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Switched Processing Systems (SPS) serve as canonical models in a wide area of applications such
as high performance computing, wireless networking, call centers, and flexible manufacturing. In
this paper, we model the SPS by considering both slotted and continuous time and analyze it
under fairly mild stochastic assumptions. Two classes of scheduling policies are introduced and
shown to maximize the throughput and maintain strong stability of the system. In addition,
their performance with respect to the average job sojourn time is examined by simulating small
SPS subject to different types of input traffic. By utilizing the simulation result of the proposed
policies, a hybrid control policy is constructed to reduce the average job sojourn time when the
system has unknown and changing input loads.
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1. INTRODUCTION: MODEL AND APPLICATIONS

Switched Processing Systems (SPS) serve as canonical models in a wide area of applica-
tions such as computing, wireless networking, call centers, and manufacturing. They are
comprised of parallel FIFO queues whose service rates are specified by a pool of service
configurations. An important feature of these models is thatthey allow flexible scheduling,
i.e., the system can switch into one of possible service modes at any point in time. This
induces a fundamental resource-sharing problem on how the appropriate service configu-
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ration should be selected in order to optimize the performance metrics of interest. Specifi-
cally, consider a queueing system consisting ofQ infinite capacity first-in-first-out (FIFO)
queues in parallel, with each queue corresponding to a different class of job traffic. To il-
lustrate the main features of the system, we first assume thatit operates in slotted time and
that job arrival process is given by a Bernoulli processAq with normalized rateλq, i.e., at
each time slot classq receives a job with probabilityλq, 0 ≤ λq ≤ 1, q = 1, . . . , Q. This
implies that the interarrival times of the classq jobs are independent random variables from
a common geometric distribution having meanE[τq] = 1/λq, q = 1, . . . , Q. Further, at
any point in time, the system can be in one ofM service modes. When it switches into
service modem, the head-of-line (HOL) jobs of queueq departs according to a Bernoulli
processDmq with normalized rateµmq, i.e., at each time slot the HOL job of queueq leaves
with probabilityµmq, 0 ≤ µmq ≤ 1, q = 1, . . . , Q, andm = 1, . . . , M . This implies that
the service times of the classq jobs are independent random variables from a common ge-
ometric distribution having meanE[Smq] = 1/µmq, q = 1, . . . , Q, andm = 1, . . . , M .
Therefore, modem is associated with the service rate vector~µm = (µm1, µm2, ..., µmQ).
We also assume that all departure processesDmq and arrival processesAq are mutually
independent. The model is extended to operating in continuous time in Section 5.

This basic queueing model captures the essence of a fundamental resource allocation
problem in many modern systems involving heterogeneous processors and multiple classes
of job traffic flows. We discuss some interesting applications next. The first application
is a wireless packet network with unreliable communicationlinks that interface with each
other but share the same channel. The queues are associated with transmitters in which the
arriving packets are queued up and waiting to be transmittedto the receiver. At each time
slot, a transmitter can transmit one packet from its queue ata particular power level. Thus,
the service rateµmq corresponds to the probability that the packet transmittedby queueq
is successfully received at its receiver, and, each servicemode is determined by the power
levels.

The second application is that of the high-speedN by N crossbar switch with pack-
ets/cells arriving to input ports and destined for output ports. At any time, the switch can
open the connection between each input port and exactly one output port. It is assumed
that a cell from input porti to output portj arrives according to a Bernoulli process with
rateλij which corresponds to classq in our setting. Also, upon each connection a single
cell is transmitted and the transmission takes one time slot. Thus,µmq corresponds to the
transmission rate of the connection between input portm and output portq, which is one
for all m andq.

Another important application of this model is in the area offlexible manufacturing.
Suppose a factory workstation is manned by a worker who operates a set of tools, working
on multiple classes of products. Each class is queued up in a separate buffer. To complete a
job of a certain product class, the worker needs to use a particular subset of the tools. Thus,
each particular subset of the tools corresponds to one service mode. There are some other
applications, which we briefly introduce below. In call centers, different types of jobs cor-
respond to different requests (say airplanes, rental cars,cruises, etc). The service vectors
correspond to different specializations of the workforce.In web services, one request may
require a database search, another request may require a calculation, a third request may
require loading an applet. The service vectors correspond to resources available (CPUs,
memory, hardisks, etc) to service those requests.
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The stability, throughput maximization, and resource allocation are the most fundamen-
tal problems when analyzing such systems. Over the years, anextensive literature has been
developed to construct throughput-maximizing schedulingpolicies for the well-known
input-queued switch (a special model of SPS) so that a certain level of system stability
can be achieved (see [Dai and Prabhakar 2000; McKeown et al. 1999; Mekkittikul and
McKeown 1996] and references therein). For example, in [McKeown et al. 1999; Mekkit-
tikul and McKeown 1996] a 100% throughput and strong system stability were achieved
by using the Maximal Weight Matching algorithms (called LQFand OCF) under Marko-
vian settings. Strong stability in this context means that each queue has a finite expected
length, independent of time. More recently, Armony and Bambos [Armony and Bambos
2003] showed that 100% throughput and rate stability of SPS can be achieved by extending
the Maximal Weight Matching algorithm to a class of projective cone policies, called the
MaxProduct policies. It is noted that many scheduling policies can be shown to belong
to the class of cone policies in different state spaces; other stability related research for
variants of a SPS under different stochastic assumptions can be found in [Andrews et al.
2004; Hung and Michailidis 2006; Ross and Bambos 2005; Stolyar 2004; 2003; Tassiulas
and Ephremides 1992].

In this study, we focus on (i) modeling the SPS under fairly mild stochastic assumptions;
(ii) constructing scheduling policies (i.e. selecting theservice modes over time) to max-
imize the throughput and achieve strong stability of the system; and (iii) examining the
performance of the proposed scheduling policies in terms ofthe average job sojourn time
via computer simulation. The rest of the paper is organized as follows. In Section 2, the
stability issue of the system is discussed. In Section 3, twoclasses of scheduling policies
are introduced. The first class is the queue-length driven MaxProduct policy, which at any
points in time switches the system into the service mode whose service-rate vector has the
maximal inner product with the queue-length vector. The second class is called the Largest
Weighted Waiting Time (LWWT) policy, which at any points in time switches the system
into the service mode whose service-rate vector has the maximal inner product with the
waiting-time vector of head-of-line (HOL) jobs. In Section4, the proposed scheduling
policies are shown to maximize the throughput and maintain strong stability of the system,
using drift analysis ( [Hajek 1982; Pemantle and Rosenthal 1999]). In Section 5, we model
the SPS in continuous time and show that the same policies maximize the throughput and
maintain system stability under fairly mild stochastic assumptions. Note that the stability
here is a property of the “uniform mean recurrence time” to some compact set, which is
different from that defined for the queue length. Owing to thenon-Markovian nature of
the states, a perturbed Lyapunov function method [Kushner 1967; Kushner and Yin 2003]
is used to show the proof. In Section 6, we examine the qualityof service (QoS) perfor-
mance of the proposed policies via computer simulation. Thegoal is to determine which
policy (the MaxProduct or LWWT) one has to use in order to minimize the average job
sojourn time. The simulation result reveals that the solution is related to the input load
of each queue. For practical purposes, we construct a hybridscheduling policy (involving
the MaxProduct and the LWWT policy) and show that it outperforms (in terms of the av-
erage job sojourn time) both the MaxProduct and the LWWT policy when the system has
unknown and changing input loads.
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2. SYSTEM STABILITY

