A for all ¢ =
1,...,Q, wherer, denotes the random variable of job interarrival times inugue

ACM Journal Name, Vol. V, No. N, Month 20YY.
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Assumption5.1.2. There exists sonte < U < oo such thatE[S? | < U for all
m=1,...,M,q = 1,...,Q, whereS,,, denotes the random variable of job service
times in queug when the system is in service moge

Recall that the set of all job departure times in queus denoted byD,. Let us de-
note also the set of all possible service-mode switch tinges bnd consider the sequence
{t1,t2,---} = U 1D, U T. This implies that the system will remain in the same ser-
vice mode over each tlme internvia),, t,,11). Let;(n) be an indicator random variable so
that it has the value one if the system is in service mpeetimet,, and zero otherwise.
Obviously,I;(n) is determined by the scheduling policy. Here we focus opthemptive-
resumescheduling discipline. That is, jobs can be preempted aswhned without loss of
work (i.e. the remaining service time of the HOL job is reaxdvhen it is preempted).
Although such a scheduling discipline requires more (mginoapacity to store the sys-
tem information, it provides instantaneous and more flexiksource allocations so that
the targeted service-level commitments can be met. For mey gnput processes, |ej
denote the long-term proportion that the system is in sermiode; under the LWWT
policy.

Assumption5.1.3. There exists a functignk) which goes to zero a8 — oo such
that under the LWWT policy,

M M
En Y Lilk)pig — > ritig| < plk —n) (28)
j=1 j=1

forallg =1,...,Q andk > n.

This assumption says that the conditional mean serviceeagved by queue at time
tx given all system information to timg, converges to the long-term service rateias
n — oo. Similarly, let's denote(n) to be the interarrival time between the HOL job of
gueuey at timet,, and the job behind it.

Assumption5.1.4. Under the LWWT policy,

Ity €Dy}
E, )\qTq(k:)E [ ZTJMJQ < p(k—n) (29)

forallg=1,...,Q andk > n.

This is simply a mixing condition on the data arrival and $sz\processes. Suppose
the job interarrival times of each queyeare such that, [r,(k)] converges uniformly
to 1/\, and the conditional expected number of jobs processed fertiome unit (i.e.
En[{mlqu}/En [tk+1 — tx]) converges uniformly to the long-term average service rate

Zj]\il Tjljq, it is clear that (29) is true when the interarrival times imdependent of the
departure times. HoweveAssumptiorb.1.4 corresponds to a more general condition on
the arrival and service processes - it allows the interdépece (whatever its nature may
be) between job interarrival times, job service times, amt traffic flows. When the
future becomes less and less predictable, it is assumeththnabnditional likelihood of
such interdependence gets weaker.

Note that the stability region is the same as that was showB)invhile now system
stability is defined via the “uniform mean recurrence timedperty [Kushner and Yin
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2003]. That is, the system is said to be stable if there gyist 0 and nonnegative real-
valued function?'(-) such that for any. ands = min{t > t,, : |Y'(¢)| < yo},

Euls — ta] < F(Y(n)) when|Y (n)] > yo. (30)

This definition implies that wheft"(n)| reaches a leve},, > y, the conditional expec-
tation of the time required to return to the valyg (or smaller) is bounded above by a
function ofy,,, uniformly in n» and in the past history. Note that if there are no job de-
partures after time,,, Y (¢) keeps moving away frony, under the LWWT policy (see
discussions at the end of Section 3). Therefermust be job departure times and thus
belonging to the seftq, t2,...}. We next introduce the Lyapunov function perturbations
used to show system stability.

5.2 Perturbed Lyapunov Function

With the perturbed Lyapunov function method, one startb wistandard Lyapunov func-
tion V(Y (n)) and then incorporates a perturbatidn(n) into V(Y (n)) so that’ (Y (n))+
oV (n) is used to show the desired stability of the non-Markovissteay. Note that here
0V (n) will be a sum of two terms, one corresponding to each depaprocess and the
other corresponding to the mixing of arrival and departui@esses. The design of its
structure is basically motivated by the way it is used in theofi For additional back-
ground and its applications, the readers can refer to [Keish®84; Kushner and Yin
2003].

