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Abstract

In this paper, we present an iterative self-training algorithm, whose objective is to extend learn-
ers from a supervised setting into a semi-supervised setting. The algorithm is based on using the
predicted values for observations where the response is missing (unlabeled data) and then incorpo-
rates the predictions appropriately at subsequent stages. Convergence properties of the algorithm
are investigated for particular learners, such as linear/logistic regression and linear smoothers with
particular emphasis on kernel smoothers. Further, implementation issues of the algorithm with other
learners such as generalized additive models, tree partitioning methods, partial |east squares, etc. are
also addressed. The connection between the proposed algorithm and graph-based semi-supervised
learning methods is also discussed. The algorithm isillustrated on a number of real data setsusing a
varying degree of labeled responses.
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1 Introduction and Problem Formulation

In the supervised learning problem, the objective is to construct a rule (learner) based on training data
that would be capable of predicting accurately the response of future observations. Specificaly, let
[Y|X] bean x (p+ 1) data matrix, with either a numerical or categorical response variable Y, and
p explanatory variables X . Over the years, several approaches have been proposed in the literature to
address the problem of constructing alearner ¢( X, Y") from the available training data for predicting the

response of any observation. Examples of such learners include various parametric and non-parametric



regression techniques for numerical responses and a number of classification agorithms for categorical
ones (see Ripley (1996), Dudaet a. (2000), and Hastie et a. (2001)).

In many application areas, it is fairly simple and inexpensive to collect data on the p explanatory
variables. However, it is more challenging and expensive to observe the response Y for a large number
of observations. Such isthe case with the pharmacol ogy dataset examined in Section 4. In such a setting,
data have been collected for p explanatory variables on n objects (cases), as before. But responses are
available only for a subset of size m of the objects; therefore, the data can be partitioned into two subsets:
thefirst set, of sizem x (p+1) containslabeled data[Y7 | X1 ], whilethe second set of size (n—m) x (p+1)
contains unlabeled data [Y;;| Xy/]. In particular, the response vector Yy is missing. This givesriseto a
semi-supervised learning framework. The task at hand is to use the information available in the labeled
data, in conjunction with their relationship to unlabeled data, to better predict the information in X,
and potentially better predict any possible observation 2. The problem of semi-supervised learning has
been studied from various perspectives, with emphasis on how the algorithm actually uses the unlabeled
information, and whether the proposed techniqueistransductive, that is, it can only complete thelabeling
of the missing n — m responses, or inductive, in that it can predict the labels of any potential observation
(Krishnapuram et al., 2005). The survey by Zhu (2006) and the book by Chapelle et al. (2006b) provide a
nice overview of thefield. Next, we provide abrief discussion highlighting some of the general problems

addressed in the area of semi-supervised learning.

One class of techniques is based on the following self-training idea. The most confident predictions
of unlabeled responses are successively added to the labeled set, and used in subsequent rounds for train-
ing the learner to predict less confident unlabeled observations. This approach tends to work best when
the number of unlabeled observations considered at each round is randomly selected, and the number
of observations added to the set is small relative to the size of the unlabeled data (Blum and Mitchell,
1998). Given the fact that in this context unlabeled (missing) response information is processed, most
such approaches are based on an EM algorithmic implementation, with fairly strong assumptions made
on the densities of the unlabeled data. These techniques have proved successful in a number of applica-
tion areas, including text classification and word sense disambiguation problems (Abney, 2004), image
processing (Baluja, 1999), and face recognition (Nigam et al., 2000). Another technique for extending
supervised borders into semi-supervised learning is the transductive support vector machine (TSVM)
(Vapnik, 1998). The main ideaisto optimally push the border determined by a supervised margin-based
procedure away from highly dense regions of labeled and unlabeled data, which should minimize the
generalization error. The main challenge for this problem stems from the fact that the TSVM solution

is NP-hard. As aresult, the implementation requires approximations to perform this task, which typi-



cally involve solving computationally intensive non-convex |oss/penalty optimization problems (Vapnik,
1998; Chapelle et a., 2006a). The authors in Chapelle et al. (2006a) provide compelling quantitative
evidence that the global optimum of TSVM is quite accurate on small data sets.