We first focus on the following version of system stability. LetNq(n) denote the length of
queueq at timen by Nq(n); then, if

supnE[Nq(n)] < ∞ for all q ∈ {1, 2, ..., Q}, (1)

the queueing system is characterized asstrongly stable. Note that the notion of stability
defined above (stability-in-the-mean) is stronger than other notions, such asweak stability
or rate (pathwise) stability[Armony and Bambos 2003; Leonaridi et al. 2001; Dai and
Lin 2005]. Further, for some systems the distribution of thestate process can be shown to
converge to a finite stationary process, independent of the initial condition, leading to an
even stronger notion of stability. However, it usually requires the strong Markov property
of the system [Walrand 1988; Meyn and Tweedie 1993]. For other definitions of stability
such aspositive Harris recurrenceunder some stronger assumptions, the readers can refer
to [Dai 1995; Dai and Meyn 1995].

We define next thestability regionof the system, which is the maximal set of all possible
input rates so that the system can be stabilized under some queueing disciplineπ. Letting
~λ = (λ1, . . . , λQ), it is defined for the system at hand as

S =

{

~λ ∈ R
Q
+ : λq <

M
∑

m=1

ωmµmq, for all q = 1, . . . , Q

}

(2)

whereωm is interpreted as the long-term proportion that the system is in service modem,
0 ≤ ωm ≤ 1, and

∑M
m=1 ωm ≤ 1.

It can also be shown that the stability region is theconvex hullthat contains all service
vectors~µm. The left panel of Fig. 1 shows an example of the stability region S for a
2-queue system with 4 service modes~µ1 = (0, 1), ~µ2 = (1/2, 3/4), ~µ3 = (3/4, 0) and
~µ4 = (1/4, 1/4). Note that here the service mode~µ4 can be omitted since it is dominated
by ~µ2. The right panel of Fig. 1 shows another example of the stability region for a
3-queue system with 6 service modes~µ1 = (5/6, 0, 0), ~µ2 = (0, 1, 0), ~µ3 = (0, 0, 1),
~µ4 = (1/3, 1/2, 2/3), ~µ5 = (0, 1/2, 5/6) and~µ6 = (2/3, 1/2, 0).

On the other hand, a queueing system is said to beunstable if there exists at least one
queueq such that

lim inf
n→∞

Nq(n) = +∞ with probability 1.

The instability of the system under consideration is shown in the following theorem.

THEOREM 2.1. If ~λ /∈ S, then the queueing system is unstable for every control policy
π.

PROOF. The result is obtained in [Armony and Bambos 2003] and therefore is omit-
ted.

3. THE SCHEDULING POLICY

A scheduling policy is a rule that determines at any point in time which service mode the
system has to switch into. We first introduce a scheduling policy that is motivated by the
starvation-free algorithm in [Mekkittikul and McKeown 1996]. For then−the time slot,
we define the following quantities of interest.
(1) Dq : the set of job departure times in queueq, q = 1, . . . , Q.
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Fig. 1. (Left panel): The stability region for a 2-queue system with 4 service modes. (Right panel): The stability
region for a 3-queue system with 6 service modes.

(2) Yq(n) : the time that the head-of-the line (HOL) job has spent in thesystem by timen,
which is typically the sum of the delay and service time.
(3) τq(n) : the interarrival time between the HOL job of queueq at timen and the job
behind it.
The evolution of the HOL job waiting time is best illustratedin Fig. 2, whereCq(n)
denotes the HOL job of queueq at timen. Note that ifCq(n) does not leave the queue at
timen + 1, its waiting time increases by one, that is,

Yq(n + 1) = Yq(n) + 1.

If Cq(n) leaves behind a non-empty queue at timen + 1, the job behind then becomes the
new HOL job. In this case,

Yq(n + 1) = Yq(n) + 1 − τq(n).

If Cq(n) leaves behind an empty queue at timen + 1, then we have that

Yq(n + 1) = 0.

To summarize, the next-state waiting time for the HOL job of queueq is denoted by

Yq(n + 1) =
[

Yq(n) + 1 − τq(n)I{n+1∈Dq}

]+
. (3)

The Largest Weighted Waiting Time (LWWT) policy switches the system into service
modem∗ at timen if

m∗ = arg max
m=1,··· ,M

< Y (n), ~µm >~α= arg max
m=1,··· ,M

Q
∑

q=1

αqYq(n)µmq, (4)

whereY (n) = (Y1(n), . . . , YQ(n)), and~α = (α1, . . . , αQ) is any positive weight vector
chosen for all queues. If the solution ofm∗ is not unique, say,m∗ = m′, the system is
randomly switched into service modem∗ or modem′. It is clear that the LWWT policy
partitions the waiting time spaceY into exclusive subsetsC1, C2, . . .. Specifically, the
subsetCm∗ is defined byCm∗ = {y ∈ Y : argmaxm=1,··· ,M < y, ~µm >~α= m∗}, where
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time
τq(n)

C (n) C (n+1)q q

n n+1

?
Y (n)q

Fig. 2. The time line for the next-state waiting time for the HOL job of queueq. The arrivals are denoted below
the line while the departures are denoted above the line.

by definition each elementy in Cm∗ has the maximal projection on~µm∗ (skewed by the
weight vector~α) among all admissible service vectors. It is also noted thatif y ∈ Cm∗ , then
ay ∈ Cm∗ for any constanta > 0. Further, it can be seen that the boundary between any
two subsets is ahyperplanethrough the origin inQ-dimensional space. These facts indicate
thatC1, C2, . . . arepolyhedral conesin the waiting time space; thus, LWWT belongs to the
class of so-calledcone policies introduced in [Armony and Bambos 2003]. WhenY (n) is
in a certain coneCm, the system is switched into the service mode associated with it (i.e.
~µm). An example of such cones for a 2-queue system with 3 servicemodes~µ1 = (0, 1),
~µ2 = (1/2, 3/4), and~µ3 = (3/4, 0), is shown in Fig. 3. If we replace the HOL job waiting

0
Y1

Y2

C1

C2

C3

Fig. 3. The cone partition of the waiting time spaceY under the LWWT policy for a 2-queue system with service
modes~µ1 = (0, 1), ~µ2 = (1/2, 3/4), and~µ3 = (3/4, 0). Here all queue weights are equally placed (i.e.
~α = ~1).

timeYq(n) by the queue lengthNq(n) in (4), the policy then becomes the so-called (queue-
length driven) MaxProduct policy introduced in [Armony andBambos 2003]. Although
the LWWT policy and the MaxProduct policy have similar cone structures in the state
space, their sample paths turn out to to be quite different. To illustrate, let’s consider a 2-
queue system and assume both queues are non-empty at timen. If there are no departures
at timen + 1, it is clear that(Y1(n + 1), Y2(n + 1)) = (Y1(n) + 1, Y2(n) + 1). That
is, Y (n) always goes at a 45-degree angle pointing away from the current state until a
departure happens. However, whenever a departure occurs,Y (n) will jump and probably
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jump to a decision cone that is far away from the current one. This intuitively implies
that sample paths under the LWWT policy are sensitive to job departures. On the other
hand, the variation of sample paths under the (queue-lengthdriven) MaxProduct policy is
relatively small for this type of stationary process, sinceat each time slot the queue length
will increase or decrease only by one.

