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Abstract

We consider the problem of locating a jump discontinuityafatpe-point) in a smooth
parametric regression model with a bounded covariate. dsgimed that one can
sample the covariate at different values and measure threspmmding responses.
Budget constraints dictate that a totalvofsuch measurements can be obtained. A
multistage adaptive procedure is proposed, where at eage sin estimate of the
change point is obtained and new points are sampled froapipsopriatelychosen
neighborhood. It is shown that such procedures acceldrateate of convergence of
the least squares estimate of the change-point. Furtleegasymptotic distribution of
the estimate is derived using empirical processes techaidthe improved efficiency
of the procedure is demonstrated using real and syntheta d&@his problem is
primarily motivated by applications in engineering system

Key words and phrasesadaptive sampling, change point estimation, multi-stpgecedure,
Skorokhod topology, two—stage procedure, zoom-in.

1 Introduction

The problem of estimating the location of a jump discontinyichange-point) in an
otherwise smooth curve has been extensively studied indhparametric regression and
survival analysis literature; see for example Dempfle anteSR2002), Gijbels et al. (1999),
Gregoire and Hamrouni (2002), Hall and Molchanov (2003)sdtok and Song (2007),
Loader (1996), Mueller (1992), Mueller and Song (1997), $(1003), Ritov (1990) and
references therein. In the classical setting, measurenoenalln covariate-response pairs
are availablein advance and the main issue is to estimate as accurately as poskible t
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location of the change-point. However, there are appboatwhere it is possible to sample
the response at any covariate value of the experimentesisehThe only hard constraint
is that the total budget of measurements to be obtained i3 &xw@iori.

For example, consider the following example from systemireaging. There is a

stochastic flow of jobs/customers of various types arriiaghe system with random

service requests. Jobs waiting to be served are placed iregud infinite capacity. The

system’s resources are allocated to the various job clgsgesies) according to some
service policy. This system serves as a canonical queuedtiginior many applications,

including network switches, flexible manufacturing systenwireless communications,
etc. (Hung and Michailidis (2007)). A quantity of great irgst to the system’s operator
is the average delay of the customers, which is a key perfmcmanetric of the quality of

service offered by the system.

The average delay of the customers in a two class system atiofu of its loading, for
a resource allocation policy introduced and discussed ing-and Michailidis (2007), is
shown in Figure 1. Specifically, the system was simulateceud@4 loading settings and
fed by input/service request processes obtained from egalank traces and the average
delay of 500,000 customers recorded. It can be seen thabdding around 0.8 there is
a marked discontinuity in the response, which indicates thder the specified resource
allocation policy the service provided to the customersidetates. It is of interest to locate
the 'threshold’ where such a change in the quality of sere@urs. It should be pointed out
that this threshold would occur at different system loasdifog different allocation policies.

A few comments on the setting implied by this example are deorFirst, the experimenter
canselectcovariate values (in this case the system’s loading) ansesjuently obtain their
corresponding sample responses. Second, the sampleshsesparexpensiveo obtain;
for example, the average delay is obtained by running ayféarge scale discrete event
simulation of the system under consideration, involvindf kamillion customers. For
systems, comprised of a large number of customer classee,camputationally intensive
simulations that can last days must be undertaken. Thimhany situations there is an
priori fixed budgef resources; for this example, it may correspond to CPU,timether
engineering applications to emulation time, while in otbgentific contexts to real money.

Given the potentially limited budget of points that can bengked and lack of a
priori knowledge about the location of the change-point thowing strategy looks
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Figure 1: Average delay as a function of system loading fovadlass parallel processing
system.

promising. A certain portion of the budget is used to obtamniratial estimate of the
change-point based on a least squares criterion. Subdgg@eneighborhood around this
initial estimate is specified and the remaining portion @ #vailable points are sampled
from it, together with their responses, that yield a newneste of the change-point.
Intuition suggests that if the first stage estimate is faabcurate, the more intensive
sampling in its neighborhood ought to produce a more acewstimate than the one that
would have been obtained by laying out the entire budget oftpdn a uniform fashion.
Obviously, the procedure with its 'zoom-in’ characterstican be extended beyond two
stages.

The goal of this paper is to formally introduce such multistaadaptive procedures
for change-point estimation and examine their propertiés.particular, the following

important issues are studied and resolved: (i) the setecfithe size of the neighborhoods,
(i) the rate of convergence of the multi-stage least squastimate, together with its



asymptotic distribution and (iii) allocation of the avdila budget at each stage.

The proposed procedure should be contrasted with the wieliest sequential techniques
for change-point detection, since the underlying settinbilets marked differences.
In its simplest form, the sequential change-point detacpooblem can be formulated
as follows: there is a process that generates a sequencalegeindent observations
X1, X5, -+ from some distributionFy. At some unknown point in time, the distribution
changes and hence observatioXis, X1, - are generated fron}. The objective is
to raise an alarm as soon as the data generating mechanischesvio new distribution.
This problem originally arose in statistical quality caitand over the years has found
important applications in other fields. Being a canonicalbeEm in sequential analysis,
many detection procedures have been proposed in the literaver the years in discrete
and continuous time, under various assumptions on theildison of = and the data
generating mechanism. The literature on this subject Ig Bmormous; a comprehensive
treatment of the problem can be found in the book by Bassesitid Nikiforov (1993),
while some recent developments and new challenges aresdextun the review paper
by Lai (2001). An important difference in our setting is ttentrol that the experimenter
exercises over the data generation process and also thecalsfephysical time, a crucial
element in the sequential change-point problem.

The remainder of the paper is organized as follows. In Secflp the one-stage
procedure is briefly reviewed. In Section 3, the proposedquore based on adaptive
sampling is introduced and the main results regarding the o& convergence of the
new estimator of the change point and its asymptotic digiib are established; in
addition, various generalizations are discussed. In @ecti the performance of the
proposed estimator in finite samples is studied through aensive simulation and
practical guidelines are discussed for its various tuniagameters. In Section 5, various
techniques for constructing confidence intervals for thenge—point, based on the two
stage procedure, are discussed. Finally, the majorityeofdbhnical details are provided in
the Appendix.

2 The Classical Problem
In this study, we focus on parametric models for the regoaskinction of the type:

Y;':/L(Xi)—l-q, 1=1,2,...,n



where
w(z) = (B, 2)1(x < d°) + by (Bu, 2)1(z > d°) (2.1)

with v (5;, z) andw, (8., z) are both (at least) twice continuously differentiablesimnd
infinitely differentiable inz and;(5;, d°) # 1. (8., d), so thatd® is the unique point of
discontinuity — a change point — of the regression function.

The ¢;’'s are assumed to be i.i.d. symmetric mean O errors with camfmoknown)
error variances? and are independent of th&;’s which are i.i.d. and are distributed
on [0, 1] according to some common densifk(-). The simplest possible parametric
candidate fon(x), which we will focus on largely to illustrate the key ideastle paper,
is the simple step functioni(z) = ag 1(z < d°) + fg 1(x > d).

Estimatingd® based on the above data is coined as the “classical problénstandard
way to estimate the parametés;, 3,,, d°) is to solve a least squares problem. We start by
introducing some necessary notation. Pgtdenote the empirical distribution of the data
vector{X;, Y;}I_ , andP the true distribution of X;, Y;). For a functionf defined on the
spac€0, 1] x R (in which the vectof X, Y7 ) assumes values) and a meagrdefined on
the Borelo—field on[0, 1] x R, we denote[ f dQ as@ f. We now turn our attention to the
least squares problem.

The objective is to minimiz&®,, [(y — Yi(a, 2))? 1(z < d) + (y — ¥u(Bu, 2))? 1z > d)]
over all (a, 3,d), with 0 < d < 1. Let (B, Bun,dn) denote a vector of minimizers.
Note that we refer to “a vector” of minimizers, since therdl e, in general, multiple
tri-vectors that minimize the criterion function. The aptotic properties of such a vector
can be studied by invoking either the methods of Pons (2008)ase (in Chapter 14) of
Kosorok (2006) and Kosorok and Song (2006). We do not prothdedetails, but state
the results that are essential to theltistage learning procedurdlat we formulate in the
next section. We clarify next the meaning of a minimizer offght—continuous real—valued
function with left limits (sayf) defined on an interval. Specifically, any point € I that
satisfiesf(z) A f(z—) = minyerf(w) is defined to be a minimizer of. Also, in order
to discuss the results for the classical procedure and tfarséhe proposed multistage
procedures, we need to define a family of compound Poissaregses that arise in the
description of the asymptotic properties of the estimatdtte change point.

A family of compound Poisson processes:For a positive constanf\, let v*(-) be
a Poisson process o, co) with right continuous sample paths, with (s) ~ Poi(As) for



s > 0. Let 7™ (-) be another independent Poisson procesfomo) with left-continuous
sample paths, wit*(s) ~ Poi(As) and define a (right—continuous) Poisson process on
(—00,0] by {v=(s) = =t (—s) : s € (—00,0]}. Let{n "}, and{n; }2°, be two
independent sequences of i.i.d. random variables whetergalg assumes both positive
and negative values) is distributed liken being a symmetric random variable with finite
variancep?®. Given a positive constamd, define families of random variablgd/; " }>°,
and {V;”}2°, where, for each > 1, V;* = A/2 + n; andV, ' = —A/2 + n_;. Set
Vot =V, = 0. Next, define compound Poisson processBsand M, on (—oo, co) as
follows: M (s) = (X g<i<i+(s) V") 1(s = 0) andMy(s) = (Co<icv-(s) Vi ) 1s £0).
Finally, define the two—sided compound Poisson prodéss, 1 (s) = M (s) — Ma(s). It

is not difficult to see thaM, almost surely, has a minimizer (in which case it has muatipl
minimizers, since the sample paths are piecewise constéet)d;(A,n, A) denote the
smallest minimizer ofM4 , » and d, (A, 7, A) its largest one, which are, almost surely,

well defined. Then, the following relation holds:
A A
(dl(A7777A)7du(A7777A)) =d <dl < 777A> 5 <_ Q >> (22)
pp p’p
_ 1 A
= x(a(531)w(551) e

For the "classical problem”, the following proposition tsl

Proposition 1: Consider the model described at the beginning of Section @pp&e
that X has a positive bounded density df,1] and thatd® is known to lie in
the interval [¢p,1 — ¢g] for some smalle, > 0. Let (ﬁln,ﬁun, n) denote that
minimizing tri—vector (5, ., Bu.n, dx), for which the third component is minimal. Then,

(V(Bin — 81), vVi(Bun — Bu)sn(dn — d°)) is O,(1). Furthermore, the first two

components of this vector are asymptotically independétiteothird and

n(dy — d°) —q di(| p(d®+) — p(d®) |, 1, fx(d%))

_, g (! p(d+) = p(d) | a > '

fx(dY) o To’

