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Abstract—In this paper, we study the problem of dynamic to a Generalized Processor Sharing system6].
allocation of heterogeneous processors to parallel heterogeneous
job traffic flows. Each traffic flow is a stationary ergodic random
marked point process, with a parameter (traffic intensity rate)
that depends on the job class. The service rates of the various
job flows depend on both the job class and the processor class.
This model captures the essential features of several practical
systems, including flexible manufacturing ones, packet switches, 1
distribution systems, etc. We first specify precisely the necessary
and sufficient condition for stability of the system. We then
identify a family of policies that achieves maximum throughput;

i.e. they stabilize the system under the maximum possible input
rates.

The approach taken introduces the concept ofirtual queue-
ing, which proves powerful in establishing strong probabilistic
results (convergence in distribution to a finite stationary regime)
for queueing systems with complex dynamics due to sharing Processor 1 Processor 2
resources, under a very general stationary ergodic probabilistic
structure.

Fig. 1. A system consisting of two job classes and two servers of varying
processing power.

. INTRODUCTION AND NOTATION A service policyr is a rule that determines to which job
traffic class every processor should be allocated at tirhet

parallel andQ infinite capacity first-come-first-served (FCFS)H be the set of all work-conserving possible service policies.

At . .
gueues, each queue corresponding to a different class of @gﬂnew ) to be the workload in queugat timet, when
traffic. The input to queug € Q = {1,...,Q} is according e system operates under polizye IN. This is easily seen

to a random marked point proce%l {(tq o 9, jez,}, to evolve according to the equation:

wheretd is the arrival time of thg'" job into queueq (assume
a cano]nical numberinggtg < tg <...< th <...) andeq is W2 () =Wil(s) +Vi(st) - k;“kq/S qu(u)l{w,?(U)>0}du’
its service requirement. The latter implies that if & job (2)
were to be served aonstantrater, its service time would Wheres<t,Vi(st)=5;.; o 1{tq€ (st @ndzq(u) €{0,1}
be of/r time units. The stochastic processegy; d€ Q}  denotes that processdr is allocated to queug at time
are defined on some common probability sp&fe.#,P) u. The workload state of the system is then defined by
and are assumed to be stationary and ergodic with resp&g(t) = {W2(t),...,W2(t)} and the initial workload i&V(0)
to time shifts 6,75 = {(tq — 6y, ch), j € Z,}. Thetraffic  (the same under all policies). The workload state at ttme
intensity (average workload per unit of time) entering queuelepends on the history of the input processgs q < Q up
g is given by to timet and the followed service policg € IM.
1 We focus on the practical problem of finding efficient
— lim[= q — q processing policies i1 which maximize the sustainable
Pa tlm[t 2 O weon] =ELY Meon) @ throughput of the system, maintaining its stability (quantified
below) under the most workload intensive input rates.
There are als® classes of processors (servers), with a This basic queueing model captures the essence of a fun-
classk, k=1,...,Q server processing clasgjobs at a rate damental resource allocation problem encountered in many
Mg > 0.A schematlc representation of a the simplest possmle
ver3|0n of the model under study involving two job classes 1A straightforward generalization of the model assumes that there are
1 processors of clads All the results established in the paper carry
and two servers is shown in Flgure 1. Itis worth nOtmg that 'gl:/er however, we restrict attention to tiog = 1 case in order to avoid
there is only a single processor, then the model correspondmphcatmg the notation.

Consider a queueing system consistingorocessors in

&z,



modern communication, computer, and manufacturing sys- Il. SYSTEM STABILITY ISSUES
tems involving heterogeneous processors and multiple classe

of job traffic flows. For example, consider the dynami(‘For a given service rate matrinZ — {u .}, k.qe Q and
- kq 9 9

routing problem in a communication network implementin o . ~ 0 ) .
circuit-switching or wormhole routing [9]. Messages arrivgraﬂEIC Intensity vectorp = {pq}q:l’ the system is said to

to the router of a source node, distinguished by their dest® Stableunderz € 1, if Wii(t) < co at all time pointst €
nations, and must be routed along one of a number of nofi+ The set of traffic intensity vectors for which there exists

equivalent paths. For each source-destination pair, there &N Policyr € T1 that keeps the backlogs finite defines the
multiple paths through the network. The average transmissiGieL!Ity regionof the system. _

delay of a message depends on its destinagiotithe path L€t 7 be the set of allQ x Q matricesf = {f,} such
along which it is routed. Once the transmission of a messadfeat f, € [0,1] for k€ Q and 2, fq = 1. Define the set

$n this section, we address the issue of system stability.

begins on a path, the path is not available to transmit other Q o

messages until this message has been completely receive@a;l{p cR:3 f .7 for which Z PaTqx <1, Vke Q}.
the destination. The router faces the problem of allocating * &1 Mg

paths to messages. ()

é% schematic representation of the stability regiSrfor a
stem with two queues and two interacting servers is given
Figure 2. It can be shown in general tf&for the model
Hder study is a polyhedron.