4. STABILITY RESULTS IN SLOTTED TIME

We start by examining the stability issue in slotted time with the SPS fed by indepen-
dent Bernoulli processes and independent geometric service times, as described in Section
1. Our goal is to show that both the LWWT and the MaxProduct policy maximize the
throughput and maintain strong stability (as defined in (1))of the system. The result is es-
tablished usingdrift analysis[Hajek 1982; Pemantle and Rosenthal 1999]. In subsequent
developments, the strong assumptions of independent Bernoulli processes for the arrivals
and departures are relaxed; nevertheless, the slotted timesetting provides strong insight
into the proof under milder stochastic assumptions, since many steps are very similar.

The following Lyapunov function is considered.

V (Y (n)) =

Q
∑

q=1

αqλqY
2
q (n). (5)

Let Fn denote theσ-field that contains all system information up to timen and letEn

denote the expected value conditioned onFn. We establish the following two lemmas.

LEMMA 4.1. Under the LWWT policy, there exist someε > 0 andb > 0 such that, for
all ~λ ∈ S, if V (Y (n)) > b then

En[V (Y (n + 1)) − V (Y (n))] ≤ −ε. (6)

PROOF. Here we use the approximate next-state for the HOL job waiting time

Ỹq(n + 1) = Yq(n) + 1 − τq(n)I{n+1∈Dq}. (7)

SinceEn[V (Y (n + 1))− V (Y (n))] ≤ En[V (Ỹ (n + 1))− V (Y (n))], it suffices to show
thatEn[V (Ỹ (n + 1)) − V (Y (n))] ≤ −ε. Let’s start without considering the condition
V (Y (n)) > b, so we have that

En[V (Ỹ (n + 1)) − V (Y (n))] = En

[

Q
∑

q=1

αqλq Ỹ
2
q (n + 1) −

Q
∑

q=1

αqλqY
2
q (n)

]

. (8)

ReplacingỸq(n + 1) by (7) and expanding the above term yields

En[V (Ỹ (n + 1)) − V (Y (n))] = 2

Q
∑

q=1

αqλqYq(n)En

[

1 − τq(n)I{n+1∈Dq}

]

+

Q
∑

q=1

αqλqEn

[

(1 − τq(n)I{n+1∈Dq})
2
]

. (9)

Note that the last expression can be easily bounded since

En

[

(1 − τq(n)I{n+1∈Dq})
2
]

≤ En[(1 + τq(n))2] for all q, (10)
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andEn[τ2
q (n)] = (2/λ2

q − 1/λq) directly from the assumption of geometric distribution.
Thus, there exists anA > 0 such that

En[V (Ỹ (n + 1)) − V (Y (n))] ≤ 2

Q
∑

q=1

αqλqYq(n)En

[

1 − τq(n)I{n+1∈Dq}

]

+ A. (11)

Since we assume that all arrival processes and departure processes are mutually indepen-
dent, it is clear that

En

[

τq(n)I{n+1∈Dq}

]

= µm∗q/λq, (12)

wherem∗ = argmaxm=1,··· ,M
∑Q

q=1 αqYq(n)µmq by the LWWT policy. Expanding the
bracketed term in (11) yields

En[V (Ỹ (n + 1)) − V (Y (n))] ≤ A + 2

{

Q
∑

q=1

αqYq(n)λq −

Q
∑

q=1

αqYq(n)µm∗q

}

. (13)

Note that for any given~λ ∈ S, there existω1, . . . , ωM satisfying0 ≤ ωm ≤ 1 for all m
and

∑M
m=1 ωm ≤ 1, andc > 0 such thatλq −

∑M
m=1 ωmµmq ≤ −c for all q = 1, . . . , Q.

The last expression in (13) can be easily bounded by

Q
∑

q=1

αqYq(n)µm∗q ≥

Q
∑

q=1

αqYq(n)µm∗q

(

M
∑

m=1

ωm

)

≥

Q
∑

q=1

M
∑

m=1

ωmαqYq(n)µmq. (14)

Therefore, (13) can be expressed as

En[V (Ỹ (n + 1)) − V (Y (n))] ≤ A + 2

{

Q
∑

q=1

αqYq(n)[λq −
M
∑

m=1

ωmµmq]

}

. (15)

Denoteq∗ = arg maxq{Yq(n)} anda = maxq{αqλq}, the conditionV (Y (n)) > b di-

rectly implies thatYq∗(n) >
√

b
aQ

. Therefore, whenV (Y (n)) > b, (15) can be expressed
as

En[V (Ỹ (n + 1)) − V (Y (n))]

≤ A + 2αq∗Yq∗(n)[λq∗ −
M
∑

m=1

ωmµmq∗ ] ≤ −2cαq∗

√

b

aQ
+ A = −ε(b). (16)

Thus, we can always chooseb to be large enough so thatε(b) > 0 andEn[V (Ỹ (n + 1))−
V (Y (n))] ≤ −ε(b) whenV (Y (n)) > b.

LEMMA 4.2. Under the LWWT policy, there exist somep > 2 andD > 0 such that

En|V (Y (n + 1)) − V (Y (n))|p ≤ D. (17)

PROOF. First,

En|V (Y (n + 1)) − V (Y (n))|p = En

∣

∣

∣

∣

∣

Q
∑

q=1

αqλq[Y
2
q (n + 1) − Y 2

q (n)]

∣

∣

∣

∣

∣

p

≤ En

∣

∣

∣

∣

∣

Q
∑

q=1

αqλq[Yq(n + 1) + Yq(n)]2

∣

∣

∣

∣

∣

p

. (18)
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ReplacingYq(n + 1) in the last expression by (3),

En|V (Y (n + 1)) − V (Y (n))|p ≤ En

∣

∣

∣

∣

∣

Q
∑

q=1

αqλq[2Yq(n) + 1 + τq(n)]2

∣

∣

∣

∣

∣

p

. (19)

Note that by expanding the bracketed term, the last expression is easily bounded by the
expected value of a polynomial ofτq(n) of order2p. Since allτq(n) have independent
geometric distributions, it is clear that they have finite moments of all orders. Therefore,
there exists a finiteD > 0 such that (17) holds.

PROPOSITION 4.3. Under the LWWT policy, the queueing system is strongly stable for
all ~λ ∈ S.

PROOF. According to the result in [Pemantle and Rosenthal 1999], LEMMA 4.1 and
LEMMA 4.2 imply that the job waiting times are stable. We now show that this also
implies that queue length occupancies are stable. Consideran arbitrary nonempty queueq
at timen and denote the arrival time of its HOL job bym, m ≤ n. Thus,Yq(n) = n − m
if n > m and 0 otherwise. Since time is slotted, the queue length occupancy must satisfy
thatNq(n) ≤ n − m + 1. So bounded waiting times in the system imply bounded queue
length occupancies, which shows that queue length occupancies are stable as well.