Graph-based agorithms provide another class of semi-supervised procedures. The main ideais that
the data are represented by a graph, whose vertices are both labeled and unlabeled observations and the
weighted edges represent pairwise similarity between them. Various graph-based algorithmic solutions
for classifying the unlabeled vertices in the graph proposed in the literature include regularized kernels,
harmonic fields, label propagation to name afew (Blum and Chawla, 2001; Zhu and Ghahramani, 2002;
Zhu et a., 2003; Culp and Michailidis, 2007). These procedures are viewed as graph cutting algorithms
stemming from st-minicut (Blum and Chawla, 2001), where the technique cuts edges on the graph to
classify the unlabeled vertices. To extend st-minicut, several of these approaches draw on motivation
from spectral graph theory, electrical circuit design theory, diffusion processes, and harmonic energy
minimization (Blum and Chawla, 2001; Kondor and Lafferty, 2002; Zhu et al., 2003). For example, in
Zhu et a. (2003) the authors present a soft version of st-minicut, where the quadratic harmonic energy
function is optimized with the constraint that the labeled data are forced to agree entirely with the ob-
served true values (i.e. clamping constraint). In addition, for the special case when the graph is fully
connected, the authors provide a connection between harmonic optimization and iterative label propaga
tion algorithms (Zhu and Ghahramani, 2002; Zhu, 2005).

It is worth pointing out that the theoretical foundations of the usefulness of unlabeled datain semi-
supervised learning are not well established. The best understood setting is when the available data come
from a parametric mixture distribution with two known components, but unknown mixing parameter
(Castelli and Cover, 1996). It is shown that the relative value of labeled and unlabeled data for reducing
the risk of the classifier under consideration is determined by the ratio of the Fisher information matrices
for the mixing parameter. In non-parametric settings, asimilar result about the contribution of unlabeled
data has not been established. The “cluster assumption” that posits that two data points are more likely
to have the same label (in a classification setting) if they are close together in a high density region of the
feature space has been suggested as a basis of analysis and underlies many of the approaches proposed
in the literature (e.g. TSVM and graph cutting algorithms). The cluster assumption plays an important
role in graph-based learning, where the problem is treated as inherently transductive. In this setting, the
distance between two labeled vertices depends on the unlabeled vertices between them, which shows
the strong influence exhibited by unlabeled data through the underlying topology of the graph (Culp
and Michailidis, 2007). The paper by Johnson and Zhang (2007) addresses the usefulness of unlabeled
datain graph-based inductive learning, with the emphasis placed on prediction of new unlabeled vertices



unavailable during training. Several of these results are consistent with the findings in this work (see

Corollary 1 and the ensuing discussion).

In this work, an iterative algorithm called Fitting the Fits (FTF) is introduced as a general scheme
which can extend supervised learners into the semi-supervised setting. Figure 1 provides a diagram
categorizing the general learners considered in this work in terms of convergence properties and perfor-
mance. The main feature is that kernel smoothers, graph-based smoothers (see below), loess smoothers
(Hastie and Tibshirani, 1990) and generalized additive models with loess smoothing (Hastie and Tib-
shirani, 1990; Hastie, 2006) provide the most gain in performance in the presence of unlabeled data;
smoothing spline techniques (Hastie and Tibshirani, 1990; Hastie et al., 2001) and classification and re-
gression trees (Breiman et al., 1984) show some ability to improve performance with unlabeled data;
finally, linear regression and partial least squares procedures (Wehrens and Mevik, 2006) show little to
no improvement with unlabeled data. Convergence properties of the proposed algorithm are studied
rigorously for a number of these learners. It is shown that associations between labeled and unlabeled
data are necessary for convergence, although the nature of the learner (global parametric model vslocal
non-parametric one) plays an important role. Thisfinding is consistent in spirit with the results discussed
in Zhang and Oles (2000).

The proposed procedure has much in common with self-training algorithms previously discussed.
One significant difference is that the FTF algorithm uses al the avail able data in each round, as opposed
to only the unlabeled cases that have been predicted with high confidence in previous rounds. In addi-
tion to studying the FTF agorithm as a self-training procedure, we aso briefly discuss its connection
to graph-based label propagation algorithms. In this case, the algorithm can be viewed as propagating
labels across an adjacency matrix of a weighted graph in a similar manner as that of the label propaga-
tion algorithm discussed in Zhu and Ghahramani (2002). One subtle, but important difference in this
context between the FTF algorithm and label propagation is that the former does not require clamping
the response upon convergence. Hence, the estimates of the originally labeled responses yield residuals
and a complexity measure (degrees of freedom) for the graph setting that can be useful for selecting
various tuning parameters associated with the underlying learner. Interestingly, the relationship between

self-training and graph-based learning to our knowledge has not been fully established.

The paper is organized as follows: The proposed algorithm is introduced in Section 2, where its
properties for specific learners are also established. Operational issues for other learners, together with
applications are presented in Section 3. Some concluding remarks are drawn in Section 4, while the

proofs of the technical results are given in the Appendix.
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Figure 1. The diagram provides alayout of different learners considered in this work for the Fitting The
Fitsalgorithm. Thex-axisindicates the degree to which unlabeled dataare hel pful for this procedure. The
learners are separated into three regions, in terms of their global convergence property. Specifically, the
top region contains learners for which global convergence is established independent of the initialization
and a closed form expression is obtained, the second region indicates that general convergence criteria
are obtained and a closed form solution exists, and the third group contains learners where only local
convergence is established empirically and a close form solution has not been obtained.