Heteroscedastic errors: The proposition can be generalized readily to cover the ofse
heteroscedastic errors. A generalization of the classicalel to the heteroscedastic case
is as follows: We observe i.i.d. observations from the mod®l = n(X) + o(X) € where
wu(z) is as defined in (2.1)¢ and X are independent is symmetric about 0 with unit
variance and2(x) is a variance function (assumed continuous). As in the hosuzstic
case, an unweighted least squares procedure is used tatestita paramete(s;, 3, d°).
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As before, letting(5;., Bu.n, dn) denote that minimizing tri~vectots,. .., Gu.n, d»), for
which the third component is minimal, we have:

(o — %) —g di| () — () |, () &, ()
(L) )|
= g (M )

3 The Two-stage Procedure

We first describe a two—stage procedure for estimating thige) change—point. In what
follows, we consider a regression scenario where the reggdgngenerated at covariate
level x can be written a¥,, = p(z) + €, wheree is a symmetric error variable with finite
variance and: is the regression function. The errors corresponding ferdifit covariate
levels are i.i.d. We first focus on the simple regression tioncu(z) = ag 1(z < d°) +
Bo1(z > d°) and discuss generalizations to more complex parametricelndater. We
are allowed to sample covariate—response pairs at most and are free to samplpanses
from any covariate level that we like.

e Step 1: At stage one\n covariate values are sampled uniformly frdfy1] and
responses are obtained. Denote the observed daf&hy;}",, n1 = Anand the

=1

corresponding estimated location of the change poini,py

e Step 2: Sample the remainimg = (1 — \)n covariate—response pai®;, W;}2,,
where:

W; = /L(UZ) +ei, U;~ Unif [dnl,bm]

and[é,, , by, ] = [dn, — Kn;”,d,, + Kn]"],0 <~ < 1 andK is some constant.
Obtain an updated estimate of the change point based am,thevariate—response
pairs from stage 2, which is denoted di),y2

We discuss the basic procedure in some more detail. (&gf,3,,,d,,) denote the
parameter estimates obtained from stage one. Pl.gtdenote the empirical measure of
the data point§U;, W;};2,. The updated estimates are computed by minimizing

Py [{(w — é‘ﬂ1)2 I(u<d)+ (w— Bn1)2 I(u > d)]
which, as is readily seen, is equivalent to minimizing thecess

My, (d) = Py [{(w = &ny)* = (w = )} (u < d) = I(u < d°))].



The procesg@ln2 is a piecewise constant right continuous function with ligfits. We
let cZnQ,l anchnM denote its minimal and maximal minimizers, respectivelyr @oal is

to determine the joint limit distribution of normalized gesns of (d,,, i, dn, ). This is
described in the theorems that follow.

Theorem 3.1 Assume that the error variablkein the regression model has a finite moment
generating function in a neighborhood of 0. Then, the randasutor nlﬂ(cim,l —
d°, dpy o — d°) is Op(1).

Remark: The proof of this theorem is fairly technical and particlyalong and thus
deferred to the Appendix. However, a few words regarding ittteition behind the
accelerated ratef convergence are in order. For simplicity, consider samagbrocedures
where instead of sampling from a uniform distribution onititerval of interest, sampling
takes place on a uniform grid on the interval. The intervahfrwhich sampling takes
place at the second stage has lerfthn; ”. Since then, covariate values are equispaced
over this interval, the resolution of the resulting grid dtigh responses are measured is
O(ny” /ng) = O(n~(*7)) and this determines the rate of convergence of the two stage
estimator (just as the rate of convergence in the classiogepgure where covariates are
equispaced ovdf), 1] is given by the resolution of the resulting grid in that sitoa, which

is simply (n~1)).

We next describe the limit distributions of the normalizestimates considered in
Theorem 3.1.

Theorem 3.2 SetC'(K, \,v) = (2K)~* (\/(1 — X\))?. The random vecton%”(cim,l -
d°, d,, .. — d°) converges in distribution to

(dl(| Qo — ﬁO |7€>O(K7 /\7/7))7du(| ap — ﬁ(] |7€>O(K7 /\7/7))) .

Remark: The asymptotic distributions of the 'zoom-in’ estimatone ajiven by the
minimizers of a compound Poisson process. The underlyingsBio process is basically
the limiting version of the count proce$®,,(s) : s € R}, whereP,(s) counts the number
of Uy’s in the interval(d®, d° + s/ny™"] U (d° + s/ny"7,d°). It can be readily checked
that marginally,P,(s), converges in distribution to a Poisson random variablé wiean
C (K, \,7)s, using the Poisson approximation to the Binomial distigiut On the other
hand, the size of the jumps of the compound Poisson procdsssisally determined by

lag — ol /o, the signal-to-noise ratio in the model.

General parametric models: These results admit ready extensions to the case where the

8



function u(x) is as defined in (2.1). As in the case of a piecewise congtani = An
points are initially used to obtain least squares estimaités;, 3., d"), which we denote
bY (Biny» Bunysdn,). Step 2 of the two—stage procedure is identical and the agdat
estimatez:in2 is computed by minimizing the criterion function

Pnz [{(w - wl(Bl,mau)z I(’LL < d) + (w - ¢U(Bu,n1>u)2 I(u > d)]

which is equivalent to minimizing

Mm(d) = ]P)m [{(w - ¢l([§z,mau))2 - (w - wu(Bu,mau))z}([(u < d) - [(u < do))] :

Letting cZnQJ anchnM denote the smallest and largest argminM;;f2 respectively (as in
the piecewise constant function case), we have the follgWwiroposition.

Proposition 2: The random vecton%”(ciml —d°, cZnM — d%) converges in distribution
to

(dl(| wl(ﬁl>d0)_¢u(ﬁuado) |>€7C(K’>‘77))7du(| wl(ﬁl>d0)_¢u(ﬁuad0) |>€7C(K’>‘77))) :

The heteroscedastic case: Similar results continue to hold for a heteroscedastic
regression model. We formulate the heteroscedastic gedtinfollows. At any given
covariate level, the observed respon3g = pu(x) + o(x) € with u(z) as defined in (2.1),
o?(x) is a (continuous) variance function adds a symmetric error variable with unit
variance. The errors corresponding to different covasatees are independent. Using the
same two stage procedure as described above, the followapggition obtains.

Proposition 3: We have
ny (A = A% dny = d°) = (di(] 1(B1, d°) = u(Bus d°) |, 0 (d) & C (K, N, 7)),

du(| wl(ﬁbdo) - ¢u(ﬁuad0) |>U(d0) g>C(K7 /\’/7))) :

Remark: With choice of a constant variance functior?(z) = o2, the heteroscedastic
model reduces to the homoscedastic one. We, neverthelesgnp results for these two
situations separately. We also subsequently derive oultseer the homoscedastic case,
the derivations extending almost trivially to the heteemiastic case.



3.1 Some Generalizations

We briefly discuss some generalizations of the two—stageepioe. The first of these
considers more general neighborhoods of the initial eséméthe change—point and the
second generalizes the two—stage procedure to multigiesta

More general neighborhoods: Instead of considering a polynomially decaying
neighborhood of the initial estimate in Step 2, one coulds@®r a more general
neighborhood of the forrfi,,, — k, 7!, dp, + k, n~'] wherek,, = o(n~!) andk,, — co.

In this cas€(dy,, 1 — d°, dp,.. — d°) is O,(k,/n?), so that, in theory, rates logarithmically
close ton? can be achieved (s&f, = logn). The procedure discussed at the beginning of
Section 3 is a special case of this scenario Wjth= K A\~ n'=7. For the heteroscedastic
model described above,

n? /.

= (dnga = &g = &) = (dol] 1B ) = 0B ) |0 (d) (1= X)/2),

du(‘ wl(ﬂhdo) - wu(ﬂua do) ‘7U(d0) €, (1 - )‘)/2)) :

Multi-stage procedures: Consider a generalization of the two stage proceduré to
stages in the setting of the heteroscedastic model with argeparametric regression
function u. Let A\q, Xo,..., A\ be the proportions of points used at each stage (where
M+ X+ ...+ A = 1) and letn; = A;n. Also, fix sequences of numbers
0 < Yp—1) < ... <70y < landKy, Ky, ..., Ky 1 (with K; > 0). Having used,
points to construct the initial estimadg, , in theqth (2 < ¢ < k) stage, define the sampling
neighborhood afi,,, , — Kq_ln;_((lq_z)ﬂ‘?*l),danl + K _1n;_((1q_2)+7‘1*1)], samplen,
covariate—response paifs;, u; };, from this neighborhoodW; = 11(U;) + ¢; and update
the estimate of the change—pointdg,. Let (dy, ;, ds,..) denote the smallest and largest
estimates at stage. It can be shown than,ik_l)ﬂ““’”((dnk’l — ), (dpy 0 — d°)) is
O,(1) and converges in distribution {@;, d,,), where(d;, d,) is the vector of the smallest
and the largest argmins of the procéds| v;(5;,d°) — ¥y (Bu,d°) |,o(d°) € Cy), with
Cr = (1/2Kg_1) (Ap—1/Ae) =2 H70-0)

3.2 Proof of Theorem 3.2

For the proof of this theorem (and the proof of Lemma 3.2 in Alppendix) we denote
the procesl|,—g,|.,c(k,x~) SImply byM and its smallest and largest minimizers simply
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by (d;,d,). Our proof of this theorem will rely on continuous mapping fhe argmin
functional. For the sake of concreteness, in what followes aasume thaty < Gy. Under
this assumption, with probability increasing to ra&@nd consequently;) goes to infinity,
Gy < fBn, andd® belongs to the sétl,, — K n; ", dy,, + K n;"]. Onthis setd, i, dny )

can be obtained by minimizing (the equivalent) criteriondtion:

andd® is characterized as:

d® = argminP 5

(w _ M) (I(w < d) — I(u < do))]

whereP is the distribution of W, U). Therefore, in what follows, we take:

M, (d) = P, [(w—&n%—%> (I(uﬁd)—[(ugdo))] ,

andd,,,; andd,,, , to be the smallest and largest argmins of this stochasticeps Set
(Ents En) = N (dpy g — d°, dpy — d°). Then(&,, &) is the vector of smallest and
largest argmins of the stochastic process:

M, (5) ij; [(wi_dn%ﬁm> (I (Uiﬁdo—i-n;_,y> —I(ui§d0)>]

= My, (s) — M, (s)

where
M, (s) = Mip,(s) 1(s > 0) and M, (s) = —M,,(s) 1(s < 0).

We now introduce some notation that is crucial to the submeigdevelopment. Lef
denote the class of piecewise constant right continuoustibms with left limits (fromR

to R) that are continuous at every integer point, assume theaht 0 and possess finitely
many jumps in every compact interalC, C] whereC' > 0 is an integer. Lef denote the
pure jump process (of jump size 1) corresponding to the fongt; i.e. f is the piecewise
constant right continuous function with left limits, sudtat for anys > 0, f(s) counts the
number of jumps of the functiof in the interval[0, s], while for s < 0, f(s) counts the
number of jumps in the sék, 0).