Note that the (queue-length driven) MaxProduct policy chooses the service modem∗ at
timen if

m∗ = arg max
m=1,··· ,M

< N(n), ~µm >~α= arg max
m=1,··· ,M

Q
∑

q=1

αqNq(n)µmq, (20)

whereN(n) = (N1(n), . . . , NQ(n)) denotes the queue-length vector at timen, and~α =
(α1, . . . , αQ) is any positive weight vector chosen for all queues. We next show that the
system is stable under the MaxProduct policy.

THEOREM 4.4. Under the MaxProduct policy, the queueing system is strongly stable
for all ~λ ∈ S.

PROOF. Although the proof is quite similar to that of the LWWT policy, we show it for
the sake of completeness. We first prove that LEMMA 4.1 is true under the MaxProduct
policy. Let us consider the approximate next-state for the queue length

Ñq(n + 1) = Nq(n) + Aq(n + 1) − Dq(n + 1) (21)

whereAq(n + 1) andDq(n + 1) are independent Bernoulli random variables denoting the
number of arrivals at queueq and the number of departures from queueq at timen + 1,
respectively. Choosing an alternative Lyapunov functionV (N(n)) =

∑Q
q=1 αqN

2
q (n), an

equation similar to (9) yields

En[V (Ñ(n + 1)) − V (N(n))] = 2

Q
∑

q=1

αqNq(n)En[Aq(n + 1) − Dq(n + 1)]

+

Q
∑

q=1

αqEn[Aq(n + 1) − Dq(n + 1)]2, (22)
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where the last expression is simply bounded by
∑Q

q=1 αq. Let B =
∑Q

q=1 αq andm∗ =
arg maxm=1,··· ,M < N(n), ~µm >~α, we then have

En[V (Ñ(n +1))−V (N(n))] ≤ B +2

{

Q
∑

q=1

αqNq(n)λq −

Q
∑

q=1

αqNq(n)µm∗q

}

. (23)

Analogously, let’s denoteq∗ = argmaxq{Nq(n)} and a = maxq{αq}. Given that
V (N(n)) > b, an inequality similar to (16) yields

En[V (Ñ(n + 1)) − V (N(n))] ≤ −2cαq∗

√

b

aQ
+ B. (24)

Thus, we can always chooseb to be large enough so that the negative drift (similar to (6))is
obtained. Now we prove that LEMMA 4.2 is true under the MaxProduct policy. Following
similar lines in the proof of LEMMA 4.2, it can be shown that

En|V (N(n + 1)) − V (N(n))|p ≤ En

∣

∣

∣

∣

∣

Q
∑

q=1

αq[2Nq(n) + 1]2

∣

∣

∣

∣

∣

p

, (25)

where the term on the right hand side is clearly a constant forany givenp. Again, ac-
cording to the result by Pemantle and Rosenthal,the queueing system is stable under the
MaxProduct policy.

5. STABILITY RESULTS FOR SPS UNDER RELAXED STOCHASTIC ASSUMP-
TIONS

We now consider SPS in continuous time under significantly relaxed stochastic assump-
tions. Specifically, letAq be the input process of queueq marked by a sequence of job
interarrival timesτ1

q , τ2
q , . . .. Define the mean input rate of each queue by

λq = lim
N→∞

N
∑N

i=1 τ i
q

, q = 1, . . . , Q. (26)

When the system is in service modem, denote the sequence of service times for the jobs
of queueq by S1

mq, S
2
mq, . . . and define its mean service rate by

µmq = lim
N→∞

N
∑N

i=1 Si
mq

, m = 1, . . . , M, q = 1, . . . , Q. (27)

Suppose now the system conditions are weakened so that (i) the job interarrival times
and service times can be correlated; and (ii) all input processes can be interdependent.
These assumption lead to non-Markovian dynamics for the system and thus the techniques
used in the previous sections are not directly applicable. Thus, a more general framework
is required, provided by the perturbed Lyapunov function method [Kushner 1967; Kushner
and Yin 2003]. We start by introducing some additional necessary assumptions for future
developments.

5.1 Assumptions and Stability

Assumption5.1.1. There exists some0 < A < ∞ such thatE[τ2
q ] ≤ A for all q =

1, . . . , Q, whereτq denotes the random variable of job interarrival times in queueq.
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Assumption5.1.2. There exists some0 < U < ∞ such thatE[S2
mq] ≤ U for all

m = 1, . . . , M , q = 1, . . . , Q, whereSmq denotes the random variable of job service
times in queueq when the system is in service modem.

Recall that the set of all job departure times in queueq is denoted byDq. Let us de-
note also the set of all possible service-mode switch times by T and consider the sequence
{t1, t2, · · · } = ∪Q

q=1Dq ∪ T . This implies that the system will remain in the same ser-
vice mode over each time interval[tn, tn+1). Let Ij(n) be an indicator random variable so
that it has the value one if the system is in service modej at timetn and zero otherwise.
Obviously,Ij(n) is determined by the scheduling policy. Here we focus on thepreemptive-
resumescheduling discipline. That is, jobs can be preempted and resumed without loss of
work (i.e. the remaining service time of the HOL job is recorded when it is preempted).
Although such a scheduling discipline requires more (memory) capacity to store the sys-
tem information, it provides instantaneous and more flexible resource allocations so that
the targeted service-level commitments can be met. For any given input processes, letrj

denote the long-term proportion that the system is in service modej under the LWWT
policy.

Assumption5.1.3. There exists a functionρ(k) which goes to zero ask → ∞ such
that under the LWWT policy,

En

∣

∣

∣

∣

∣

∣

M
∑

j=1

Ij(k)µjq −
M
∑

j=1

rjµjq

∣

∣

∣

∣

∣

∣

≤ ρ(k − n) (28)

for all q = 1, . . . , Q andk ≥ n.

This assumption says that the conditional mean service ratereceived by queueq at time
tk given all system information to timetn converges to the long-term service rate ask −
n → ∞. Similarly, let’s denoteτq(n) to be the interarrival time between the HOL job of
queueq at timetn and the job behind it.

Assumption5.1.4. Under the LWWT policy,

En

∣

∣

∣

∣

∣

∣

λqτq(k)
I{tk+1∈Dq}

En[tk+1 − tk]
−

M
∑

j=1

rjµjq

∣

∣

∣

∣

∣

∣

≤ ρ(k − n) (29)

for all q = 1, . . . , Q andk ≥ n.

This is simply a mixing condition on the data arrival and service processes. Suppose
the job interarrival times of each queueq are such thatEn[τq(k)] converges uniformly
to 1/λq and the conditional expected number of jobs processed for one time unit (i.e.
EnI{tk+1∈Dq}/En[tk+1 − tk]) converges uniformly to the long-term average service rate
∑M

j=1 rjµjq, it is clear that (29) is true when the interarrival times areindependent of the
departure times. However,Assumption5.1.4 corresponds to a more general condition on
the arrival and service processes - it allows the interdependence (whatever its nature may
be) between job interarrival times, job service times, and input traffic flows. When the
future becomes less and less predictable, it is assumed thatthe conditional likelihood of
such interdependence gets weaker.