We first define the “departure” Lyapunov function perturbatiFor each queug let

n+h—1 M M
5‘/:1d(n) = 20,4Yy(n) Z Enltes1 — te] En |:Z I (k)pjq — er:“jq] (31)
k=n j=1 j=1

where the value ok will be chosen in the proof shown later. We next define the Lymy
function perturbation for mixing the “arrival” and “depare” processes. For each queue
q, let

5V;]miz (n) _

nth—1 Iy ienyy 1M
k q
—204AqYq(n) Z Enltisr — te] En | 7q(k) En[tktrll — t] - )\_q erﬂjq (32)
j=1

k=n

The full Lyapunov function perturbatiaii’ (n) and the time-dependent Lyapunov function

V(n) are then given by

Q Q
V(n) = Zéqu(n) —l—Zéqu”(n) and
V(n) = V(Y (n)) + 6V (n), (33)

whereV (Y (n)) = S22 | ag\,Y2(n), the same as shown in (5).

THEOREM 5.2.1. Under the LWWT policy and Assumption 5.1.1 - Assumptiod,5.1.
the system is stable for all € S.
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PROOF. We will show that there exists@> 0 such thatE, [V (n + 1) — V(n)] < —c
when|Y (n)] is large enough. This inequality together with the bound&é(r.) will then

imply (30). Note that
E V(n+1) = V(n)] =E,[V(Y(n+1)) - V(Y(n))]
Q Q
+ ) Ea0Vi(n+1) = V) + Y Ea[0V" (n+ 1) — 6V, (n))]

q=1

and we will evaluate it term by term. Follow the lines in the@@i of LEMMA 4.1, an
inequality similar to (11) yields

E,V(Y(n+1)) = V(Y(n))] <
QZanqKI(”)En [tn+1 —tp — Tq(”)]{t7L+1€Dq}] + B, (34)

whereB > 0 is a constant obtained fro&ssumptiorb.1.1 andAssumptiorb.1.2. Expand-
ing the above bracketed term yields
E VY (n+1) - V(Y(n)] <
Q
2En[tni1 —tn] Y aghgYy(n) — 22an Y, (n)E, [r4(n)I 4, en,y) + B.(35)

qg=1
Now we consider the “departure” perturbation term:
En [0V n+1) = 6Vi(n)] =

n+h M
20éq n -+ ]. Z En+1 tk+1 — tk n+1 Z I ‘Ll,jq — Z Tiljq
k=n+1 j=1
n+h—1 M M
—204Yy(n) Y Enltrsr —telEn | Y Li(R)ijq = Y Tittq| - (36)
k=n j=1 j=1

This expression can be written as

— 2a4Yy(n)Enltni1 — tn) (ZI n)fijq — ZTJMJQ)

n+h M
+ 204E,[Yy(n+ 1)) Z Eniiftesr — th]Enga Z I (k) pjg — Z Tiljq
k=n+1 j=1
n+h—1 M M
— 204Yy(n) > Enltrsr — t)En | > Li(k)ijg — > 7ittq| - (37)
k=n+1 j=1 j=1

From (3) we know thak,(n + 1) = [Yy(n) + tny1 — tn — Tq(n)I{thqu}r, this im-
plies that,, [Y,(n+1)] is easily bounded above B (n)+ E, [t,,4+1—tn ]+ Ey [74(n)]. Fur-
ther, by Iettmgumm = min; o{u;q} we know thatl, [tx+1 — tx] < 1/pimin forallk > n,
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and byAssumptiorb.1.1 we know that there exists ati > 0 such that,, [r,(n)] < A’.
Adding these results to (37) yields

En[6VA(n+1) = 6Vi(n)]) =

(OB

I
—

M
72anq(n)En[tn+1 — tn] ( Ij (n)‘Lqu — erujq) -+ 63, (38)

J Jj=1

wheres? is bounded above b¥(cv, / fimin)Yq(n)p(h) + hCg for some constant'd > 0.
Analogously, we can show that