Problems of dynamic allocation of processing resourc
for throughput maximization of complex processing system§y
have attracted considerable attention in various conte
during the past several years. Adaptive policies have bed
considered in [1], [4], [12], just to name a few, under different
stochastic assumptions of the input and service processes
(Markov, renewal, stationary ergodic).

The objectives and structure of the paper are as follows. At
the methodologicalevel, it develops the concept of virtual ’
gueueing that allows to decompose queueing systems with -
complex interactions into conceptually simpler subsystems, o
without altering their operational characteristics. This de-. . . . .
. . . Fig. 2. The stability regiorS for a system comprised of two job classes
composition expands significantly the space of allocatiofg wo interacting servers.

policies to be considered, while at the same time provides a
deeper insight into the dynamics of the system under study. Proposition 1: (The Case of Instability). For any station-

Virtual queueing simplifies the study of system stability,ary and ergodic inpuf.7;, g < Q} andanyallocation policy
which is the most fundamental issue of their behavior [1]. Af - j¢

the technicallevel, the paper establishes the existence of a a
stationgry regimefor a Iarg.e.family of maximum throgghput, pdS= IimsupW” (t) > 0, for some queug e Q, (4)
dynamically adaptive policies under a general stationary er- too L

godic stochastic framework. The concept of virtual queueing,4t is the workload of at least one queue in the system blows
allows us to use a Loynes [7] type construction for provingzJp to infinity.

t_he results, appropriately modified and extended so as 10 proof: Given any arbitrary fixed policyr and arguing
fit the complex framework of the model under study. It IShy contradiction, assume that

yvorth noting that. for a similgr r_npdel studied under ergOdiﬁmHmWT‘g(t)/t — 0 for every queud € Q, for some arbi-
input processes in [1], the significantly weaker resultaié trarily fixed p ¢ S. From (2) we get
stability (job departure rates are equal to job arrival rates)
[2] is established for various adaptive scheduling policies. Q t
W) = W) +VI0.0) — 3 tg [ Bgl0) g0

The paper is organized as follows. In section 2, the k=L (5)
stability region of the system is characterized. In section 3or each queug < Q. Dividing both sides of (5) by, letting
the concept ofvirtual queueing is introduced, along witht — o and using (1) the ergodicity of the input processes
a family of policies that are later shown to maximize theogether with the contradiction assumption, and rearranging
sustainable system throughput. In section 4, the propertiegms, we get
of the proposed adaptive policies are established, while in 0 .
section 5 some extensions are discussed and some concluding lim 1 / " udut — 6
remarks drawn. k;ﬂkqm—m{ mJo A WA = oy ©)



for some increasing unbounded time sequeftgérr,_;. Such ey P2

a subsequence can be directly constructed through successive S s
thinnings of convergent subsequences of the limit terms for /\;x(\
consecutivan indices. In view of the above, setting -1 i
H 1 t
Xeq = I|mmﬁw{mOmqu(u)l{wg(u)}du} >0, we getpg = B} o o
Zszlxkq“kq'

Define f, = XqHyq/Pq- Some algebra shows that
Y1 fok = S1 Xiqtig/Pa = 1 in view of (6), forq e Q and
thereforef € 7. Moreover, 52, pqfg/tyq = Zszl.qu <1,
since each processor can serve at most one job class at a
time. The latter contradicts the hypothesis in (4) and hence
the result is established. ]

Proposition (1) implies that there i® service policy that Fig. 3. A system with 2 input flows and two processors with the
would maintain finite backlogs in case ¢ S. The issue corresponding virtual queues
then becomes whether there are adaptive, backlog responsive
policies that require n@ priori knowledgeof the traffic
intensity vectorp that would ensure finite backlogs when[6]. It can then be easily seen that the stability condition
p € S. Indeed, as long ap € S, such policies will keep corresponds to the one for a GPS adjusted for the proportion
the system stable, without knowing the specific valugpof of input flows directed to it.