Note that the stability region is the same as that was shown in(2), while now system
stability is defined via the “uniform mean recurrence time” property [Kushner and Yin
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2003]. That is, the system is said to be stable if there existy0 > 0 and nonnegative real-
valued functionF (·) such that for anyn ands = min{t ≥ tn : |Y (t)| ≤ y0},

En[s − tn] ≤ F (Y (n)) when|Y (n)| ≥ y0. (30)

This definition implies that when|Y (n)| reaches a levelyn > y0, the conditional expec-
tation of the time required to return to the valueyn (or smaller) is bounded above by a
function of yn, uniformly in n and in the past history. Note that if there are no job de-
partures after timetn, Y (t) keeps moving away fromy0 under the LWWT policy (see
discussions at the end of Section 3). Therefore,s must be job departure times and thus
belonging to the set{t1, t2, . . .}. We next introduce the Lyapunov function perturbations
used to show system stability.

5.2 Perturbed Lyapunov Function

With the perturbed Lyapunov function method, one starts with a standard Lyapunov func-
tionV (Y (n)) and then incorporates a perturbationδV (n) intoV (Y (n)) so thatV (Y (n))+
δV (n) is used to show the desired stability of the non-Markovian system. Note that here
δV (n) will be a sum of two terms, one corresponding to each departure process and the
other corresponding to the mixing of arrival and departure processes. The design of its
structure is basically motivated by the way it is used in the proof. For additional back-
ground and its applications, the readers can refer to [Kushner 1984; Kushner and Yin
2003].

We first define the “departure” Lyapunov function perturbation. For each queueq, let

δV d
q (n) = 2αqYq(n)

n+h−1
∑

k=n

En[tk+1 − tk]En





M
∑

j=1

Ij(k)µjq −
M
∑

j=1

rjµjq



 (31)

where the value ofh will be chosen in the proof shown later. We next define the Lyapunov
function perturbation for mixing the “arrival” and “departure” processes. For each queue
q, let

δV mix
q (n) =

−2αqλqYq(n)
n+h−1
∑

k=n

En[tk+1 − tk]En



τq(k)
I{tk+1∈Dq}

En[tk+1 − tk]
−

1

λq

M
∑

j=1

rjµjq



 .(32)

The full Lyapunov function perturbationδV (n) and the time-dependent Lyapunov function
Ṽ (n) are then given by

δV (n) =

Q
∑

q=1

δV d
q (n) +

Q
∑

q=1

δV mix
q (n) and

Ṽ (n) = V (Y (n)) + δV (n), (33)

whereV (Y (n)) =
∑Q

q=1 αqλqY
2
q (n), the same as shown in (5).

THEOREM 5.2.1. Under the LWWT policy and Assumption 5.1.1 - Assumption 5.1.4,
the system is stable for all~λ ∈ S.
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PROOF. We will show that there exists ac > 0 such thatEn[Ṽ (n + 1) − Ṽ (n)] ≤ −c
when|Y (n)| is large enough. This inequality together with the bounds onδV (n) will then
imply (30). Note that

En[Ṽ (n + 1) − Ṽ (n)] = En[V (Y (n + 1)) − V (Y (n))]

+

Q
∑

q=1

En[δV d
q (n + 1) − δV d

q (n)] +

Q
∑

q=1

En[δV mix
q (n + 1) − δV mix

q (n)]

and we will evaluate it term by term. Follow the lines in the proof of LEMMA 4.1, an
inequality similar to (11) yields

En[V (Y (n + 1)) − V (Y (n))] ≤

2

Q
∑

q=1

αqλqYq(n)En

[

tn+1 − tn − τq(n)I{tn+1∈Dq}

]

+ B, (34)

whereB > 0 is a constant obtained fromAssumption5.1.1 andAssumption5.1.2. Expand-
ing the above bracketed term yields

En[V (Y (n + 1)) − V (Y (n))] ≤

2En[tn+1 − tn]

Q
∑

q=1

αqλqYq(n) − 2

Q
∑

q=1

αqλqYq(n)En

[

τq(n)I{tn+1∈Dq}

]

+ B. (35)

Now we consider the “departure” perturbation term:

En[δV d
q (n + 1) − δV d

q (n)] =

2αqEn[Yq(n + 1)]

n+h
∑

k=n+1

En+1[tk+1 − tk]En+1





M
∑

j=1

Ij(k)µjq −
M
∑

j=1

rjµjq





−2αqYq(n)

n+h−1
∑

k=n

En[tk+1 − tk]En





M
∑

j=1

Ij(k)µjq −
M
∑

j=1

rjµjq



 . (36)

This expression can be written as

− 2αqYq(n)En[tn+1 − tn]





M
∑

j=1

Ij(n)µjq −
M
∑

j=1

rjµjq





+ 2αqEn[Yq(n + 1)]

n+h
∑

k=n+1

En+1[tk+1 − tk]En+1





M
∑

j=1

Ij(k)µjq −
M
∑

j=1

rjµjq





− 2αqYq(n)

n+h−1
∑

k=n+1

En[tk+1 − tk]En





M
∑

j=1

Ij(k)µjq −
M
∑

j=1

rjµjq



 . (37)

From (3) we know thatYq(n + 1) =
[

Yq(n) + tn+1 − tn − τq(n)I{tn+1∈Dq}

]+
, this im-

plies thatEn[Yq(n+1)] is easily bounded above byYq(n)+En[tn+1−tn]+En[τq(n)]. Fur-
ther, by lettingµmin = minj,q{µjq} we know thatEn[tk+1− tk] ≤ 1/µmin for all k ≥ n,
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and byAssumption5.1.1 we know that there exists anA′ > 0 such thatEn[τq(n)] ≤ A′.
Adding these results to (37) yields

En[δV d
q (n + 1) − δV d

q (n)] =

−2αqYq(n)En[tn+1 − tn]





M
∑

j=1

Ij(n)µjq −
M
∑

j=1

rjµjq



+ εd
q , (38)

whereεd
q is bounded above by2(αq/µmin)Yq(n)ρ(h) + hCd

q for some constantCd
q > 0.

Analogously, we can show that

En[δV mix
q (n + 1) − δV mix

q (n)] =

2αqYq(n)En[tn+1 − tn]En



λqτq(n)
I{tn+1∈Dq}

En[tn+1 − tn]
−

M
∑

j=1

rjµjq



+ εmix
q , (39)

where εmix
q is bounded above by2(αq/µmin)Yq(n)ρ(h) + hCmix

q for some constant
Cmix

q > 0.
Adding all terms in (35), (38), (39), and canceling where possible yields

En[Ṽ (n + 1) − Ṽ (n)] =

2En[tn+1 − tn]





Q
∑

q=1

αqλqYq(n) −

Q
∑

q=1

αqYq(n)

M
∑

j=1

Ij(n)µjq



+ ε, (40)

whereε is bounded above by

ρ(h)
4

µmin

Q
∑

q=1

αqYq(n) + h

[

Q
∑

q=1

(Cd
q + Cmix

q )

]

+ B. (41)

As described, for any given~λ ∈ S there existω1, . . . , ωM satisfying0 ≤ ωj ≤ 1 for all
j and

∑M
j=1 ωj ≤ 1, andc0 > 0 such thatλq −

∑M
j=1 ωjµjq ≤ −c0 for all q = 1, . . . , Q.