E, 5V (n+ 1) — §V," (n)] =

It,,1eD, iw
20,Y,(n)Ey[tn+1 — tn]Ep [)\qTq(n)E {[tt 11167; g rJ,u]q] +e"", (39)

Whe_res’gm‘ is bounded above b(ay/pmin)Yq(n)p(h) + hC;””‘ for some constant
cme >,

q

Adding all terms in (35), (38), (39), and canceling wheregilg yields

E V(n+1)=V(n) =

M
2E,[tn41 — tn)] (Zaq)\ Y, (n Zaq Z i(n )ujq) + &, (40)

wherez is bounded above by

4 Q Q
p(h) Z + )|+ B. (41)
Hmin - —
P —
As described, for any givem € S there existuy, ..., w)yy satisfyingd < w; < 1 forall

j andzj Lwj < 1,andey > 0 such that\, ijleujq < —¢yforallg=1,...,Q.

Let j* = argmax;j—1,... pm Z 1 aqYq(n)pjq, Which is the service mode chosen by the
LWWT policy at timet The last expression in the bracketed term of (40) then has th
bound:

M Q
Zaq le(”)ujq = Zaq n)pijeq = Zaq n)ijeq (Z%)
J=1 g=1
Q M
:ZZW n) e q>zz%aq n)fjq- (42)
=1

q= q=1j=1

Adding these results to (40) together with (41) yields

—

Q M
En[V(n+1) = V(n)] < 2E,[tat1 — ta] D agYy(n) (Aq - Z%m) +e

c Q
< _9 0

agYy(n)

Q
Z )+ hC + B, (43)

:u“maa; IU”HL”L

q=1
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where e, = max;  {uj,} andC = zle(cg + C;™). Note that we can select the
integerh (to be large enough) so thath)(4/ tmin) < (co/tmaz)- Since nowh is fixed,
(43) can be written as

Q
E[V(n+1) = V()] < —(co/ptmaz) Y aqYa(n) + 1 (44)

for some constant; > 0. By (44), it is clear thatE,[V(n 4+ 1) — V(n)] — —oo as
Y (n) — oo. Thus, there exist > 0 andy, > 0 such that whefy (n)| > yo, E,[V (n +
1) — V(n)] < —c. Since we also know thadV' (n)| = O(]Y (n)|), given smalls > 0, this
implies that for sufficiently largeq, [V (n)| = [V (Y (n)) — V(n)| < 3[1 + V(Y (n))].
Lett, be such thaty' (n)| > yo andt, = min{t; > ¢, : |Y ()| < yo}. We then have that
E,[V(0) = V(n)] < —cEy,[t, — t,], which implies

“SE[1+V(Y(0)] + E V(Y (0)) < BV (o)
< —cEplte —tn] + 6+ V(Y (n))(1 +9), (45)
and thus
Eulto — ta] < 26+ V(Y (m)(14 ) + 6B,V (Y (0))]. (46)
SinceV (Y (o)) < supj, <y, V(y), this then implies the stability defined in (30)YJ

Remark5.2.2. Under the MaxProduct policy, the stability of theteys can be shown
in a similar fashion. The details of the proof are omitted.

6. THE AVERAGE SOJOURN TIME - A SIMULATION STUDY

So far, we have established the throughput maximizing ptppétwo scheduling policies
for the system under consideration. In this section, westigate their performance with
respect to the average sojourn time metric through a simulatudy, since analytic results
are hard to obtain due to the complex dynamics of SP systeheswork done in [Stolyar
2003] is an exception, it deals with the tail probability elays under the largest weighted
delay first (LWDF) discipline in a heavy traffic regime, whehe input intensity is equal
to the system’s processing capacity.

In this section, 2- and 3-queue systems are simulated itedland continuous time fed
by various types of input processes. Further, a hybrid adivegpolicy is introduced and
its performance examined through simulation of a 3-questegy with changing Poisson
input processes.

In order to establish the average sojourn time of the systah simulation run requires
the collection of a large number of events (job arrivalsadares). It is clear that there is
a burn-in period that would introduce bias. Hence, in ordegliminate such bias every
simulation run was divided in two phases, the initializatghase and the steady state one
when actual data collection occurs (see [Banks et al. 19¥H)imation of the length of
the initialization phase was based on the methodsdEpendent replicatiorendensemble
averagegBanks et al. 1999].