The latter implies that even {5 changes over a time scale For the transformed system that involves virtual queues,
that is much longer than that for the time-averaged incominge definition of the stability regio® remains the same and
workload to converge to its traffic intensity rate, an adaptivi given by

policy would automatically respond and keep the backlogs

finite [1]; thus, such policies are robust to long term change Q. . Pafax
of the input rates, §: p € RY:3 f €.# for which qezy H—kq <1, VkeQ
k

1. THE CONCEPT OF VIRTUAL QUEUEING 7)

In this section we study a family of adaptive (backlog-
responsive) policies, which are based on the notiovirtdal
gueueing. The notion ofirtual queueingcan be described as
follows: every job flow maintains a separate queue for eac
possible server configuration of the system. In the present
setting, job flowqg € Q should maintainQ virtual separate
gueues, one for each server. L\q?, k,g € Q denote the

virtual queue of job flow queue that camly receive service  q(y) — 4.0y 1 v9(0.t) — /’t Ul du (8
from processok. Define 7, = {V¥ : ¢ =q} to be the set ¥ O =70 +KOY) = tyq 0 ZalY) i w>01" ®

of virtual queues where typgtraffic flows can beoutedto.  \yherev =5. a1 1 . It can n
Similarly, define.#, = {VJ: kK =k} to be the set of virtual erevi 0.y , Z,qez+ %1 e v t.ca e see
gueues that can receive service from procegsdt can be that_th(.a quantltWK (0,t) depends Or] the pol_lfzhyt through
seen that bothZ,| = Q and |.%| = Q. An example of a the indicator funct|onl{cqﬁvlg} that directs thg'" customer
simple system comprised of two job flows and two processord classq to virtual queuevlj, but we have suppressed this
along with their virtual queues is shown in Figure 3. It cardependence to simplify the notation.

be seen that for the new system involving virtual queues a We focus next on a particular routing policy, which is
joint routing/schedulingpolicy would be required. However, shown to exhibit optimal behavior. The proposed policy is
a close inspection of the new system shows that on thealled Shortest Virtual Queue (SVQ) and denotedZay .,
scheduling sidenywork conserving policy would work and and routes an incoming job to the virtual queue with the
therefore the goal becomes to specify routing policies; i.esmallest number of jobs. Actually, the SVQ policy defines
given an arriving job belonging to flow to which of theQ a huge family of policies, since they can be combined with
virtual queues of the destination sg4 it should be routed to. any work conserving (non-idling) scheduling policy.

Notice that the introduction of the virtual queue syste#s Since we have focused on workloads rather than job
decoupleghe scheduling dynamics of the processors, sindengths we will examine a variation of the SVQ policy, called
in the new setting every processor has to sés/ewnset of  Shortest Virtual Workload (SVW) and denoted g,y
virtual queues?,. Actually every queuing systemr, has all which routes the service requirement of an incoming job to
the characteristics of a Generalized Processor System (GRS} virtual queue with the smallest amount of workload. In

Processor 1 Processor 2

In virtual queueing the interpretation of the set &f
becomes transparent; they represent the proportion of the
verall job flow of clasgy that will be routed to systenv

d thus eventually processed by serverQ.

Let 7 A(t) denote the workload of virtual queM! at time
t>0. The evolution of the workload is according to:



case the workloads of two or more virtual queues in th&herefore, in order to show Proposition 2 f&rt], it suffices
destination seq become equal, the SVW policy distributesto prove it holds for any arbitrarily chosen intervah, T, 1];
the incoming workload equally among those virtual queuesve can then use induction on consecutive intervals.
Remark 3.1: Notice that both the SVQ and SVW policies [ ]
try to balance the virtual queue sizes/workloads; of course Remark 4.1: Some additional work along the lines pre-
this balancing act depends on the exact form of the sched@ented in the proof of Proposition 2 shows that the following
ing part of the joint policy. However, the choice of thescheduling policies, Maximum Service Rate (MSR) (where
scheduling policy would affect only performance measurasvery server ke Q is allocated to the virtual queue v
such as delays and not the overall throughput of the systemith the maximum service rate efficiem,yq) and Weighted
IV. STABILITY PROPERTIES AND OPTIMALITY  Maximum Workload (WMVW) (where every servee R
ASPECTS OF THE SMVW POLICY is allocated to the_ virtual queue ”_VK with the maximum
, . i i ._productu, .#9) satisfy the monotonicity property. Therefore,
Throughout this section we consider the virtual queueing,. can' Lss any of the combinations SVW-MVW, SVW-
system operating under thés,, policy. However, in order y;sp “s\apw-WMVW as the joint routing-scheduling policy, or
to satisfy the technical requirements of a Loynes [7] tyP@eir queue length counterparts, to establish their throughput
construction for a finite stationary regime for the system wg, ,yimizing properties following similar arguments as those
need to consider a scheduling policy for each sekverQ, presented in Proposition 3.