2 TheAlgorithm

Let [Y|.X] denote the available data that are partitioned into two sets [Y7.| X 1] and [Yi7| X/], with the
response Yy missing. Further, let ¢, (Y, X) denote the supervised learner of choice, where (Y, X)
correspond to the data that the learner was trained on and X isatuning parameter. At each iteration k the

algorithm determines a predicted response Y = [v} V4|7 asfollows.

Algorithm 1 Fitting The Fits (FTF)
1: Initialize vectorsof sizen: Y9 and Y, and set k& = 1.
2 while|| Y — v 13> 6 do
3 Yf =Y, (reset the predicted response to the true response)
4 FitY*H! = ¢, (Y*, X), with ¢ being a supervised learner with tuning parameter A
5. end while

The main steps of the algorithm, upon selecting the supervised base learner and initializing the un-
labeled responses, are outlined next: (i) set the labeled response estimates to their true values, and (ii)
predict both the labeled and unlabeled response vectors with the chosen learner. The procedure is re-
peated until the predicted responses in two successive iterations exhibit a change below a prespecified
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threshold (e.g. § = 1le — 6 proved sufficient for the examples presented below). The procedure is

summarized as Algorithm 1.

Theintent of the algorithm is to extend supervised learners to the semi-supervised setting, while si-
multaneoudly retaining their main characteristics. For example, if the underlying learner is a generalized
additive model, then one can still examine issues such as variable importance and presence of outliers or

observations' influence for the converged semi-supervised solution.

The following issues arise regarding this algorithm: (i) what learners are appropriate for the algo-
rithm, (ii) under what conditions the algorithm converges, and (iii) what loss functions are suitable for
fitting the learners. Several learners are investigated in this study and for many of them these issues are
rigorously addressed and resolved.

2.1 Operational Characteristics of the Algorithm for Linear Smoothers

We start by providing a brief description of the supervised learners considered in this work. With areal
valued response Y7, oneis usualy interested in fitting the following model

y=g(x1,...,2p) + e wheree ~ N(0, Io?). (1)

Under alinearity assumption, the model takestheform g(z1,...,z,) = X/ and the goal isto estimate
the parameter vector 3 from the labeled data. The solution for this problem, under a squared error loss
criterion, is given by 3, = (X7 X 1)~ !X 7Y}, (tilde indicates supervised). The procedure orthogonally
projects the response vector onto the space spanned by the X, data with H;, = X, (X{X,)"1x7].
Hence, the predicted values are given by Y7, = X3, = H. Y, for the labeled dataand Yy = Xy 3,5 =
Hy Yy, for the unlabeled datawith Hy = Xy (X2 X,) "1 XT.

A more flexible model that relaxes the linearity assumption is to use a linear smoother .S, that may
depend on a tuning parameter A (i.e. Vi = S, Y1) (Bujaet al., 1989). For example, in the case of

supervised kernel smoothers the solution fg of the following optimization problem
min Z wii (Yi = Yj)?, 2

is linear in Yz, with w;; = Ky(x;,z;) for some kernel function that depends on a tuning parame-

ter A\. Notice that the smoother resulting from the above problem is explicitly defined as Sy, (i,5) =
Ky (z4,25)

Sy Koonan) < 1fori,j € L whichresultsinY; = SpYr. Also, for unlabeled observations the



smoother is given by: Sy (i,5) = %

linear smoothers the framework requires model assumptions and modifications such as regularization

fori € U andj € L. Ingenera, to connect (1) with

(smoothing splines), locality (kernel or loess smoother) or additivity (additive models) (Bujaet al., 1989;
Hastie and Tibshirani, 1990). This leads to both unique estimation of the smoother and the resulting
linear solution, Y, = S.Y;, and Y, = SyY.. To estimate the smoothing parameter A for a linear
smoother, the generalized cross-validation (GCV) index proves useful, since it is a convenient approxi-
mation to leave-one-out cross-validation (Hastie and Tibshirani, 1990; Hastie et al., 2001). Specifically,
itisgiven by GCV = (I_ECQTJC#)Q withe;, =Yy — S, Y, and the effective degrees of freedom given by
df = tr(Sr). The minimizer of GC'V yields the optimal value of \.

Remark: In abinary classification setting (Y; € {0,1}) optimization of a sguared error loss function
may not be particularly appropriate. The reason for thisisthat a symmetric lossisincurred for correctly
classifying an observation as would be for incorrectly classifying it. A more appropriate loss function is
the logistic one given by (L(g, f) = log(1 4+ exp(—g(y) f) with g(y) = 2y — 1). The model givenin (1)

requires a transformation by an appropriate link function, 7, e.g.

n(y) = g, .., zp) + e forn(y) = log (1;‘”> . @

In general the link function function also generalizes to other settings, such as Poisson (1 = log(y)) and

Gamma (n = y~!) regression (Duda et al., 2000).