6.1 System1

Consider a 2-queue system where jobs of each queue arrivedaug to an i.i.d. Bernoulli
process. There are 3 normalized service rate vegiprs= (0,0.8), jis = (0.4,0.6),
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andi; = (0.6,0), with each vector corresponding to a combination of i.i.ceriulli
processes. This constitutes the stability region for themadized input rateg\;, \2),

as shown in the left panel of Fig. 4. In order to obtain a thgtounderstanding about
the average-sojourn-time performance under the LWWT aadAaxProduct policies, we
superimpose on the stability region a regular grid of sudfitidensity and then simulate
the system at all the grid poinf8;, A2). For comparison purposes, all queue weights here
are chosen to be the same, s@y= 1 in both policies. The simulation result is shown in
the right panel of Fig. 4.
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Fig. 4. (Left panel): The stability region qf\1, X2) for the system with 3 service vectofsy = (0,0.8),
2 = (0.4,0.6), andfiz = (0.6,0). (Right panel): The contour plot by taking the differencésagerage
sojourn times for the two policies (MaxProduct-LWWT) ovketstability region.

The right panel of Fig. 4 shows that, when the input ratesrzeto the upper-left and
lower-right areas of the stability region (i.e. one of thasdes experiences a very high
loading, while the remaining class a fairly low one), the LVW\olicy performs better
than the MaxProduct policy in terms of the average job sajdiune. The numerical result
reveals that, even for such a small system, the improvemeiitd LWWT policy can
reach 20% when the system is heavily loaded. We explain thigirecal finding next.
When the input rates belong to the upper-left and lowertrggha of the stability region,
it is intuitive that the MaxProduct policy uses the servieetorji; andjis (respectively)
most of the time. However, this is not as efficient as usingsérwice vectofiz (which
has a larger service rated + 0.6 = 1 in total) when both queues are not empty. On
the other hand, the LWWT policy is more likely to choose theviee vectorji, due to a
larger variation of its sample path (as discussed in Sedfigihus leading to a significantly
smaller average job sojourn time. When the input rates asedb the middle area of the
stability region, it can be seen that the MaxProduct polieyfgrms slightly better than
the LWWT policy. The reason is that both queues are rarelytgifwghen the system is
heavily loaded) and the MaxProduct policy uses the mostefiicervice vectofi, most
of the time. It is noted that when the system is lightly load®ath policies exhibit almost
identical performance in terms of average sojourn times.
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6.2 System 2

We consider next an alternative 2-queue system, where jbleaah queue arrive ac-
cording to an i.i.d. Bernoulli process and there are 3 noedlservice rate vectors
i1 = (0,0.625), fie = (0.5,0.375), andfis = (0.625,0.25), with each corresponding
to a combination of i.i.d. Bernoulli processes. The stabiegion for the normalized in-
put rateg A1, \2) is shown in the left panel of Fig. 5. Analogously, we superasgon the
stability region a regular grid of sufficient density andrttemulate the system at all the
grid points(A, A2) under the LWWT and the MaxProduct policy. The simulatioruteis
shown in the right panel of Fig. 5.
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Fig. 5. (Left panel): The stability region df\1, A2) for the system with 3 service vectofs = (0, 0.625),
2 = (0.5,0.375), andfis = (0.625,0.25). (Right panel): The contour plot by taking the differencés o
average sojourn times for the two policies (MaxProduct-LWver the stability region.

As it can be seen from the right panel of Fig. 5, the LWWT polieyforms better than
the MaxProduct policy when the input rates are in the uppftiatea of the stability region.
In particular, the difference of the average sojourn timetsvieen the two policies becomes
significant when the system is heavily loaded. As intergr@teSystem 1, in this input
area the MaxProduct policy uses the service vegtamost of the time, while the LWWT
policy can possibly choose more efficient service vectoes{i, and;is) when both queues
are not empty. On the other hand, the MaxProduct policy atdpas the LWWT policy
in the remaining parts of the stability region. The reasothét, in this input area the
MaxProduct policy useg, or jis most of the time, while the LWWT policy is more likely
to choose a less efficient service vegigrwhen both queues are not empty. Analogously,
the numerical result shows that both policies have alm@&sséme performance when the
system is lightly loaded.