which co_m_bined with theZs,,, routing p‘?“cy preserve the Based on Proposition 2 we can use a Loynes type pro-
monoton!mty of the wor.kloads of a!l the virtual queue% In cedure to construct a stationary operational regime of the
the remalnder_we con_S|derthe policy tladibcatesserverk € system. Observe that for evesy< s, we have’%/kq(st;f)) <
Q to the Maximum Virtual Workload queueyy, among WA(W(S,s0) = #9(5,t;0), where the inequality follows
those in.#,. Thus, thejoint routing-schedulingpolicy to be ¢ k 72 ) T T\ i quallty 1o’

rom Proposition 2 and the equality by arguing as in (10).

considered ist* = Zg\\ — Dvw - _ S .
L . d(s.t: _
Proposition 2: (Workload Monotonicity underz*). Un- Therefore, since//1(s,t;0) is increasing as— —co, we can
pathwise define the processes

der then* policy, for any fixeds,t € R, s<t and for initial

R, W, € RQ<Q A i 0
workloadsw, , W, € R¥*~, we have that WA(t) = Smm #(s,t;0), (11)
Wy <W, = H(StWy) < #(S,t;W,) 9)

for everyk, g€ Q, which are shown below to provide a proper

almost surely. That is, the workload is an increasing functio(finite) stationary operational regime for the system. It can

of its initial value. be immediately seen thqﬁvlf(t), t € R} is time stationary
Proof: (sketch) We outline next the main idea of theand ergodic.

proof. On any fixed sample path qwq}qul we observe  In the proof of the following Proposition we will make

the evolution in(s,t] of two copies of the systemy’! with ~ use of the following assumption:

initial statew,, and.#2 with initial statew,. Due to the fact Working HypothesisFor someq € Q there exists an index
that {.#,} are RMPP and the nature of tiié,, policy, it ko € {1,2,...,Q— 1}, such thatp > 310 max o {#.}-

can be easily seen that we can partit{grt] into a union of Intuitively, this working hypothesis implies that the amount

disjoint intervals(Tm, Ty, 4], With s=Ty < T, < ... < Tm < Of traffic originating from job clasg € Q can not be handled

Ti1- < Ty_1 < Ty =t, each of them having the following by a single processor. To see this, suppose phat 0 for
properties: everyd # g and suppose that the most specialized (fastest)
1) There is no job arrival in any virtual queue inProcessor for job clasgl was continuously allocated to

(s Ty 1)- it. In this case we are basically dealing with anstable

2) The setQl of virtual queues receiving service in G/G/1 queue, which implies that help from some additional
- remains invariant througho(Tm, T,.,, ;). The same processor(s) is required to keep the queue backlog finite. An

holds true for the se?, analogously defined fog#2. illustration of the working assumption is given in Figure 4. It
Note that due to the technical assumption made abo¢&n be seen that,, > u,, and thatu,; > p,,. Nevertheless,
we haveQl = Q2. becausep, > ,,, in the long run the processing power of

I_the second server would not suffice to keep job class 2 finite

taneous) of 1) job arrivals, and 2) changes in the set d additional processing power from the first server would

gueues receiving service under the scheduling part of t required to achieve th_is objective. On the other han_d, i
SVW policy in.#* and in.#2. p belongs to the box defined by the two axes and the lines

Due to the structure of the system, for every intermediat%rawn awll ?fnd uztz,fthehthedlproctehssTg ﬂpow?rﬂ? f tthe tW%
epochze (s,t] and every initial stat&V we have Servers 1S sutncient for handling the traffic of the two Jo
B B B classes in the long run individually, without the need for any
W (S,t,W) =W (zt; # (s,ZW)). (10) interaction and cooperation between the available resources.