11



For any positive intege€ > 0, let D[—C, C] denote the class of all right continuous
functions with left limits with domaif—C, C| equipped with the Skorokhod topology and
let D[-C, C] x D[-C, C] denote the corresponding product space. FinallyDftdenote
the (metric) subspace @ ([—C, C]) x D([-C, C]) that comprises all function pairs of the
form (f \[_C,C],f —c,c]) for f € S. We have the following Lemma which is proved in
the Appendix.

Lemma 3.1 Let {f,,} and f, be functions inS, such that for every positive integér,
(fu li—c.cps fn l-c.cp) converges td fo [[_c.c1, fo |[-c.c7) in DS where f, satisfies the
property that no two flat stretches ¢f have the same height. L&tc andu, ¢ denote
the smallest and the largest minimizers fagfon [-C, C], andly ¢ and ug ¢ denote the
corresponding functionals fofy. Then(l,, ¢, un.c) — (lo,c,uo,c)-

Consider the sequence of stochastic procedggs(s) and let J,,(s) denote the
corresponding jump processes. We have:
Jny(s) = sign(s) )

S
<I (Ui <d°+ m) ~1(U; < d0)>]
i=1 L)

= Jn,(s) +Jn,(s)

n2

where
Tna(8) = Jny(s) 1(s > 0) and Iy, (s) = Jp,(s) 1(s < 0).

The jump process correspondingl¥f(s) is denoted byi(s) and is given byt (s)1(h >
0) + v~ (s)1(h < 0). For eactn,{M,,,(s) : s € R} lives inS with probability one. Also,
with probability 1,{M(s) : s € R} lives inS. Also, on a set of probability one (which
does not depend ofY'), for every positive intege€', (M, (s),Jn,(s)) : s € [-C,C))
belongs toD§ and so doe$(M(s),J(s)) : s € [-C,C]). Let (&0, &n.cu) denote the
smallest and largest argmin df,,, restricted to[—C, C] and let(d¢,, dc ) denote the
corresponding functionals fof restricted td—C, C]. We prove in the Appendix:

Lemma 3.2 For everyC' > 0, ((M,,,(s),Jn,(s)) : s € [-C,C]) converges in distribution
to (M(s),J(s)) : s € [-C, C]) in the spaceD?.

Consider the functiorh that maps an element (a pair of functions) @f to the two
dimensional vector given by the smallest argmin and theekrgargmin of the first
component of the element. Using the fact that almost sur@tyvo flat stretches d¥ll have
the same height, it follows by Lemma 3.1 that the prodgb&(s),J(s)) : s € [-C,C])

12



belongs, almost surely, to the continuity set of the fumctto This, coupled with the
distributional convergence established in Lemma 3.2 léattse conclusion that

(Encitréncu) —d (dog,dow) - (3.4)

We will show that(&,, ;, &) — (di,dy). To this end, we use the following lemma from
Prakasa Rao (1969).

Lemma 3.3 Suppose thafW,}, {W, } and {W.} are three sets of random vectors such
that

(1) lime—o limsup, ..o P[Wpe # Wy] = 0,  (it) limeg PWe # W] = 0
and (iii) Foreverye >0, Wy —g W, asn — oo.

Then W,, —4 W, asn — oo.

Before applying the lemma, we first note the following fa¢ts: The sequence of (smallest
and largest minimizersj,, ;,&,..) is Op(1), and (b) The minimizersd;, d,,) are O,(1).
Now, in the above lemma, set= 1/C, Wy = (.00 éncu), We = (dey,dow),
Wy = (&n1,énu) @andW = (d;, d,,). Condition (jii) is established in (3.4). From (a) and
(b) it follows that Conditions (i) and (ii) of the lemma aretisied. We conclude that
(gn,lvén,u) —d (dlydu) U

Remark: It is instructive to compare the obtained result on the cagemce of the
(non—unique) argmin functional to that considered in Fe(g@604). Ferger deals with the
convergence of the argmax functional under the Skorokhpdldgy in Theorems 2 and 3
of his paper. Since the argmax functionahis continuousunder the Skorokhod topology,
an exact result on distributional convergence cannot béewesth. Instead, asymptotic
upper and lower bounds are obtained on the distributiontiomof the argmax in terms of
the smallest maximizer and the largest maximizer of thetlpnicess (page 88 of Ferger
(2004)). The result we obtain here is, admittedly, in a mpexmlized set—-up than the one
considered in his paper, but it is stronger since we are abidw exactdistributional
convergence of argmins. This is achieved at the cost of soina effort: establishing the
joint convergence of the original processes, whose argana®f interest, and their jump
processes, and subsequently invoking continuous mappimgler this stronger mode of
convergence, the argmin functional indeed turns out to bérmoous, as Lemma 3.1 shows
(the arguments employed are similar in spirit to those iti@ed4.5.1 of Kosorok (2006)).
This result allows us to construct asymptotic confidenceriats that havexactcoverage
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at any given level, as opposed to the conservative intepralsosed in Ferger (2004). That
the exact confidence intervals buy us significant precisiggr the conservative ones is
evident from the reported simulation results discussecetiGn 5.

4 Strategies for Parameter Allocation in Finite Samples

In this section, we describe strategies for selecting thentu parametersk’,~ and

A used in the procedure. We do this in the setting of the simptgesssion model
p(x) = ag 1(z < d°) + By 1(z > d°) and homoscedastic normal errors, obvious analogues
holding in more general settings.

Recall that(cZn27l,cin2,u) are the minimal and maximal minimizers at Step 2. Set:
2,00 = (dnyt + dny)/2- In what follows we use this as our second stage estimatesof th
change—point. Using notation from Theorem 3.2 of this paperhave:

né—w(‘i?,cw - do) —d w '

It is also not difficult to see that this limit distribution symmetric about 0.

Henceforth, the notation Argmin will denote the simple aggr of the minimal and
maximal minimizers of a compound Poisson process. The gydnt, — [y | /o will be
denoted as SNR (signal-to-noise ratio). The higher the SN&Rmore advantageous the
estimation of the change point at any given sample size woeldBy (2.2) and (2.3), we

have:
1

M= Miao—sol.c.otmrm =d Erg 37y MSNRz1

whereZ is standard normal random variable. This is a consequentte déct that /o ~
N(0,1). From Theorem 3.2 and the above display, we have:

Ly 3 0 1 -2\’ :
n ’Y(dgﬁw —d ) —d 2K ArgmmMSNRZl

(1=t A
2K ,
= TN ArgminMgNR 7 ; -

For a fixed K and~ this immediately provides an optimal allocation for We should
choose\ so as to maximizey log A + log(1 — A) which occurs at\,,; = v/(1 + 7).
It can be seen that the approximate standard deviatiorﬁggt is then given by
n~ 042 K 7/U(y)) where¥ (y) = 47 /(1 4 ~)'*7. This is actually decreasing in
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Consider now a one-stage procedure with the covariateslsdnmmom a densityfx,
with the estimate of the change—point once again chosen thebsimple average of the
minimal and maximal minimizers; call thi,,. In this case, the standard change—point
asymptotics in conjunction with (2.2) and (2.3) give:

n (dgy — do) —q

1 .
T (@) Argmin MSNRZ,l .

This immediately provides an expression of the asymptdficiency of the two-stage
procedure with respect to the one-stage (in terms of ratfoapproximate standard
deviations) given by:

n’ v
ARE; 1 (n) = WX((’QO).

In finite samples, how do we choose ddrand~? For anyy, note that the interval from
which sampling at Stage 2 takes place is of the fédim — Kn{", dn, + Kn{"]. The
requirement that this interval contaid$ with probability increasing to 1 (with increasing
n) translates to choosing’ = K, in such a way thaf,,, ny ' = C¢/ni whereC¢ is

the upper'th quantile of the distribution of ArgmiMSNRZ1 (which can be shown to be
symmetric about 0). Hergis a very small fraction, say, .0005. In other words, we want
to “zoom in” but not “zoom in” so much that we systematicalbars missingd® in our
sampling interval.

Now, setting K = K, = Cg/n}”, writing n; = n+vy/(1 + ) and using the
form of the function’ , we get an approximate formula for the ARE:
ARE; 1 (n) . 7

T 20 fx(d0) (1+7)2°

The latter is maximized at = 1, which corresponds to an allocation of 50% points at Stage
1 (and the remainder at Stage 2) and gives the approximateaSRE
~ n

"~ 8Cc fx(d)

Itis not difficult to see that the same approximate formutetie ARE holds for some other
measures of dispersion, besides the standard deviation. Le

AREQ’l(n) (45)

E | dg —d|
21,MAD (7) = — o |
and .
IQR(dy,)
AR (n) = —>2L
E1IQR QR (dh.00)

15



where both first and second stage estimates are based oresashgizen, and IQRX)
denotes the inter—quartile range of the distribution ofralcen variableX. Then, following
similar steps to those involved in calculating the ARE bagedstandard deviations, we
conclude that:

n
ARE, . MAD () ~ ARE; 1 1R ~ S 107 -

The accuracy of the above approximation is confirmed engdlyithrough a simulation
study. The setting involves a change-point model given by

y; = 0.5I(x < 0.5) + 1.5I(z > d°) + ¢;, ; € (0,1). (4.6)

The variances? was chosen so that the SNR defined(ds — ag)/c = 1,2,5 and 8
and the sample size varies in increments of 50 from 50 to 150tk results based on
an interval corresponding t@ = .0025 are shown in Figure 2. It can be seen that there
is great agreement between the theoretical formula for tR& And the empirical ARE,
especially for the IQR at all SNR levels and to a large extenttfe MAD measure. On the
other hand, the presence of 'outliers’ amongst the firstesésfimates introduces too much
variability, which in turn leads to inaccuracies for the posed formula with the standard
deviation as a measure of efficiency.

Remark: The formula for the ARE in (4.5) says that the "agnostic” twage procedure
("agnostic” since the covariates are sampled uniformlyaathestage) will eventually, i.e.
with increasingn, surpass any one stage procedure, no matter the amountkafrband
information incorporated about the location of the chapgét in the one stage process,
so long as there is uncertainty about the exact location. canehink of an "oracle—type”
one stage procedure where the experimenter samples theatesarom a density that
peaks in a neighborhood df relative to the uniform density (corresponding to high eslu
of fx(d")). The faster convergence rate of the two stage proceduaéivielto this one
stage procedure guarantees that with increasinthe ARE will always go to infinity.
Further, expression (4.5) provides an approximation tontidmal sample size required
for the two-stage procedure to outperform the "classicaig,oa result verified through
simulations (not shown here).