6.3 System 3

We consider a 3-queue system by feeding real network trasllected from the Internet
2 backbone links between Indianapolis and Cleveland. Tle al@ from the Abilene-I
collection of packet header traces, available from thed¥ati Laboratory for Advanced
Network Research (NLANR). These traces were transformedansequence of arrival
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bins (or packet lengths) corresponding to IP kilobytes ifixed duration of 10 millisec-
onds (the same data set was used in [Rolls et al. 2005]). Asinies plot of the bin sizes
is shown in the left panel of Fig. 6 while its auto-correlatfanction is shown in the right
panel of Fig. 6.
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Fig. 6. (Left panel): The Abilence-I packet traces in kiltds: (Right panel): The auto-correlation function of
the bin sizes.

The right panel of Fig. 6 shows a slow decay in the auto-catiga function, which
indicates that the process exhibits long-range dependénaader to make this data set
suitable for our analysis, we will transform the sequencbiofsizes into a sequence of
service times when the system is in a particular service maties, each bin is treated
as an arriving job and the fixed duration is treated as a détestia job interarrival time.
Suppose now the system has six service mgdes= (0,0,6), 2 = (6,0,0), fis =
(0,8,0), fia = (4,0,3), iis = (4,5,0), andjisg = (0,5, 3), where the service rate,,,
corresponds to the mean number of jobs in quetleat service mode: can process for
one time unit (i.e. 10 milliseconds). Denote the sequendsrosizes for queue by b°
i=1,...,N, and consider their normalized valuggb, whereb, = >"." | bi /N. When
the system is in service mode, the corresponding service timelq']fis then taken to be
bfl/(Equmq). Note that it is sometimes necessary to rescale the timeidnr@e. the job
interarrival times) so that different input arrival rateencbe constructed. However, this
will not change the underlying correlation structure betwservice times. The stability
region for this system is shown in the left panel of Fig. 7.

To examine the overall average-sojourn-time performai¢ieeotwo policies, we sim-
ulate the system by feeding the traffic traces with seventingie combinations\; =
(0.2,0.2,5.6), Xa = (5.6,0.2,0.2), As = (0.2,7.6,0.2), Xy = (3.9,0.2,2.9), X5 =
(3.9,4.9,0.1), ¢ = (0.1,4.9,2.9), andX; = (2.5,2.5,2.5). Note that these seven in-
put loads are allocated uniformly and close to the boundttiyeostability region, where
differences in the performance of the two policies would asier to be distinguished. In
order to gain better insight of the simulation results, albgen input-rate combinations
along with the decision cones of the MaxProduct policy amguted and sketched on the
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triangular plane generated by the queue-length space icated, as shown in the right
panel of Fig. 7. The numerical results are given in Table 1.

Fig. 7. (Left panel): The stability region formed % = (0,0,6), g2 = (6,0,0), s = (0,8,0), ja =
(4,0,3), fis = (4,5,0), andfis = (0, 5, 3). (Right panel): Seven input-rate combinations (with sigh&nd
the decision cones (partitioned by dash lines) of the Magt&rebpolicy projected on the triangular plane formed
by the queue-length space coordinates.

From Table 1, it can be seen that the LWWT policy outperforimestaxProduct policy
when the input loads ark;, X, A3, A1, andXg. The reason is that, for these input loads
the MaxProduct policy uses one service mode most of the timlethis particular service
mode is not the most efficient when all queues are not empty.efample, when\; is
used, it is expected that the MaxProduct policy will ygemost of the time. This then
leads to a total service rae+ 0 + 6 = 6, even when all queues are not empty. On the
other hand, the LWWT policy is more likely to ugg, jis, andjis, which are located in
the neighborhood qfi; and have larger (or at least equal) service rates in totgl €&,
and 8, respectively). Table 1 shows that by using the LWWcgothe improvement of
the average sojourn time can be up to 20% for these particydat loads. When the input
load corresponds tds, the numerical result shows that the MaxProduct policy etftgms
the LWWT policy. The reason is that, for this input load theXf?aoduct policy uses the
service modgis most of the time, which is the most efficient since it has thgdat total
service rate (say, 9). Whet is used, the numerical results show that both policies éixhib
almost identical performance. The reason is that, the systgitches between service
modes frequently under both policies since the input loadli€ated near the boundaries
of several decision cones, as shown in the right panel of Fig.