The epochsl, correspond to occurrences (possibly simu



Remark 4.2:System Stressindf the traffic intensity vec- Proof. (sketch) In what follows we work on an arbi-
tor p does not satisfy the working hypothesis, we can alwaygarily fixed sample path as well as tinie= R. Starting the
inflate it toﬁ’ so that the new inflated vector satisfies it. Thisystem empty at time < t, we define the random time
stressing effect can be achieved by an artificial inflation by a
factor y € R, of the service times of all jobs arriving to an
appropriately chosen subset of job classes q, so that 53m which is the last time (beforg) that all queues in7} for at
they becomed1+ y)ojq, j € Z, while the rest of the system least onek € Q are empty, due to the work conserving nature
parameters remain unchanged. This stressing idea builds & the z* policy. If none of the processors ever idles(gt],

a similar concept used in a different context in [3]. we naturally sefTs =s, while if at least one processor is

The pathwise evolution of the system under virtual queuddling at timet, we setTs =t. Definition (14) implies that at
ing depends exclusively on the sample paths of the arrivime Ts~ there exists at at least one set of quesgswhich
processes{.7;; q € Q}. Therefore, the system stressing2re all empty. Due to Proposition I decreases &— — ;
induces a well defined transformation of every quantitjnerefore.T.=lims . Ts exists (but may be-). Arguing
associated with the system (e.g. the workloads of the virtuBly contradiction it can be established tfatis finite (details
queues). In [8] it is shown that due to Proposition 2 the workgiven in [8]).
loads of a stressed systguathwisedominate the workloads  In view of the above, all queues i}, are empty at
of a non-stressed one. Therefore, if a stressed version of tH&e T. . SinceT, is finite, there is only a finite amount
system under consideration is stable, its original version i8f Workload that can arrive to the queuesi). in the finite
also stable. Hence, in an appropriately stressed version of tiaterval [T, t]. Therefore,
system_, all the processors _n(_aed to cooperate, thus aI_Iowing %q(t) <o, for every €., (15)
us to directly establish the finiteness of the workloads in one s
dominating case, as opposed to the alternative approach bking Fact 2 below, (15) implies that7 J(t) <

Ts=inf{z e (st]: no processor irQ idles in[zt]}, (14)

braking the proof into numerous subcases. o, for every qe .7, all ke Q, proving (13).
The stationarity of th§Wl(t), g€ .%,, ke Q} processes
P, follows from (10)). Moreover, observe that, due to the nature

—

of the #* policy, # (s,t;W) is a continuous function of the
initial workloadw, and is a piecewise continuous function of

AW, t between successive job arrival times. Therefore, it is easy
= to see that the evolution equations of the workload processes
P A #9(s,t;0) are also satisfied by their limiting counterparts
T : 7 S y g p
! f qu(t); hence, the latter constitute aperationalregime of
; g the system.

i Fact 1: Givenp that satisfies the working hypothesise
| have that on any sample path{fy, < Q} (almost surely),
0 hoonge, if limg_,_,,Ts =T, = —oo, then the following statement is
P true:
1 .
] ) ) ) o ) Given set of queues in syster#,, if there exists some
Fig. 4. An illustration of the working assumption in a system of two job

classes and two servers. The working assumption implies that the trafﬁjcecreasmg sequeneksa, ac Z+} with ||mk_>w§( = =%,
intensity vectorp should belong to the two triangles formed within the SUch that q
stability regionsS. DY 4 (Sa, Tsy)
qe, 7k
lim =0, (16)
a—oo t— TSa

Proposition 3: (Finiteness of the Stationary Workloads
under policy ©*). For any stationary and ergodic input
processe§.%;, g€ Q}, if

then for the systems/,,, k' # k and a subsequends,, b e
Z} with limy | s = —oo, such that

2ges, 75 Ts,)

pes (12) Jim = =0, 17)
then Proof of Fact T The proof of Fact 1, due to its extensive
~ ] - length, is omitted and can be found in [8].

W(t) ZsL'rijqu(S»tio) <w, VteR, forevery akcQ, FEact 2: On any sample path (almost surely) of the input
_ (13) {4, qeQ}, the following statement is true for every R:
almost surely. Under this condition the proces@é@(t),t € If the queues in systeny, satisfy under ther* policy

R}, g,k € Q form a finite stationary operational regime of q - —a
the system. Jm At 0) =# (1) <o, foreveryqe s, (18)
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