Remark: A uniform density has been considered up to this point forg@ang second

stage covariate-response pairs. We examine next the casgngfan arbitrary sampling
densitygy(-) supported on the intervéd,,, — Kni"7, dn, + Knj "] and symmetric around
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Figure 2: Top panels: ARE for standard deviation, IQR and MiBasures for SNR=1
(left) and 2 (right). Bottom panels: Corresponding ARE f&fF5=5 (left) and 8 (right).

d,_1. A natural choice for such a density is

d—d n]
) =h|—>2| =,
g (&) ( n, 'K ) K

for a densityh(-) supported orj—1, 1] and symmetric about 0. Analogous arguments to
those used in the proof of Theorem 3.2 establish that theorambctorné”(dnz,l -
d°, d,, .. — d°) converges in distribution to

(dl(| ao — Po |7€70(K7>\777h))7du(| ap — o |7€>C(K7 /\7/77 h)))7
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where A ™\ h0)
C(K, A7, h) = (m > 7

With the error term normally distributed, as assumed in $astion, we get
nHﬂ/(CZQ,av - do) —d

K .
m Argm'n MSNR,Z,I 5

and it can be readily checked that the approximate ARE fammediuces to

nh(0)
ARFE N
21(n) 4C¢ fx (d°)
It can be seen that the more "peaked” the sampling denpgifgquivalentlyr) is the greater
the efficiency gains. However, one needs to be careful, shcabove formula is obtained
through asymptotic considerations. In finite samples, g peaked density arounf;iL1 may
not perform well, since bias issues (involvitd — dm)) must also be taken into account.

4.1 Uniform Sampling Designs

Simulation results indicate that in the presence of a smadigbt of available points
(n = 20 or 50), the efficiency of the two-stage estimator can be ivguidy employing a
uniform (equispaced) design in the first stage. The reastiraisuch a design reduces the
sampling variability of the covariate, which leads to improved localization of the change
point. However, the approximate formula for the ARE disegsabove is no longer valid
when we use a uniform design at the first stage, since the dstiogpof the one stage
estimator are then no longer described by the minimizer aimpound Poisson process.
We elaborate on this point below.

Suppose that a uniform design ¢M 1] is used in the first stage. The covariateis
then sampled at the points = i/(n; + 1), ¢ = 1,---,ny. Consider the case where
d® = 1/2, since this is taken up later on in the simulation study. Fribw results
established thus far and the remark following Theorem 3., élear that the asymptotic
distribution of the 1st stage estimator will be determingdthe limiting behavior of the
count processP,(s), whereP,(s) is once again the number of covariate values in the
interval (d°, d° + s/n1] U (d° + s/n1, d°]. However, in the presence of a uniform sampling
design, this becomesdeterministicprocess and is given by

50+ 1)+ (L s = L5 (mn o+ D) 2 Wi, (5)

18



From the last expression, it can easily be seen that the dfiit;,, (s) will be different
along even and odd subsequences:pffor d® = 1/2 under consideration. As a side
remark, notice that for irrational’ the limit may not even exist.

Considern; — oo along an even subsequence, so th&f,(s) — [1/2 + |s|].
Then, the form of the limit process whose minimizer deteemirnthe asymptotic
distribution of the least squares estimator is given@fs) = O;(s) — Oz(s), with
O1(s) = (Zogigu/zﬂsu V;")1(s = 0) andOs(s) = (20§i§L1/2+\s|J Vi )1(s < 0), with
the V= defined as before. The main difference is that the numbereitewp to to time
s are deterministic and occur at regular intervals, and hembéit less variability than a
Poisson process with the same number of events up todiniderefore, the asymptotics
of dm in this special case are described by the minimizer of a comggrocess, driven
by a deterministic one.

5 Confidence Intervals for the Change-Point

We compare next the performance of exact confidence intevated on the result
established in Theorem 3.2, to those proposed in Ferged]200loreover, confidence
intervals for finite samples will be constructed followidgetdiscussion in Section 4.

For all these comparisons, simulations were run for a stumpdeain with
ag = 0.5, fp = 1.5, d° = 0.5 and sample sizes = 50,100,200, 500, 1000
with N = 2000 replicates for eachm. Confidence intervals forl’ based on the
minimal minimizer dml, the maximal m|n|m|zerdn2u, and the average minimizer
dm,av = (dml + dn2 «)/2 were constructed. Two values of = 1/2 and 2/3 and two
values of K = 1 and 2 were used together with the optimal allocatbor: /(1 + 7) as
discussed in Section 4. The confidence level was sketay = .95 and the percentage of
replicates for which the true change-point was includechandorresponding intervals, as
well as the average length of each interval, were recordedhit follows, the symbolg,
andd,, have the same connotations as in the proof of Theorem 3.2.

5.1 Conservative Intervals

Using the results of Ferger (2004), based on any two—stagaaaerdm, we propose an
asymptotically conservative confidence intervaldbrat levell — ¢:

I(q) := (dn — b/ny"7, d,, — a/ny*)
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wherea < b are any solutions of the inequality
Prol(d, < b) — Pro(d; <a) >1—q.

Based on the smallest, largest and average minimizers gé 2awe therefore obtain
intervals

Ly (q) = (dpyy — /0y dpyy — a/ny™),
7 1 7 1
Inmu(Q) = (dm,u - b/nQ—wv dnz,u - a/n2+'y),

and

Ly a0(9) = (dnav = b/1y" iy o = a/n3"7)

wherea is theq/2" quantile ofd; andb is the(1 — ¢/2)*" quantile ofd,. These quantiles
do not seem to be analytically determinable but can ceytdialsimulated to a reasonable
degree of approximation.

In the next Table the coverage probabilities together withlength of the confidence
intervals are shown for a number of combinations of sampkssind tuning parameters and
with the SNR set equal to 5. It can be seen that the recordeztage exceeds the nominal

n=50 n=100 n=200 n=500 n=1000

N = % K=1 | K=2 | K=1 | K=2 | K=1 | K=2 | K=1 | K=2 | K=1 | K=2
97.409%97.55%97.40%98.20%97.65%98.00%496.55%97.05%97.15%97.75%
fnz,l (.0580 (.1208)( (.0205)(.0427) (.0072) (.0151)(.0018) (.0038) (.0006) (.0014)
97.05% 98.60%97.650/ 97.059%497.65%97.85%97.40%97.90%97.80%98.00%
an (.0580 (.1208)( (.0205)(.0427) (.0072) (.0151)(.0018) (.0038) (.0006) (.0014)
99.80%499.95%999.80%499.95% 100% | 100% |99.80% 100% |99.70%99.95%
av|(.0580) (.1208) (.0205) (.0427) (.0072) (.0151) (.0018) (.0038) (.0006) (.0014)
v = % n=50 n=100 n=200 n=500 n=1000
98.15%97.70%97.65%98.30%97.90%97.70%97.65%97.30%97.75%97.70%
I, [(.0299 (.0581)( (.0094) (.0183) (.0030) (.0058)[(.0006) (.0013) (.0002) (.0004)
98.00°/c98.20%97.850/(98.55%97.90°/c98.10%98.30%97.75%97.60%98.50%
I, [(.0299 (.0581)( (.0094) (.0183) (.0030) (.0058)[(.0006) (.0013) (.0002) (.0004)
99.60°/c99.95%99.600/(99.90%99.85°/c99.95%99.85%99.90%99.85%99.95%
I, av|(.0299 (.0581)( (.0094) (.0183) (.0030) (.0058)[ (.0006) (.0013) (.0002) (.0004)

Table 1: 95% Conservative Confidence Intervals for a contisinaf sample sizes and the
tuning parameters, K and for SNR=5

level of 95% and almost approaching perfect (100%) covefaigihe average minimizer.
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5.1.1 Exact Confidence Intervals

On the other hand, since Theorem 3.2 provides us wittexaetasymptotic distributions
of the sample minimizers, we can construct asymptoticathce (levell — ¢ confidence
intervals) as follows:

jng,l(q) = (dn27l - bl/n;—’_ﬂya dAng,l - al/né—i_'y)?

jng,U(q) = (sz,u - bu/né—w, sz,u - au/né—w),

Loy av(q) = (dng,av — bav/”§+7> dnmcw - aav/n%—w)
whereay, by, a,, by, aq, @andb,,, are the exact quantileg;( a,, anda,, correspond t@/2th
quantiles andy, b,, andb,, correspond t¢1l — ¢/2)** quantiles) ofd;, d,, and(d; + d.,)/2,
respectively.

In the following Table, the coverage probabilities togetiwith the length of the
confidence intervals are shown for a number of combinatidrsample sizes and tuning
parameters and with the SNR set equal to 5. It can be see thabvtierage probabilities are

n=50 n=100 n=200 n=500 n=1000

v = % K=1 K=2 K=1 K=2 K=1 K=2 K=1 K=2 K=1 K=2
95.00%94.20%93.80%95.25%95.25%94.10%93.40%94.50%95.05%94.90%
I, [(.0283)(.0599) (.0100) (.0212) (.0035) (.0075) (.0009) (.0019) (.0003) (.0007)
94.20% 96.50%94.80"/ 94.95%94.45%95.85%94.85%95.90%95.50%495.85%
Iy | (:0294) (.0602) (.0104) (.0213) (.0037) (.0075)| (.0009) (.0019)| (.0003) (.0007)
94.30%95.25%94.35%94.05%494.40%95.45%93.20%94.85%94.55%95.30%
.av|(.0236)(.0487) (.0083) (.0172) (.0029) (.0061) (.0007) (.0015) (.0003) (.0005)
v=2 n=50 n=100 n=200 n=500 n=1000
95.65%95.40%495.05%496.05%495.35%495.45%495.30%495.30%495.05%495.90%
I, [(:0148)(.0277)(.0047) (.0087)|(.0015) (.0027) (.0003) (.0006) (.0001) (.0002)
95.40% 96.00%95.65"/ 96.609%95.80%96.15%96.20%96.60%95.15%496.85%
Iy [(:0149) (.0302) (.0047) (.0095)[(.0015) (.0030) (.0003) (.0006) (.0001) (.0002)
95.15% 96.45%95.20"/ 96.95%94.75%96.10%95.30%96.15%94.05%96.10%
Iy a0 | (0120) (.0253) (.0038) (.0080) (.0012) (.0025) (.0003) (.0005) (.0001) (.0002)

Table 2: 95% Exact Confidence Intervals for a combinationashle sizes and tuning
parameters, K for SNR=5

fairly close to their nominal values, especially for= 2/3. Further, their length is almost
half of those obtained according to Ferger’s (2004) metkaaklly, it should be noted that
analogous results were obtained for SNR=2 and 8 (not shoenadspace considerations).
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5.1.2 Construction of Confidence Intervals in Finite Sample

Confidence intervals in finite samples can also be based oradhetive parameter
allocation strategies discussed in Section 4. We brieflgudis this below, adopting
notation from that Section.