7. CONSTRUCTING A HYBRID POLICY - A PRACTICAL EXTENSION

The simulation results in Section 6 provide us with guidedias to best manipulate the two
existing scheduling policies so that the average job saojtinre can be reduced. The main
ideas are summarized next. When the system is lightly loamleel can choose either the
MaxProduct or the LWWT policy since both policies exhibitalst identical performance
in terms of the average job sojourn time. When the systemasilydoaded, the simu-
lation results reveal that the best policy is the one whicimdse likely to maximize the
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Table I. The average sojourn times for both policies withesewmput loads.

The Average Sojourn Time

Input Load
The MaxProduct Policy The LWWT Policy
X,=(0.2,0.2,5.6) 10.3787 8.7409
X,=(5.6,0.2,0.2) 17.6234 14.1499
X,=(0.2,7.6,0.2) 36.5881 35.3358
34=(3.9,0.2,2.9) 42.0322 38.5929
N5=(3.9,4.9,0.1) 40.8925 43.8119
26=(0.1,4.9,2.9) 28.7145 25.4479
X,=(2.5,2.5,2.5) 15.6810 15.7095

system’sinstantaneous throughpuor example, suppose the input-rate ve&tdnelongs
to a particular decision cong; in the queue-length space; then, the MaxProduct policy
is more likely to choose the service mogdg whose total service rate § = Zle Hig-
Consider next a collection of service modes whose correfipgriecision cones are adja-
cent toC; and denote it by the set; = {i;1), .- -, ilin,) }, Where{i(1),...,i(n;)} is a
subset of 1, ..., M}. Each service vector iV; is then called aeighborof ji; and can be
identified using a local-search algorithm introduced ingRand Bambos 2004]. Compute
next the total service ratg; for eachii; € N; and compare it witl?;. If 7; > T for all

j € {i(1),...,i(n;)}, the MaxProduct policy should outperform the LWWT policpce
itis more likely to maximize (locally) the system'’s instaneous throughput. On the other
hand, ifT; > T; for all j € {i(1),...,i(n;)}, the LWWT policy should perform better
since it is more likely to switch the system into the servicedes in the neighborhood of
ii; (remember the LWWT policy has larger variations on its sanalth), thus increasing
the system’s instantaneous throughput. Therefore, wengeihe following rule of thumb
for selecting the scheduling policy:

i(nq)

choose the MaxProduct policy if; > — Y~ T;
J=i(1)
i(nq)

choose the LWWT policy if 7; < — Y Tj.
i

In response to the input-rate vecioe C;, this rule suggests that if the total service rate of
[i; is greater than the “average” total service rate of its negh, the MaxProduct policy
should be used. Otherwise, the LWWT policy should be used.

For practical purposes, the above findings can be utilizedpoove the average-sojourn-
time performance when the system has unknown and changiug iates. Specifically,
we can estimate the input rate of each queue over time byitgtke job interarrival
times. Suppose that time is divided into non-overlappiterivals(ty, tx+1], So thatV, (k)
(N4(E) > 30) jobs are observed arriving to each quetia the k-th interval. Denote the
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job interarrival times of queugin the k-th interval byrql, e ,nfv‘?(k), then the input rate
can be estimated by
< 1
A(k) = —v— , (47)
S /N (k)
whereq = 1,...,Q, andk = 1,2, .... Hence, a sequence of estimated input-rate vectors

{A(k), k = 1,2,---} can be calculated. Based on the estimated input rates, tafrcer
points in time we decide whether the MaxProduct or the LWWIicgave have to choose
according to the preceding rule of thumb. This then corsiitahybrid scheduling policy
that is adaptive to input traffic fluctuations. We summarize dteps of this hybrid policy
in the following algorithm.