Let j∗ = argmaxj=1,··· ,M
∑Q

q=1 αqYq(n)µjq , which is the service mode chosen by the
LWWT policy at timetn. The last expression in the bracketed term of (40) then has the
bound:

Q
∑

q=1

αqYq(n)

M
∑

j=1

Ij(n)µjq =

Q
∑

q=1

αqYq(n)µj∗q ≥

Q
∑

q=1

αqYq(n)µj∗q





M
∑

j=1

ωj





=

Q
∑

q=1

M
∑

j=1

ωjαqYq(n)µj∗q ≥

Q
∑

q=1

M
∑

j=1

ωjαqYq(n)µjq . (42)

Adding these results to (40) together with (41) yields

En[Ṽ (n + 1) − Ṽ (n)] ≤ 2En[tn+1 − tn]

Q
∑

q=1

αqYq(n)



λq −
M
∑

j=1

ωjµjq



+ ε

≤ −2
c0

µmax

Q
∑

q=1

αqYq(n) + ρ(h)
4

µmin

Q
∑

q=1

αqYq(n) + hC + B, (43)
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whereµmax = maxj,q{µjq} andC =
∑Q

q=1(C
d
q + Cmix

q ). Note that we can select the
integerh (to be large enough) so thatρ(h)(4/µmin) ≤ (c0/µmax). Since nowh is fixed,
(43) can be written as

En[Ṽ (n + 1) − Ṽ (n)] ≤ −(c0/µmax)

Q
∑

q=1

αqYq(n) + c1 (44)

for some constantc1 > 0. By (44), it is clear thatEn[Ṽ (n + 1) − Ṽ (n)] → −∞ as
Y (n) → ∞. Thus, there existc > 0 andy0 > 0 such that when|Y (n)| ≥ y0, En[Ṽ (n +
1)− Ṽ (n)] ≤ −c. Since we also know that|δV (n)| = O(|Y (n)|), given smallδ > 0, this
implies that for sufficiently largey0, |δV (n)| = |V (Y (n)) − Ṽ (n)| ≤ δ[1 + V (Y (n))].
Let tn be such that|Y (n)| > y0 andtσ = min{ti ≥ tn : |Y (i)| ≤ y0}. We then have that
En[Ṽ (σ) − Ṽ (n)] ≤ −cEn[tσ − tn], which implies

−δEn[1 + V (Y (σ))] + EnV (Y (σ)) ≤ EnṼ (σ)

≤ −cEn[tσ − tn] + δ + V (Y (n))(1 + δ), (45)

and thus

En[tσ − tn] ≤
1

c
[2δ + V (Y (n))(1 + δ) + δEnV (Y (σ))] . (46)

SinceV (Y (σ)) ≤ sup|y|≤y0
V (y), this then implies the stability defined in (30).

Remark5.2.2. Under the MaxProduct policy, the stability of the system can be shown
in a similar fashion. The details of the proof are omitted.

6. THE AVERAGE SOJOURN TIME - A SIMULATION STUDY

So far, we have established the throughput maximizing property of two scheduling policies
for the system under consideration. In this section, we investigate their performance with
respect to the average sojourn time metric through a simulation study, since analytic results
are hard to obtain due to the complex dynamics of SP systems. The work done in [Stolyar
2003] is an exception, it deals with the tail probability of delays under the largest weighted
delay first (LWDF) discipline in a heavy traffic regime, wherethe input intensity is equal
to the system’s processing capacity.

In this section, 2- and 3-queue systems are simulated in slotted and continuous time fed
by various types of input processes. Further, a hybrid scheduling policy is introduced and
its performance examined through simulation of a 3-queue system with changing Poisson
input processes.

In order to establish the average sojourn time of the system,each simulation run requires
the collection of a large number of events (job arrivals/departures). It is clear that there is
a burn-in period that would introduce bias. Hence, in order to eliminate such bias every
simulation run was divided in two phases, the initialization phase and the steady state one
when actual data collection occurs (see [Banks et al. 1999]). Estimation of the length of
the initialization phase was based on the methods ofindependent replicationsandensemble
averages[Banks et al. 1999].

6.1 System 1

Consider a 2-queue system where jobs of each queue arrive according to an i.i.d. Bernoulli
process. There are 3 normalized service rate vectors~µ1 = (0, 0.8), ~µ2 = (0.4, 0.6),
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and~µ3 = (0.6, 0), with each vector corresponding to a combination of i.i.d. Bernoulli
processes. This constitutes the stability region for the normalized input rates(λ1, λ2),
as shown in the left panel of Fig. 4. In order to obtain a thorough understanding about
the average-sojourn-time performance under the LWWT and the MaxProduct policies, we
superimpose on the stability region a regular grid of sufficient density and then simulate
the system at all the grid points(λ1, λ2). For comparison purposes, all queue weights here
are chosen to be the same, say,~α = ~1 in both policies. The simulation result is shown in
the right panel of Fig. 4.
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Fig. 4. (Left panel): The stability region of(λ1, λ2) for the system with 3 service vectors~µ1 = (0, 0.8),
~µ2 = (0.4, 0.6), and~µ3 = (0.6, 0). (Right panel): The contour plot by taking the differences of average
sojourn times for the two policies (MaxProduct-LWWT) over the stability region.

The right panel of Fig. 4 shows that, when the input rates belong to the upper-left and
lower-right areas of the stability region (i.e. one of the classes experiences a very high
loading, while the remaining class a fairly low one), the LWWT policy performs better
than the MaxProduct policy in terms of the average job sojourn time. The numerical result
reveals that, even for such a small system, the improvement by the LWWT policy can
reach 20% when the system is heavily loaded. We explain this empirical finding next.
When the input rates belong to the upper-left and lower-right area of the stability region,
it is intuitive that the MaxProduct policy uses the service vector~µ1 and~µ3 (respectively)
most of the time. However, this is not as efficient as using theservice vector~µ2 (which
has a larger service rate0.4 + 0.6 = 1 in total) when both queues are not empty. On
the other hand, the LWWT policy is more likely to choose the service vector~µ2 due to a
larger variation of its sample path (as discussed in Section4), thus leading to a significantly
smaller average job sojourn time. When the input rates are close to the middle area of the
stability region, it can be seen that the MaxProduct policy performs slightly better than
the LWWT policy. The reason is that both queues are rarely empty (when the system is
heavily loaded) and the MaxProduct policy uses the most efficient service vector~µ2 most
of the time. It is noted that when the system is lightly loaded, both policies exhibit almost
identical performance in terms of average sojourn times.
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6.2 System 2

We consider next an alternative 2-queue system, where jobs of each queue arrive ac-
cording to an i.i.d. Bernoulli process and there are 3 normalized service rate vectors
~µ1 = (0, 0.625), ~µ2 = (0.5, 0.375), and~µ3 = (0.625, 0.25), with each corresponding
to a combination of i.i.d. Bernoulli processes. The stability region for the normalized in-
put rates(λ1, λ2) is shown in the left panel of Fig. 5. Analogously, we superimpose on the
stability region a regular grid of sufficient density and then simulate the system at all the
grid points(λ1, λ2) under the LWWT and the MaxProduct policy. The simulation result is
shown in the right panel of Fig. 5.
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Fig. 5. (Left panel): The stability region of(λ1, λ2) for the system with 3 service vectors~µ1 = (0, 0.625),
~µ2 = (0.5, 0.375), and~µ3 = (0.625, 0.25). (Right panel): The contour plot by taking the differences of
average sojourn times for the two policies (MaxProduct-LWWT) over the stability region.