With tuning parameterds and v and the optimal allocation oA = ~/(1 + v), a
level 1 — g confidence interval foi® is given by

— _ 2K — _ 2K
|:d2,av -—n (1+7) Cq/2 W, d2,cw +n (1+7) Cq/2 W]

With the adaptive choicedy = K,y = C; nl_(l_'”, whereg/2 >> ¢ andn; = n~vy/(1+
), the above confidence interval reduces to:

[d/\ 2CcCyp (147)? — _|_2C{Cq/2 (1"‘7)2}

2.av D) ) d2,cw 2
n Y n Y

To minimize the length, we lef tend to 1, to obtain an approximate lexel ¢ confidence
interval as follows:
{A 8C:Cq2 — 8C¢ Cq/ﬂ

2,av — T7 2,av n2

Simulations were run for the above stump model for four difé sample sizes: 50,
100, 200, and 500 with 5000 replicates for each sample siddar different values of
SNR=2, 5, 8. Confidence intervals as defined above were cotesth (withg = 0.05). The
percentage of intervals containing the true change-pogéther with their length were
recorded and shown in Table 3.

SNR=2 SNR=5 SNR=8

N | Coverage| Length| Coverage| Length | Coverage| Length
50 | 93.24% | 0.2780| 95.48% | 0.0383 | 95.68% | 0.0329
100 | 94.08% | 0.0695| 95.24% | 0.0096 | 95.54% | 0.0082
200 | 94.48% | 0.0174| 94.78% | 0.0024 | 95.16% | 0.0021
500 | 94.82% | 0.0028| 95.08% | 0.00038| 94.94% | 0.00033

Table 3: 95% Confidence Intervals constructed using thetadaparameter allocation
strategy for different sample sizes and SNR witl 0.0005
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We examine next the performance of confidence intervals itefsamples, but where a
uniform (equispaced) design is used in the first stage (geshiown in Table 4) and in
both stages (results shown in Table 5). The setting is idaintd that used in Table 3. As
the discussion in Section 4.1 indicates, it is not obviouw tiee tuning parameters's
should be chosen in this case; therefore, the samealue as the one used in Table 3 was
employed. It can be seen that a uniform design used in thetdge sloes not improve
performance in terms of coverage or length. However, usinmitorm design in both
stages and setting: andC, to the same values as in Table 3 leads to rather conservative
confidence intervals, especially for larger sample sizeshagher values of SNR. Notice
that the lengths of the confidence intervals are identicahtse in Table 3 due to the
choice of the tuning parametefs andC,. Nevertheless, experience shows that a uniform
design used in the 1st stage gives better mean squared iersomsll samples, or whedf

is closer to the boundary of the covariate’s support.

SNR=2 SNR=5 SNR=8

N | Coverage| Length| Coverage| Length | Coverage| Length
50 | 93.72% | 0.2780| 95.14% | 0.0383 | 95.56% | 0.0329
100 | 93.88% | 0.0695| 95.12% | 0.0096 | 95.20% | 0.0082
200 | 94.62% | 0.0174| 95.52% | 0.0024 | 95.52% | 0.0021
500 | 94.72% | 0.0028| 94.96% | 0.00038| 95.12% | 0.00033

Table 4: 95% Confidence Interval constructed using the adaplrameter allocation
strategy for different sample sizes and SNR wjth= 0.0005 using a uniform design in
the 1st Stage

SNR=2 SNR=5 SNR=8

N | Coverage| Length| Coverage| Length | Coverage| Length
50 | 95.06% | 0.2780| 100.00% | 0.0383 | 100.00% | 0.0329
100 | 96.66% | 0.0695| 99.98% | 0.0096 | 100.00% | 0.0082
200 | 96.94% | 0.0174| 100.00% | 0.0024 | 100.00% | 0.0021
500 | 97.32% | 0.0028| 99.96% | 0.00038| 100.00% | 0.00033

Table 5: 95% Confidence Interval constructed using the adaptirameter allocation
strategy for different sample sizes and SNR wjth= 0.0005 using a uniform design in
both stages
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5.2 Data application

We revisit the motivating application and estimate the deapoint using both the
"classical” and the developed two-stage procedures. Tiaé badget was set to = 70
and the model fitted to the natural logarithm of the delaysmised two linear segments
with a discontinuity. Given that the data (134 system logsliand their corresponding
average delays) have been collected in advance, a sampéngamism close in spirit to
selecting covariate values from a uniform distribution easployed for both procedures.
Specifically, the necessary number of points was drawn froomiform distribution in
the [0, 1] interval and amongst the available 134 loadings the onesestdo the sampled
points were selected, together with their correspondisganses. An analogous strategy
was used when a uniform design was employed in the 1st statye aflaptive procedure.
For the two-stage procedure, we et 1/2 and the remaining tuning parameters to those
values provided by the adaptive strategy discussed in@edti with( = .0005. The
results of the "classical” procedure, the two-stage adagirocedure with sampling from
a uniform distribution in both stages and from a uniform dasin the 1st stage and the
uniform distribution in the 2nd stage are depicted in thé, leénter and right panels of
Figure 3, respectively. The depicted fitted regression fisoalee based on the first stage
estimates for the two-stage procedure. Further, the sapaits from the two stages
are shown as solid (1st stage) and open (2nd stage) cirtlean be seen that the heavier
sampling in the neighborhood of the 1st stage estimate othlhege-point improves the
estimate given the available evidence from all 134 pointswshin Figure 1.

The estimated change-point from the "classical” procedsrd, = .737 with a 95%
confidence interval.682,.793). Using a uniform distribution in both stages gave an
estimated,,, = .796 with a 95% confidence intervdl781, .811). On the other hand, a
combination of a uniform design in the 1st stage with that ah#orm distribution in the
2nd stage yielded an estimatg, = .802 with a 95% confidence interv4l787,.817). As
shown in this case and validated through other data exantpkesise of uniform design in
the first stage proves advantageous in practice, espefmakynall samples or in situations
where the discontinuity lies fairly close to the boundaryhaf design region.

6 Concluding Remarks

In this study, a multistage adaptive procedure for estimgati jump discontinuity in a
parametric regression model was introduced and its priepearnvestigated. Specifically,
it was established that the the rate of convergence of thet lpiares estimator of the
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Figure 3: Sampled points (from 1st stage solid circles anthfnd stage open circles)
together with the fitted parametric models and estimatedigdgooint, based on a total
budget ofn = 70 points, obtained from the "classical” procedure (left dartbe two-stage
adaptive procedure with sampling from a uniform distribatin both stages (center panel)
and from a uniform design in the 1st stage and the unifornriligion in the 2nd stage
(right panel).

change-point can be accelerated and its asymptotic distiib derived. Several issues
pertaining to the tuning of the parameters involved in thecpdure were examined and
resolved. In practice, it is generally recommended thah@presence of a small budget
of points, a uniform design in the first stage proves benéfiéa present the parameters
of the parametric model are estimated in the 1st stage ofxperienent and held fixed
in subsequent stages. One may wonder why the parameterotare-estimated in the
presence of additional samples. The main reason is thatdiliicaal samples obtained
from a shrinking neighborhood arourfl are not particularly helpful for estimating global
regression parameters. The sole exception is the stumplmeldere using alln points
provide better estimates, especially for small budgetsalfy, it should be noted that a
multistage adaptive procedure would also work in the cand&a non-parametric model
with a jump discontinuity and produce analogous accelanatio the convergence rate of
the employed estimator; a comprehensive treatment ofdhis ts currently under study.
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7 Appendix

Proof of Lemma 3.1: Let f,(t) = > oo; Uni 1(t € [anyisanit1)) + Y ioq Un—i L(t €
[@n,—(i4+1); On,—i)) Where0 < ap1 < ap2 < ...and0 > a, 1 > ap—2 > ..., and let
fo(t) = 222, vil(t € [ai,aiq1)) + 22 v 1(t € [a_(41),a-3)). On[=C,C], the
limit function f; has finitely many jump points, saw,, to the right of 0 andn; to the left
of 0. The functionfn assumes the value 0 ¢, 1, ay, 1) and the value on [ay, ;, an i+1)
and|a, _(;+1), an,—i), foralli > 1. The functionf, assumes the value 0 ¢i_1,a;) and
the valuei on[a;, a;11) and[a_(;1),a—;), foralli > 1.

For anye > 0, consider, forl < i < m,, the pointsa; — ¢,a; + €. Since these
are continuity points off, f,, must converge tg, at these finitely many points. Singe
and f, only assume integer values, for all sufficiently largef,, (a;—¢) = fo(a;—e) = i—1
andf,(a; +¢€) = fo(a; +€) =iforall 1 <i < m, andfy(C) = f.(C) = m,. It follows
that the functionf,, has exactlym, jump discontinuities orf0, C] for all sufficiently large
n; furthermore, sincggn jumps between; — € anda; + € for all ¢, a,;, thed'th largest
jump location to the right of O satisfies:,, ; — a; |< e for 1 < i < m, for n large enough.
A similar phenomenon happens to the left of 0, with the nunatbgumps of f,, in [—C, 0]
being exactlym; for all sufficiently largen, and the jump locationéa,, —;};-'; converging
to the jump locationga_;}7", of fo on[—C,0].

Let [aj,a¢+1)) (With j > 0) denote the unique stretch on which the restriction
of fo to [-C,C] is minimized (that the minimizing stretch is unique is gusesd
by our assumptions). The value on this stretchvjs Now, consider the points
{(am + am+1)/2 : —my < m < m,} U{(=C + a_p,)/2, (am, + C)/2}. These are
continuity points off, (and fy) and by what has been shown in the previous paragraph, for
all sufficiently largen, these are continuity points gf, with (a,, + ams1)/2 lying in the
stretch witha,, ,, anda,, ,,+1 as extremities. Sincg, converges tof, in the Skorokhod
metric on[—C, C] it follows that f,((am + am+1)/2) — fo((am + am1)/2), for all

m. Also f,((—C + a_n,,)/2 and f,((am, + C)/2) converge tofo((—C + a—m,)/2)
and fo((am, + C)/2) respectively. Since; is the smallest value of on [-C,C] and is
separated from the remaining possible levelgodn [—C, C] andv, ;, the constant value
of f, on the stretcha,, ;,a, (j41)), converges te;, while the constant value gf, on any
other stretch converges to the constant valug @h the corresponding stretch for the limit
function, it follows that for all sufficiently large, vy is separated from the other possible
values of f,, and is the smallest value gf, on [-C, C]. It follows thatl,, ¢ = a, ; and
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un,c = an j+1 and these converge tg anda,;,1 which are simplylp ¢ andl,, c. A similar
argument works if the stretch on which the minimumfafon [-C, C] is attained lies to
the left of 0.0

Proof of Lemma 3.2: We first note thatD?, (which we view as a metric subspace
of D[-C,C] x D|-C,C]) is a measurable subset @[-C,C]| x D[-C,C]. To
establish convergence in distribution in the sp@¥, it therefore suffices to establish
convergence in distribution in the larger spdeg-C, C] x D[—C, C] (see the discussion
in Example 3.1 of Billingsley (1999)). This can be achieve}d(b) Establishing finite
dimensional convergence: showing tHad,,, (h;), Jn, (hi)}_; — {M(h;),J(h;)}._, for
all hy,hy,...,hin [—-C,C]. (b) Verifying tightness of the processeésl,,, (h), Iy, (h))
under the product topology. But this boils down to verifyimgrginal tightness.