Algorithm for implementing the hybrid policy

Step 1.

Calculate the total service rate for each service m@gdesay, letT; = Z?zl Wij, T =
1,...,M.

Identify the set of neighbors for eagh and denote it bW; = {/i;(1), - . -, fi(n,) }-

Calculate the average of the total service rates for géclsay, letly, = Zj.(j;()l) T;/n;.
Step 2.

Setk = 1 andtg = 0.

Choose the MaxProduct policy (or the LWWT policy) at tie

Step 3.

Record all subsequent job interarrival times affer; and determine the value 6f so that
Ny(k) > 30forallg=1,...,Q.

Set

“ 1
A (k) = )
o S 7 [N (k)
Step 4.
Identify the decision coné’; of the MaxProduct policy so tha&(k) € C; in the queue-
length space.
If T; > T),, then choose the MaxProduct policy at tie

Otherwise, choose the LWWT policy at timg
Setk =k + 1, go to Step 3.

Note that this hybrid policy can easily accommodate notiestary input processes. Now
we examine how this strategy performs by simulating a 3-gqusstem characterized by
randomly modulated service modes that are defined by cotidnirsaf three possible input
processesl; = (A}, A%, A3 i =1,2,3). Suppose eacH! is a Poisson process and three
possible input-rate combinations axe = (5.6,0.2,0.2), X; = (3.9,0.2,2.9), and X3 =
(3.9,4.9,0.1). Further, we assume that the combinations are mutuallypenigent and
each occurs with equal probability every 10,000 time unlisere are six service modes
with ratesii; = (0,0,6), fi2 = (6,0,0), iis = (0,8,0), iis = (4,0,3), fis = (4,5,0), and
iis = (0,5,3). When the system is in service mode the job service times in queue
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are i.i.d. exponential random variables with meag,. The simulation result shows that
the average sojourn times under the MaxProduct and the LWwliypare 35.0817 and
34.2172, respectively, while the average sojourn time otttk hybrid policy is merely
32.5307, which shows a 5% to 7% improvement.

REMARK 7.1. It is noted that the proposed hybrid policy switches betwbenMax-
Product and the LWWT policy over time in accordance with st@reated input rates. For
systems with stationary input processes, it is clear thist$lrategy uses almost only one
policy in order to reduce the average job sojourn time. Irstbase, there is no doubt
that the throughput of the system can be maximized. Formegsigth non-stationary in-
put processes, this strategy seeks for an “optimal” convaxlgination of using these two
policies to reduce the average job sojourn time. Howevemfthe theoretical point of
view, whether or not the system’s throughput can be stillimeed needs to be further
investigated.

8. CONCLUDING REMARKS

In this study, we consider switched processing systemsibatbtted and continuous times
under a number of stochastic assumptions for the arrivalsandce processes. Further,
two scheduling policies are considered; the existing MagBct one and the proposed
Largest Weighted Waiting Time (LWWT). It is shown that botblipies maximize the
system’s throughput. Specifically, for systems with indefent Bernoulli processes, the
proof was established using drift analysis, while in theeagfanore general correlated pro-
cesses that induce non-Markovian dynamics, the proof wesdoan a perturbed Lyapunov
function method. The performance of the two policies undéermnt input processes in
terms of their average job sojourn times was examined thr@ugimulation study and
insights in their workings obtained. Based on the simutat@sults, a hybrid scheduling
policy was proposed in order to further reduce the averalgesgjourn time, especially
for systems with unknown and changing input rates. We maylade that the hybrid
policy is best suited for fairly heavily loaded systems tigberience frequent changes of
their input rates, a feature in real life operations. Théofeing issues are currently under
investigation: (i) how to improve the proposed hybrid ppliry allocating the best con-
vex combination of the MaxProduct and the LWWT policy so ttifferent performance
measures (such as throughput and average sojourn timegagstimized; (ii) the compu-
tational issues raised for systems with a large number aftén@nd service modes.
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