As it can be seen from the right panel of Fig. 5, the LWWT policyperforms better than
the MaxProduct policy when the input rates are in the upper-left area of the stability region.
In particular, the difference of the average sojourn times between the two policies becomes
significant when the system is heavily loaded. As interpreted in System 1, in this input
area the MaxProduct policy uses the service vector~µ1 most of the time, while the LWWT
policy can possibly choose more efficient service vectors (i.e.~µ2 and~µ3) when both queues
are not empty. On the other hand, the MaxProduct policy outperforms the LWWT policy
in the remaining parts of the stability region. The reason isthat, in this input area the
MaxProduct policy uses~µ2 or ~µ3 most of the time, while the LWWT policy is more likely
to choose a less efficient service vector~µ1 when both queues are not empty. Analogously,
the numerical result shows that both policies have almost the same performance when the
system is lightly loaded.

6.3 System 3

We consider a 3-queue system by feeding real network traces collected from the Internet
2 backbone links between Indianapolis and Cleveland. The data are from the Abilene-I
collection of packet header traces, available from the National Laboratory for Advanced
Network Research (NLANR). These traces were transformed into a sequence of arrival
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bins (or packet lengths) corresponding to IP kilobytes witha fixed duration of 10 millisec-
onds (the same data set was used in [Rolls et al. 2005]). A time-series plot of the bin sizes
is shown in the left panel of Fig. 6 while its auto-correlation function is shown in the right
panel of Fig. 6.
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Fig. 6. (Left panel): The Abilence-I packet traces in kilobytes. (Right panel): The auto-correlation function of
the bin sizes.

The right panel of Fig. 6 shows a slow decay in the auto-correlation function, which
indicates that the process exhibits long-range dependence. In order to make this data set
suitable for our analysis, we will transform the sequence ofbin sizes into a sequence of
service times when the system is in a particular service mode. Thus, each bin is treated
as an arriving job and the fixed duration is treated as a deterministic job interarrival time.
Suppose now the system has six service modes~µ1 = (0, 0, 6), ~µ2 = (6, 0, 0), ~µ3 =
(0, 8, 0), ~µ4 = (4, 0, 3), ~µ5 = (4, 5, 0), and~µ6 = (0, 5, 3), where the service rateµmq

corresponds to the mean number of jobs in queueq that service modem can process for
one time unit (i.e. 10 milliseconds). Denote the sequence ofbin sizes for queueq by bi

q,

i = 1, . . . , N , and consider their normalized valuesbi
q/b̄q whereb̄q =

∑N
i=1 bi

q/N . When
the system is in service modem, the corresponding service time ofbi

q is then taken to be
bi
q/(b̄qµmq). Note that it is sometimes necessary to rescale the time duration (i.e. the job

interarrival times) so that different input arrival rates can be constructed. However, this
will not change the underlying correlation structure between service times. The stability
region for this system is shown in the left panel of Fig. 7.

To examine the overall average-sojourn-time performance of the two policies, we sim-
ulate the system by feeding the traffic traces with seven input-rate combinations~λ1 =
(0.2, 0.2, 5.6), ~λ2 = (5.6, 0.2, 0.2), ~λ3 = (0.2, 7.6, 0.2), ~λ4 = (3.9, 0.2, 2.9), ~λ5 =

(3.9, 4.9, 0.1), ~λ6 = (0.1, 4.9, 2.9), and~λ7 = (2.5, 2.5, 2.5). Note that these seven in-
put loads are allocated uniformly and close to the boundary of the stability region, where
differences in the performance of the two policies would be easier to be distinguished. In
order to gain better insight of the simulation results, all chosen input-rate combinations
along with the decision cones of the MaxProduct policy are projected and sketched on the
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triangular plane generated by the queue-length space coordinates, as shown in the right
panel of Fig. 7. The numerical results are given in Table 1.
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Fig. 7. (Left panel): The stability region formed by~µ1 = (0, 0, 6), ~µ2 = (6, 0, 0), ~µ3 = (0, 8, 0), ~µ4 =
(4, 0, 3), ~µ5 = (4, 5, 0), and~µ6 = (0, 5, 3). (Right panel): Seven input-rate combinations (with sign “.”) and
the decision cones (partitioned by dash lines) of the MaxProduct policy projected on the triangular plane formed
by the queue-length space coordinates.

From Table 1, it can be seen that the LWWT policy outperforms the MaxProduct policy
when the input loads are~λ1, ~λ2, ~λ3, ~λ4, and~λ6. The reason is that, for these input loads
the MaxProduct policy uses one service mode most of the time while this particular service
mode is not the most efficient when all queues are not empty. For example, when~λ1 is
used, it is expected that the MaxProduct policy will use~µ1 most of the time. This then
leads to a total service rate0 + 0 + 6 = 6, even when all queues are not empty. On the
other hand, the LWWT policy is more likely to use~µ2, ~µ4, and~µ6, which are located in
the neighborhood of~µ1 and have larger (or at least equal) service rates in total (say, 6, 7,
and 8, respectively). Table 1 shows that by using the LWWT policy, the improvement of
the average sojourn time can be up to 20% for these particularinput loads. When the input
load corresponds to~λ5, the numerical result shows that the MaxProduct policy outperforms
the LWWT policy. The reason is that, for this input load the MaxProduct policy uses the
service mode~µ5 most of the time, which is the most efficient since it has the largest total
service rate (say, 9). When~λ7 is used, the numerical results show that both policies exhibit
almost identical performance. The reason is that, the system switches between service
modes frequently under both policies since the input load isallocated near the boundaries
of several decision cones, as shown in the right panel of Fig.7.

7. CONSTRUCTING A HYBRID POLICY - A PRACTICAL EXTENSION

The simulation results in Section 6 provide us with guidelines as to best manipulate the two
existing scheduling policies so that the average job sojourn time can be reduced. The main
ideas are summarized next. When the system is lightly loaded, one can choose either the
MaxProduct or the LWWT policy since both policies exhibit almost identical performance
in terms of the average job sojourn time. When the system is heavily loaded, the simu-
lation results reveal that the best policy is the one which ismore likely to maximize the
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Table I. The average sojourn times for both policies with seven input loads.