Let

. ag+6 +8,
(1) = B ) (g 2 ) = i B () (U2 g
d—d%+
it(w—aO+Bo) . iep .
and L= (t) = Ele 2 | U = d°. Itis not difficult to see thatL.t is the

characteristic function of th&;*'s while L~ is the characteristic function of tHg~s. In
order to establish finite—dimensional convergence, wedistv that for a fixed, M,,, (s)
converges in distribution tdI(s). We do this via characteristic functions. Conside(t),
the characteristic function ofl(s) (with s > 0). We have:

E[eitl\/ﬂl(s)] _ E[eitZ()§k§u+(s)Vk+]

=0
l
s (L+(t))l (%(ﬁ)“/) _L(L)’Y
— Z 7 e 2K \1—x

=0

L ook () IO (125)

L (B 0-L)

We show that,,, .(t) = E[e’Mn2(5)] converges ta(t). Let&,, = n1(dy, —d°), mn, 1 =
\/n_l(dTu - aO)»nn1,2 = \/n_l(ﬁnl - ﬁ(]) We have:

an, / Qn2 s t 7717”276) dan(anIZaf)a

whereZ,, is the joint distribution of7,,, 1,7, 2,&,,) and
it
QZg,s(tJ m,n2, é.) = E[eZtMn2 (s) ‘77n1,1 =m, 77n1,2 =12, gnl = S]
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n2

it(Wl—%> (I(U1§d0+ e )—I(U1§d0)>
= FEle "2

Tny, 1 = My Mg 2 = 7727£TL1 = 6

Lete > 0 be pre—assigned. By Proposition 1, we can find 0 such that for all sufficiently
largen, Z,,, ([-L, L]?) > 1 — ¢/3. Using the fact that characteristic functions are bounded
by 1, it follows immediately that for alh > Ny (for someNy),

| Quaslt) = 65(0) | < /[ pap | @B T2,6) = 0u(8) | d Zo (.2 €) 4+ 263
< SURy, mee)e[—L,2j3 | Qras (o, m2,8) — ds(t) | +2€/3.
For this fixedL, we now show that for all sufficiently large
Dn = SuRm,nz,&)E[—LLP ‘ Q:L%s(tunthuf) - ¢S(t) ’S 6/37

whence it follows that eventuallyQ,,, s(t) —¢s(t) |< e. To show the uniform convergence
of @, <(t,m1,m2,€) to ¢4(t) over the compact rectangle L, L]* we proceed as follows.

For givenL andC, it is the case that for all sufficiently large for any¢ € [—-L, L] and
any0 < s < C,

d+ &/ —Kny?" <d® <d+s/ny <d®+¢/ny + Knp” .

Let P, 4(s) = Prd® < Uy < d + s/ny™ | dn, = d). Consider the conditional
characteristic functior®;,, .(t,71,72,¢), for (n1,1m2,¢) € [~L, L]3. It follows from the
above display that for all sufficiently large(depending only od. andC),

Q:Lz (tv s 12, 6)

d%+ 1i’y it <VV1_&7L1 ;Bnl) "
= |[1- Pn2 d0+i(8)] +/ 2 Fle ‘Ul = u| py, (u)du
’ ny do
N m 3 2
<Where Qg = g + \/—n_l, 5n1 =06y + \/—n_1>
B ¥ d0+ 8 . Gy +Bn1 n2
nl ity Zt<W1—f)
= |1-P ,d0+§1(8)]+ﬁ p 2 e ‘Ulzu du

i 0 s ) énq +Bn
1 s A v ny d T zt(Wl—il 1)
= |1l—-——(—- 1 2 FEle ? ‘Ul —u

n2
du]

TLQQK 1—)\> ﬁ do
o ts (AN
N no 2K \1 — \ 2K
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x/E
0
1 s A

— _ -2 ol

|:1 7”L22K 1—/\)

1 by v _z‘t(277\1/+_712) s 5
- n1
K, (1 - )\> ° il

1 s A7 "

o 2

o+ A=+ By + &= 1 2
exp {it (Wl — ! 5 ! ‘Ul =d° + 1v+7 1—+7dv
n

it <W1 - aO;rﬁO )

T+
o

n2
U:dO—I—L] dv]

where
1 _it(mtna) S it Wl_a0+/30 v
_ - 0
Bnl,nzﬂhﬁh(s) = ge 2V E (e ( 2 ) Uy =d + = dv
0 ny
and

1 s A "
Dn = SURn17n2)€[_L7L]2 1-— n_zﬁ m (1 — Bnl7n2,7717772 (8)) — Qbs(t) .

Let:
A

S
Zn(7717772) = _ﬁ(l — )\)7 (1 - Bn17n2,771ﬂ72(3))-

It is easy to see that:

Dy = SUR Yy, mo)€[~L,L)2 | 2n(ims12) = 20 [0,

wherezy = —(s/2K)(M\/(1 — X)) (1 — L*(¢)). Consider now:

Dpn = SURy, m2)€[~L,L)2

1 n2
<1+ —zn(m,ng)> — e .
ny

This is dominated by,, + I, where:

1 n2
In:‘<1—|——20> — e*
ng

1 "2 1 "2
<1+—Zn(771,772)> — <1+—Zo> .
n2 na

SinceD,, goes to 0, for all sufficiently large, | z | V(sUR, nyel—r.z2 | #n(m,n2) |)is
bounded by a constant, sdy. Straightforward algebra shows that for all sufficientlggka

— 0,

and

Iy = SURy, m)el-L,L)2
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no n ij—l
I, < (SURy, pye-rrp2 | 2Zn(msm2) — 20 () Z(j) ]
j=1

L)

no—1
= (SURy, myel-L.zj2 | Zn(msm2) — 20 () <1 + n—2> — 0.

ThusD,, — 0 and the uniform convergence Qf;, (t, 71,72, &) t0 ¢5(t) = e® on[—L, L]?

is established.

We now establish the weak convergence of the finite dimeasbidlistributions of
(M,,,,J,,) to those of(M,J). For convenience, we restrict ourselves only to the set
[0,C]. Let J be a positive integer and consideE= sy < s1 < s9 < ... < sy < C. Let
€1,Co,...,cyanddy,ds, ..., dy be constants. We show that:

A, = E<eitng(z(cj(M%(Sj)—M%(Sy‘fl))erj(J%(Sj)—ﬂg(ijl)))>

. A=E (ez’tZJSJ(cj(M(sz)—M(sjfl)de(J(sﬂ—ﬂ(sm))))

for any vector of constant§:y, ¢z, ..., ¢j,di,ds, ..., d;). By the Cramer-Wold device it
follows that:

({Mm (32) - Mm (Si—l)};']:h {Jm (32) - Jm (Si—l)};‘]:1)
—a ({M(s;) = M(si-1)}p, {3(si) — I(sim1)}ia)

establishing the claim. As before:

Ap = /K;Q(t,ﬁlaﬁ%f) dZn1(77177727£)

where

Kgg (ta n,n2, 5)

_ E[eit 3 < s (i (M (55) = MY, (s5-1)+d; (Bt (s5)—Tik, (ijl)))mm L= 01 g2 = N2y Eny = €]

Proceeding as before, the convergencedgfto A follows if we establish the uniform
convergence of; (t,m1,72,€) to A on a compact rectangle of the formL, L]?. We
have:

Kgg (tu n,n2, 5)
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_ E(eitZJ'SJ(CJ'(MiQ(Sj)_MrJ{Q(ijl))'i_dj(Jiz(Sj)_u]]rtg(sjfl)))

nnl,l - 771777111,2 - 772767” = g)

. o é‘n +Bn 0 Sj
exp{th(l <cj (WZ—# +d; I1(U;,<d +n1+7

i<J \i=1 2

2 & —I—B S
—I(Uiﬁdo))— Cj Wi—u —I—dj I Uiﬁdo—l-]l—__i_l
i=1 2 ny "

Ty, =My Mg 2 = 7727£n1 = g]

W Oénl +ﬂn1 ) : 0 Sj

77n1, 7717”711, 77275n1 = é.

an +5ﬂ1 0 Sj
exp ztz < ; ! >+dj> (I(Uigd—i- T
{ i1 <]<J 2 ny'
77n1, 7717”7111, 772767“ = g]
. G, +ﬁn 0 Sj
exp {zt (Z (cj <W1 — #) +dj> <[ <U1 <d + nli’y>
J<J 2
0, Sj-1
o (Uléd +>>>}
2

As previously, for all sufficiently large: (depending possibly only o6&’ and L), for all

¢el-L, L],

na
NMnil = N1 Mng 2 = 12, Eny = 5] .

Kzz (t777177727§) =

/ pu, (u) du
[d0,dO+s /nyT7]C

"+ +m1/v/n1 Vi)
Ty (o _aotm/vmi+Botne/vna v
/ "R [e”(%(”l 2 )+;)

4mM4m

i<J
_ g 8730 ny
N nit’ 2K

o ng
dO"rli ag+n1/m1+Bo+na/ /7
~ -t,W_onlx/_l 0n2x/_2+d,
+ / "2 E[eZ <CJ< ! 2 ) J> =u| py, (u)du
j<J I+ 1+’y
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= 1_|_Z

i<J

Sj
x/ E
Si—1

j—

Cuzsmm (AN ]
2K no 11—\ 2K n;—m

ag + Ji=+ fo +
exp {z’t <cj <W1 _ Vi . N +d;

ng
v
=t o

1 A7 .
+2Kn2 <ﬁ> (S] - Sj_l)Bnlynzﬂhﬂn(sjaSj—l):|:|

n2
(55 —85-1) A\ .
I Z [_ 2Kny 1—)\ (1= By, ng e (855 85-1))

where
*
n1,12,M1,72 (sj, sj—l)
_mitn2 Sj 1 . ) _ag+Bp _ v
= e it Zﬁ/ — — F elt<CJ<W1 2 )+dj) U1:d0+T dv
i1 55 7 Sj-1 T
j—1 y
and

Suqn17n2’£)6[_L7L]3 | K£2(t’n1,n27£) —A |: SURULUZ)E[_LJ/]Q | KZQ (t777177727£) —A | .

Setting
(55 —85-1) A\’ .
Zn(m,me) = | — Z J 2KJ T (1-— Bm,nz,m,m(sjasj—ﬁ)
Jj<J
we see that:
SURp: mo)e[~L,L)2 ‘ Zn(7717772) — 20 \—> 0,
where

! —)\ ! itd; T+
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since foreach < j < J,

- o ag+Bg
* . g itd; (27 (w— 5 )
Bn17n2,771,772 (SJ’ Sj—l) re"VE |:€

U= d0+] = "B LF (¢4t

uniformly over(n;,n2) € [—-L, L)2. It follows that

SUR e l—.1)2 | Ky (£, 101,112, €) — €|

1 n2
<1 + — zp (M, 772)) — e
no

= SURy; no)el-L,L)2 — 0.

But e® = A, as can be verified by direct computation. By the propertyndependent
increments of compound Poisson processes, we have:

E [eitng(cj(M(Sj)—M(Sjﬂ))erj(J(Sj)—ﬂ(sj—1)))]

[1E {emcj (M(sz)—M(sjfl)de(J(s»—ﬂ(sjfl)))}
00 l
Y>> E [eit[Zogkgl(cj Vi )= Eoskem (s Vk'++dj”] Pt (sj) =L,vT(sj—1) = m)

oo 1
Z Z E |:eit(0j Vit vﬁ+(z—m)dj)}

=0 0
xP(v*(sj) —v(sj-1) =1 —m) - P(v*(sj—1) = m)

f: zl:[eitdjL+(Cjt)]l_m ' 6_<éj(;;i;z)(;%)w KSJ ;f?_1> (1 i )\>V]l_m

j Y
e 2K T—X Si_1 by m
O [(2].!{) <1—)\> ] (st L=m+1)
=9)

60 (25) ] (et

1'=0

() (2]

[[ e (5 -t o)
J<J

Sj8j—1 ¥ itd ;
o~ Zics o (125) (1= L (¢5t))

A
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This finishes the proof of finite dimensional convergenceis Terivation can be extended
readily to allow fors;’s that can also assume negative values; we avoid this hece the
derivation involves no new ideas but becomes somewhat nuondersome.

We finally show that the processl,,, restricted to[—C,C] is tight. We know that
(@7747571176177/1) —p (Oé(), ﬁo, do) andnl(dnl — do) = Op(l). Let

. . . K C C K
Qn_{|an1_a0|§A5|Bn1_60|§A7dn1—m<do—nl+v<d0+n1+’y<dn1+m}
1 2 2 1

Clearly, P(Q,) — 1. The eventQ, can be written agé,, ,5n,,dn,) € Ry, where
H,(R,) — 1, H,, being the joint distribution oféy,, , 3,,,dy,, ). Note thatM,,,1(£2,,) is
also a process i(R). We verify tightness oM,,,1(£2,,) restricted to[—C, C]. To this
end, we verify (the analogue of) Condition (13.14) on PadedfBillingsley (1999), with
B =1/2anda = 1. Once again, led < s; < s < s9 < C,

B|M;, (s) — My, (s1)] - [ML], (s2) — ML, (5)[1(920)]

= E[IM], (s) = MY, (s1)] - MG, (s2) = M, ()] [ (G s By o) = (e, B, d)dH (v, 5, d)

RTL

(dnl ’ /Bnl 9 d’nl) = (Oé, 57 d)]

i(W-—aJrﬁ) I <d+-_)—1|v,<d+-22
=AM ) T
2 a—i—ﬁ) S9 s
W, — T U <d®+ | —-IT|U <d+
i—l( 2 ”§+7 ”%Jﬂy

0 S1 : 0 S 0 S . 0 S92
Zl<d +ﬁ§Ul<d +n§+v>l<d +n§+V§UJ<d +n§+7>

(- 55) (-5

Z Eopa

i#]

(=537 (-7

= E Supte[do+sl n;(1+7)1do+sn;(1+v)]Ea,B,d |:
i£j

IN

+y =

S1 S S 59
I|d°+ <U, <d + Id"+ —— <U; <d’+
( n n;-ﬁ-v n;-ﬁ-v J n;-ﬁ-v

a+p U=t n] s—s
2 2K plty

a+ 8 n] sy —s
Wj—T’Wj:f] o T
2

Wi —

XSUptG[dOJrs ny T o4, n;(”W]Ea,ﬁ,d [
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s — 851 A ke So — 8 by vy
< [ il Ny A I B f ] ]
=< ; 1(2Kn2 <1—/\)) 2(2Kn2 <1_/\>) orany(a, 3,d) € R
(s —s1)(s2—s) A\
= KK
' 2; n24k? T

< (s2— 51)2 .
It follows that
E[IM;], (s) =ML, (s1)]-[M, (s2) =M, (8)[1(Q)] < Hn(Ry)c*(s2—s1)° < ¢*(s2—s1)°

which establishes tightness lf,,, 1(€2,).

Then, given any > 0, Vn > Ny,
Probw : M,,,1(2,)(w) e K] > 1 —¢
whereKC is a compact set. But Prgb: w € ,] > 1 — ¢ eventually. Therefore, eventually
Prow € Q,, andM,,,1(Q2,) € K] > 1 — 2¢

and consequently Pr@d,, € K] > 1 — 2¢. This establishes the tightness M, in

the space of right continuous left limits endowed functi@ms[—C, C]. Similarly, the
tightness off,,, can be established. This completes the verification of matgightness
and therefore joint tightness]

Before embarking on the proof of Theorem 3.1, we need somadliayxlemmas.
We first state these below.

Lemma 7.1 Let Uy, Us, ..., U, be iid. Uniform (0,1) random variables. Then, for all
A>0andforall0 < o < 8 <1, we have:
or ( | VA, — P)(L(a < 5)) |

sup > A) <(at=pTHAa?,
a<s<p s

whereP,, denotes the empirical measure of the data @hthe distribution ofl/;.
This lemma is due to Ferger (2005).

Lemma 7.2 Suppose thak, X,,..., X, are i.i.d. random elements assuming values in
a spaceX’. LetF be a class of functions with domaiti and range in[0, 1] with finite
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VC dimensionV/ (F) and setV = 2(V(F) — 1). Denoting byP,, the empirical measure
corresponding to the sample and Bythe distribution ofX;, we have:

Vv
Pr (VA(B, — P)ls > A) < (%) exp(—2)%)

This lemma is adapted from Talagrand (1994).

Lemma7.3 Let U, Us,...,U, be iid. random variables following the uniform
distribution on(0,1). Leté,és,...,é, be ii.d. mean O random variables with finite
variance o2 that are independent of the;’s. Let §,(s) = S.7, &1(U; < s). Then
forany0 < a < 3 < 1, we have:

a<s<g §

Pr ( sup M > /\> < (oz_1 — ﬁ_l))\_202.

The proof of this lemma follows the proof of Theorem 3.1.

Lemma 7.4 (Hajek—Renyi inequality) Consider independent random variables
X1, Xo,..., and defineS, = > ", X;. Further assume tha#(X;) = 0 and
E(X?) < oo for eachk. Let{c;} be a decreasing sequence of positive numbers. Then, for
anye > 0 andn, m > 0 withn < m, we have:

1 n m
P (maX,<k<m [Sklcr 2 €) < a Y EXD+ Y GEXR)
i=1 k=n+1

Proof of Theorem 3.1: For simplicity and ease of exposition, in what follows, wewase
that n points are used at the first stage to compute estimates,,d,, of the three
parameters of interest. At the second stagei.d. U;'s are sampled from the uniform
distribution onD,, = [d,, — Kn~7,d,, + Kn~"] and the updated estimate df is
computed as

n

- . 1 . A .
dy, = argmin,p - Z; (Wi — anl(U; < u) — Bo1(U; > ) = argmin,.p SS(u).

In the above displayV; = f(U;) + ¢; wheree;’s are i.i.d. error variables. Working
under this more restrictive setting (of equal allocation paints at each stageajoes
not compromiseghe complexity of the arguments involved. Finally, recdlatt by our
assumptionf[e€ 111] is finite, for someC' > 0.

Before proceeding further, a word about the definition ofn@rg in the above
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display. The functionSS is a right—continuous function endowed with left limits.
For this derivation, we take the argmin to be the smallesin D, for which
min(SS(u), SS(u—) =inf__» SS(x).

SCED'!L

Denote by@G,, the distribution of(@n,Bn,ch). Now, givene > 0, find L so large
that for all sufficiently large:, sayn > N,

(G Brrdnt) € lao—L/v/m, cn+L/v/n]x[Bo—L/v/n, Bo+L/v/n]x[d—L/n,d*+L/n]

with probability greater thath — e. Denote the region on the right side of the above display
by R,.. Then, for alln > N,

Pr(n'*7 | dp, — d° |> a)
< / PR | dpy — d° |> | dn = a, B = B, dn, = £) dGn(a, B,1) + €
which is dorrlninated by
SUR G 5.0)e R, Plhas(n' 7 | dp, —d° |> a) + €.

By makinga large, we will show that for all sufficiently large (sayn > N; > Ny), the
supremum is bounded hy This will complete the proof.

First note that sinceVy is chosen to be sufficiently large, whenever > N, and
t €[d°—L/n,d°+L/n],itisthe case that— Kn™" <d’—~ Kn™7/2 <d’+ Kn™7/2 <
t + Kn™7]. Itis not difficult to see that

dny = &AM g 14 5on-n] Po [(w = (@ + 5)/2)(1(u < d) = 1(u < d°))]

= argmir}ie[t—Kn*'Y,t—i-Kn*’Y]Mn(d)

d’ = argmitey g1t kn) P [(w = (0 + 8)/2) (1w < d) = 1(u < d”))]

= argmir}ie[t_anw,Han]Mn(d) )

where P, is the distribution of the paifi¥/;, U;) generated at stage two under first stage
parametersa, 3, t) andP, is the empirical measure corresponding:tbi.d. observations
from P,. Note that

My (d) = {| fo—(a+5)/2 || d=d” | 1(d > &)+ | ao—(a+)/2 || d=d” | 1(d < d°)} (0" /2K).
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Now, for0 < r < K/2, seta(r) = min{M,(d) :| d — d° |> rn=}. Thena(r) = min(|
Bo—(a+06)/2) |,| a0 — (a+3)/2) |)r/2K and leth(r) = (a(r) — M,(d"))/3 = a(r)/3.
Now, for alln > Ny, for «, 5 in the region under consideratioby(y) is readily seen to be
uniformly bounded below by r for some constant depending only oixg, 5y, K, Ng. We
then have:

SURic(t—Kn— t+Kn—7) ’ Mn(d) - Mn(d) | < b(r) = dAnz —d° |[<rn™7. (7.7)

To prove this, assume that the inequality on the left sidehefdabove display holds and
considerd € [t — Kn™7,t+ Kn~ "] with |d — d°| > rn™". Then,

My,(d) 2 My (d) = b(r) = a(r) — b(r)

and
M, (d°) < M, (d°) + b(r)

= M, (d) — M,,(d°) > a(r) — b(r) — M, (d°) — b(r) = b(r) >0
Hence
M, (d) > M, (d°).