=(2.5,2.5,2.5)

The LWWT Policy

The Average Sojourn Time
Input Load

The MaxProduct Policy

10.3787 8.7409

2

λ 1

17.6234 14.1499

=(0.2,7.6,0.2)
3

λ

36.5881 35.3358

=(0.2,0.2,5.6)

=(5.6,0.2,0.2)

λ

42.0322 38.5929=(3.9,0.2,2.9)

λ 5

λ 4

40.8925 43.8119=(3.9,4.9,0.1)

λ 6 28.7145 25.4479=(0.1,4.9,2.9)

7λ 15.6810 15.7095

system’sinstantaneous throughput. For example, suppose the input-rate vector~λ belongs
to a particular decision coneCi in the queue-length space; then, the MaxProduct policy
is more likely to choose the service mode~µi, whose total service rate isTi =

∑Q
q=1 µiq.

Consider next a collection of service modes whose corresponding decision cones are adja-
cent toCi and denote it by the setNi = {~µi(1), . . . , ~µi(ni)}, where{i(1), . . . , i(ni)} is a
subset of{1, . . . , M}. Each service vector inNi is then called aneighborof ~µi and can be
identified using a local-search algorithm introduced in [Ross and Bambos 2004]. Compute
next the total service rateTj for each~µj ∈ Ni and compare it withTi. If Ti ≥ Tj for all
j ∈ {i(1), . . . , i(ni)}, the MaxProduct policy should outperform the LWWT policy since
it is more likely to maximize (locally) the system’s instantaneous throughput. On the other
hand, ifTj ≥ Ti for all j ∈ {i(1), . . . , i(ni)}, the LWWT policy should perform better
since it is more likely to switch the system into the service modes in the neighborhood of
~µi (remember the LWWT policy has larger variations on its sample path), thus increasing
the system’s instantaneous throughput. Therefore, we propose the following rule of thumb
for selecting the scheduling policy:

choose the MaxProduct policy ifTi ≥
1

ni

i(ni)
∑

j=i(1)

Tj ;

choose the LWWT policy if Ti <
1

ni

i(ni)
∑

j=i(1)

Tj .

In response to the input-rate vector~λ ∈ Ci, this rule suggests that if the total service rate of
~µi is greater than the “average” total service rate of its neighbors, the MaxProduct policy
should be used. Otherwise, the LWWT policy should be used.

For practical purposes, the above findings can be utilized toimprove the average-sojourn-
time performance when the system has unknown and changing input rates. Specifically,
we can estimate the input rate of each queue over time by tracking the job interarrival
times. Suppose that time is divided into non-overlapping intervals(tk, tk+1], so thatNq(k)
(Nq(k) ≥ 30) jobs are observed arriving to each queueq in thek-th interval. Denote the
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job interarrival times of queueq in thek-th interval byτ1
q , . . . , τ

Nq(k)
q , then the input rate

can be estimated by

λ̂q(k) =
1

∑Nq(k)
j=1 τ j

q /Nq(k)
, (47)

whereq = 1, . . . , Q, andk = 1, 2, . . .. Hence, a sequence of estimated input-rate vectors
{Λ̂(k), k = 1, 2, · · · } can be calculated. Based on the estimated input rates, at certain
points in time we decide whether the MaxProduct or the LWWT policy we have to choose
according to the preceding rule of thumb. This then constitutes ahybridscheduling policy
that is adaptive to input traffic fluctuations. We summarize the steps of this hybrid policy
in the following algorithm.

Algorithm for implementing the hybrid policy

Step 1.
Calculate the total service rate for each service mode~µi, say, letTi =

∑Q
j=1 µij , i =

1, . . . , M .
Identify the set of neighbors for each~µi and denote it byNi = {~µi(1), . . . , ~µi(ni)}.

Calculate the average of the total service rates for eachNi, say, letT̄Ni
=
∑i(ni)

j=i(1) Tj/ni.

Step 2.
Setk = 1 andt0 = 0.
Choose the MaxProduct policy (or the LWWT policy) at timet0.

Step 3.
Record all subsequent job interarrival times aftertk−1 and determine the value oftk so that
Nq(k) ≥ 30 for all q = 1, . . . , Q.
Set

λ̂q(k) =
1

∑Nq(k)
j=1 τ j

q /Nq(k)
.

Step 4.
Identify the decision coneCi of the MaxProduct policy so that̂Λ(k) ∈ Ci in the queue-
length space.
If Ti ≥ T̄Ni

, then choose the MaxProduct policy at timetk.
Otherwise, choose the LWWT policy at timetk.
Setk = k + 1, go to Step 3.

Note that this hybrid policy can easily accommodate non-stationary input processes. Now
we examine how this strategy performs by simulating a 3-queue system characterized by
randomly modulated service modes that are defined by combinations of three possible input
processesAi = (A1

i ,A
2
i ,A

3
i , i = 1, 2, 3). Suppose eachAq

i is a Poisson process and three
possible input-rate combinations are~λ1 = (5.6, 0.2, 0.2), ~λ2 = (3.9, 0.2, 2.9), and~λ3 =
(3.9, 4.9, 0.1). Further, we assume that the combinations are mutually independent and
each occurs with equal probability every 10,000 time units.There are six service modes
with rates~µ1 = (0, 0, 6), ~µ2 = (6, 0, 0), ~µ3 = (0, 8, 0), ~µ4 = (4, 0, 3), ~µ5 = (4, 5, 0), and
~µ6 = (0, 5, 3). When the system is in service modem, the job service times in queueq
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are i.i.d. exponential random variables with meanµmq. The simulation result shows that
the average sojourn times under the MaxProduct and the LWWT policy are 35.0817 and
34.2172, respectively, while the average sojourn time under the hybrid policy is merely
32.5307, which shows a 5% to 7% improvement.

REMARK 7.1. It is noted that the proposed hybrid policy switches betweenthe Max-
Product and the LWWT policy over time in accordance with the estimated input rates. For
systems with stationary input processes, it is clear that this strategy uses almost only one
policy in order to reduce the average job sojourn time. In this case, there is no doubt
that the throughput of the system can be maximized. For systems with non-stationary in-
put processes, this strategy seeks for an “optimal” convex combination of using these two
policies to reduce the average job sojourn time. However, from the theoretical point of
view, whether or not the system’s throughput can be still maximized needs to be further
investigated.

8. CONCLUDING REMARKS

In this study, we consider switched processing systems bothin slotted and continuous times
under a number of stochastic assumptions for the arrival andservice processes. Further,
two scheduling policies are considered; the existing MaxProduct one and the proposed
Largest Weighted Waiting Time (LWWT). It is shown that both policies maximize the
system’s throughput. Specifically, for systems with independent Bernoulli processes, the
proof was established using drift analysis, while in the case of more general correlated pro-
cesses that induce non-Markovian dynamics, the proof was based on a perturbed Lyapunov
function method. The performance of the two policies under different input processes in
terms of their average job sojourn times was examined through a simulation study and
insights in their workings obtained. Based on the simulation results, a hybrid scheduling
policy was proposed in order to further reduce the average job sojourn time, especially
for systems with unknown and changing input rates. We may conclude that the hybrid
policy is best suited for fairly heavily loaded systems thatexperience frequent changes of
their input rates, a feature in real life operations. The following issues are currently under
investigation: (i) how to improve the proposed hybrid policy by allocating the best con-
vex combination of the MaxProduct and the LWWT policy so thatdifferent performance
measures (such as throughput and average sojourn time) can be optimized; (ii) the compu-
tational issues raised for systems with a large number of inputs and service modes.
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