Now, sinced,, is the smallesti € D,, for which M, (d) A M, (d—) = inf,_p My()
and M, is a (right continuous left limits endowed) piecewise canstfunction with
finitely many flat stretches, it is easy to see thgt(d,,) = infcp M, (z). Therefore,
M., (dy,) < M,,(d°), showing that d,,, — d° |< »n~" in view of the last display above.

Now, consider
Progi(] dny — d° |[>rn7)

< Pragi(rn™ <[ dp, —d°|<n7) + Pragi(| dpy —d° |>6n7)  (7.8)
= Pn(()é,ﬁ,t)—FQn(Oé,ﬁ,t), (79)

wheres (is sufficiently small, say less thdki/3) does not depend ana, 5. We deal with
Qn(a, B,t) later. We first consideP, (a, 3,t) = Pryg,(rn™ <| dn, — d® |< dn77).
Since,

{7 < Jdny = &) < 0077} © U gon s casarn— {0 (d) < Mo(d)}]
U [V snr < —rn- (Wa(d) < Fa(d)}] |
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we conclude that
Py, 8,t) < Pui(a,B,t) + Poa(a,B,t)
= Pra,ﬁ,t(Ud0+rn*7<d§d0+5n*’Y{Mn(do) - Mn(d) > 0})
"‘F’ra,ﬁ,t(Udo—<Srr“Y§d<dO—rnﬂ {Mn(do) - Mn(d) > O}) .

We first construct an upper bound on &Hg,t)eRanl(a,ﬁ,t). For anyd € (d° +
rn~7,d° + 6n~7] we have:

M, (d%) — My(d) = (My(d®) — My(d®)) — (Vo (d) — My (d)) — (Mo (d) — M (d°))

= () — () | o — 257

n’Y
—|d-d°| .
2K\ !

Hence:

0 < My (d°) — M, (d) = (2K) !

ot 5‘ _ —(M,(d) — N, (d)

nY | d—d |

Now, for all (o, 8, t) € R,, (withn > Np), ‘ﬂo — #‘ is bounded below by some constant
B, whence it follows that:

< M, (d°) — M, — .
0 < Mo(d') )= = Ta=d K

Thus,

Udo—sn—<d<do—rn—+AMp(d”) — M, (d) > 0}

C {SURp - <d<do+on— W [d—d ] > B},

whereB = B/2K. We thus have:

nY |d—d |

| Vi(Pr = Po) faap(u,w) | > \/EB>

= Pra,ﬁ,t <Sugjo+rnﬁ<d<d0+6nw | d— do | n

> B

P"yl(a757t) < Praﬂ,t lsupio-i—rn“/<d<do+6n“f

where
faop(u,w) = (w = (a+ 8)/2)(1(u < d) = 1(u < d%)).
Using the fact that fol > d°, (W; — (a+ 3)/2)(1(U; < d) — 1(U; < d°)) = (Bo — (. +
B)/2) (1(U; < d) — 1(U; <d°) +¢; (1(U; <d)—1(U; < d)), this upper bound on
P,.1(a, B,t) is easily seen to be dominated By+ I1,, where
I
= Pl (| B — (@ + 5)/2 | sup.p WAER=LAASEEn DO >/ /2)
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which in turn is dominated by

P, — P < d° N = 1(u < d° 3
17/1 — Procﬁt SUF}<S<5 ’ \/ﬁ(]P)n Pn)(l(u — d + sn ) 1(u — d )) ‘ 2 \/EB
” = s 2B’
where, forn > Ny and(a, 8,t) € R, B’ is an upper bound ohgy — (« + 3)/2 |, while
1 rLa(U <d° ) = 1(U; < d° -
I pr (sun<s<5 |G/vA) S, (U S & +sn7) — WU S d))] \/EB/2> |
- S

Since theU;’s are i.i.d. Uniform ont — Kn~7,¢t+ Kn™ "], itis easy to see thdy, is simply

or (suprm /A0~ QU@ D @B)

whereWy, Wy, ..., W, are i.i.d. Unif0, 2K], Q, is the empirical measure of th&;s and
Q is the distribution ofi¥;. In terms ofU,, Us, . .., U,, which are i.i.d. Unifo, 1], this
expression is simply:

| VAP, — P)((a<s) | ﬁQKB) .

Pr <3Upr/2K<s<6/2K 5 Z o

By Lemma 7.1, this is bounded above by a constant (that depemigt on«, Gy, K, Ny)
times1/rn. Now, in terms of/y, - - -, U, andé,, - - - , &, (where the;'s are defined on the
same probability space as the's, but independently of them, and are distributed like the

€;'s) 11, is simply:

Pr <5UQ«/2K<3§5/2K | (1/vn) 31 &0 < 9)) | > \/EZKB>

and this, by Lemma 7.3 , is dominated up to a constant (thay depends on

ap, Bo, 0, K, No) by (1/rn). It follows that for some constaxdty, for all n > Nj,
SUR . 8,t)e R, Do, B,) < —.

A similar (uniform) bound work€,2(a, 3, t). It follows that

Co

suqa,ﬁﬂf)eRn Pn(a757t) < o,

at the expense of a larger constéijt Thus, from (7.9), we have:
SUR . 3,6)c Ry Pro. .4 (] (fn2 —d° |>rn™7) < Cy (rn)_1 + SuRa,@t)eRnQn(a? B,t).
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To find a uniform upper bound aB,, («, 3, t) note that, from (7.7), we have, for all> Ny

M,,(d) — My(d) |> b(5))
M, (d) — M, (d) |> k)

Pro,g.(| dp, —d” [>6n77) < Pro, 5, (SURst— Kkn— i+ Kn—)

< Prage(SURe— kn— 4 Kon ]

and it suffices to find a uniform upper bound for this last egpi@n. But this is bounded by
Pl 6.t [SURse(t— n— 44 on—) | V(o= Pp) (p(u) = (a+8)/2)(1(u < d) =1(u < d°)) |

> \/nkd/2]

i=1
To tackle the first term, we invoke Lemma 7.2. Fat 3,t) € R, the class(u(u) — (o +
B)/2)(1(u < d) —1(u < d) :d €[t — Kn7,t+ Kn~"]]is a bounded VC class of

functions (with the bound not depending ong, ¢t) and with finite VC dimension, say
(which does not depend an 3, t). Hence, we can apply Lemma 7.2 to conclude that:

Pl 6, [SURe (1~ Kcn - i icn) | V(B = Po) (i) = (a+5)/2)(L(u < d) —1(u < d°)) |

> \/nkd/2]
< €1 x (vnk 8)2V Vexp(—Cynk?s?)
where the constants; andC, depend solely on the VC dimension and the upper bound on
the functions. For all sufficiently large, the right side of the above display is less tlaab.

To deal with the second term, we use the results on Pages 332+1an de Geer (2000).
We write the second term as:

/ Pro 6.t (SURI(t—ren-, i+ kcn—n] | 0D €(L(u < d) = 1(u; < d%)) [> £6/2)
i=1

dH, (uy,ug, ... up)

where H,, is the joint distribution of(Uy, Us, ..., U,). For each fixeduy,us, ..., u,),
Corollary 8.8 of Van de Geer (2000) can be used to show thait $afficiently small anch
sufficiently large (where the thresholds do not depend omlseor «, 3, t),

n

Pra, gt (SURet— Kk, t+Kn—] | n~! Z ei(1(ui <d) = 1(u; < d%) |> K 6/2)
i=1

< Cexp(—C'né?),
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for some constant§’ andC’ that do not depend on, /3, ¢ or the points(uy, ug, . .., uy).
This implies that the second term can be made less ¢harby choosingn sufficiently
large. It follows, that for all sufficiently large (sayn > N; > Np) and an appropriate
choice ofé, we have:

SURa .0k Plag(| dny — d° [> rn™7) < Co (rn) " + 2¢/3 ;

the first term on the right side can be made less thiarby choosing- = A/n where A is
large enough, showing that for all sufficiently largewe can findA large enough so that:

SURa.g,0eR, Plasi(n'™ | dp, — d° |> A) <.

It remains to say a few words about the application of Corpl8a8 of Van de Geer (2000).
TheW;s in that lemma are ours and we can, without loss, take= {gq(u) = 1(u < d)—
1(u < d% :d € [0,1]}. Thez;’s are ouru;’s. The moment generating function condition
on our errors implies that Condition (8.23) is satisfied fames?; with Q, = "1, 64, /n,

it is easy to see that the first condition of the corollary: supyll9allo, < R is satisfied
with R = 1. Condition (8.24) is satisfied witk’, = 1. If § is chosen to satisfy conditions
(8.26) and (8.27), it is easy to see that Condition (8.28) lvélautomatically satisfied for
sufficiently largen. This is based on the fact thAtz (v, G, Q,) < log(n+1) forv > 1/y/n.
To see this, construct bracketfl (u < u;) — 1(u < d%), 1(u < uip1) — L(u < d)]},,
whereuy = 0 andu,11 = 1; any g4 lies in some bracket and the size of each of these
brackets with respect to thg,, norm is no larger tha/,/n. Given a choice o#, consider
the right side of display (8.28) in Van de Geer (2000). Thigii®n by

V2Rao 1/2
OO / HB (’LL/\/iO’(),g,Qn) du
5/26

and for all sufficiently largen, is readily seen to be dominated by

R
V204 Cy / H;/z(%g,Qn)dU
o

which in turn is no larger than

V200 Co (R—1//n) /log(n + 1).

But this quantity is certainly dominated Ryn ¢ for large enough. O
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Proof of Lemma 7.3: Let 3, (s) = % St El(z < s). Let{sp =a+ (B—a)27™:
0 < k <2™}, m € N be adyadic partition dfx, 3]. Consider:
Pla,B.)) = P( sup 12l 2A>

<s<p S

For fixed(z1, z2,...,z,) € (0,1)", set

Define X, = M — M_ for K > 1. Then theX}’s are independent random variables,
each with mean 0 and finite variance ahfi, = X; + X5 + ... + Xj. Sincel/sy is a
decreasing sequence of constants, we can apply the Hajgk-4Requality (Lemma 7.4) to
conclude that:

|Mk| 1 2 2
> < — E —

1 _
= 2 Z SkQ(EM;?—EM;?_l)

1<k<am

Now,

EM] = E[(—=) &l(x; < si))’]

1
= %) 1(x; < sp)
n ;
=1
It follows that
0'2 "
EM{ —EM{ ;= — > 1(sp1 < < sp)



Therefore

P(a

n

1 2
767)\) < mlgnoo ( o) {/\2 Z 3;2%Zl(sk_1 < x; <Sk)}
Tl Tm 1)n

1<k<2m i=1
dridxs - - - dx,

o1 0%
= W}E)noo 2 Z Sy, . Z;/I(Sk_l <z < sp)dx;
1=

1<k<2m

1
= lim —o? E s72 (s — Sp_
m—»oo)\2 k (k k 1)
1<k<2m

o2 s 1
= F/ 2%
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