2.1.1 Convergencefor Linear Smoothers

We show next that the algorithm converges if the base learner corresponds to a linear smoother. At

iteration k the algorithm fits

YL"”H YL X1, Scr Sru Yy,
T 3N N E = T E 4)
Vi vk Xy Svr Suvu Y7

Notice that Step 4 of Algorithm 1 can be written as Y**+! = SY* with Y* = [y, V%|T, where

S S
S = LEPEU ) s an arbitrary linear smoother based on the entire X data. Some a gebra shows
SurL  Svu

that at the k—th iteration of the algorithm we obtain

VE = (I +Suu+ Siy+-+ SiHSurYr + Sty Y, ©)



where YUO corresponds to the initialization of the unlabeled response. It is easy to see that if the spectral
radius p(Syv) < 1, then the agorithm converges. Thisis formalized in the following proposition for a

class of linear smoothers (proof given in the Appendix).

Proposition 1. Let S be a symmetric stochastic matrix (i.e. S1 =1, S > 0) and Sy beanirreducible
and substochastic matrix. Then, the FTF algorithm converges independent of the initialization, and the

solution is given by
Y = (I - Syv) 'SuLYr,
provided Sy; isof full rank.

The estimated solution for both the labeled and unlabeled response is given by

Vi Scr+ Spo(I — Suw)tSur
s - S) Y. ©
Yy (I = Svu)~ SuL
The labeled solution, Y7, islinear in Yy,; therefore, as with the supervised case, we can employ GCV for
estimation of the smoothing parameter. However, in the semi-supervised context the components of GCV

arenow givenby e = Y, — (Spr+ Sy (I —Syy) ' Syr)Yr and df = tr(Spr+Sru(I—Suu)~SuL).
Notice that the unlabeled data influence this estimation procedure.

The main computational issues for fitting linear smoothers using the FTF algorithm are calculating
the inverse in (6) and estimating internal smoother parameter A (or \ denotes the vector of smoothing
parameters with additive models). The former becomes rather demanding when the size of the unlabeled
data set becomes particularly large. However, in our experience if the underlying smoother matrices are

fairly sparse, then the complexity of the algorithm significantly improves.

2.1.2 Kerne Smootherswith the FTF Procedure

The result in Proposition 1 provides a sufficient condition on the smoother sub-matrix Sy¢; for the algo-
rithm to be globally convergent. However, the structure of the learner ¢ determineswhether thiscondition
issatisfied or not. In the case where the linear smoother is derived from akernel, then amore informative
result can be established. The idea behind kernel smoothing is that observations close together in the X

space should exhibit similar responses.

A smoother matrix S obtained from a kernel has the form S = D~V with Wij = Kx(x;, x;) for



i,j € LUU and D =diag(W x 1,1y) (here 1, isavector of ones of length ). The FTF agorithm
with kernel smoothing is then given by (i) Y* = Y7, and (ii) Y**! = SY*. From this we have that the
closed form solution in (6) for the FTF algorithm with linear smoothers applies to the kernel smoother
case. To show convergence of the algorithm, notice that the kernel matrix W aso emits the following
partition with respect to labeled and unlabeled data:

Wi Wiu
W = : (7
Wy Wuu

Next, we establish the following proposition (proof given in the Appendix):

Proposition 2. Let S = D'V where W emits the partition givenin (2.3). If Wurl > 0 and Wyu

isirreducible, then the FTF algorithm converges independent of itsinitialization, since p(Sy ) < 1.

Noticethat the matrix Wy ;, playsacrucia rolein assessing whether or not the procedure converges. The
intuition is that the connections between labeled and unlabeled data provide information necessary for
the unlabeled datato be informative.

To compare directly the supervised and the semi-supervised results we provide a simple discussion
illustrating how each solution uses the information in the W matrix differently. The supervised kernel

smoother is given by:
?L = Dzll/WLLYL =5,Y, and ?U = D[}iWULYL = SyYr,

with the diagonal row sum matrices appropriately defined®. 1t can be seen that the supervised estimate for
thelabeled datareliesonly onthe Wy ;, partition of W, whilethat for the unlabeled dataonly onthe Wy r,.
However in the semi-supervised case (6) the estimate for the labeled and unlabeled data employs al the
partitions of the W matrix; namely, Wrr, Wy, Wg 1» and Wy, Further, the semi-supervised kernel
smoother estimate can be equivalently written as a linear operator of the supervised kernel smoother
givenby: Yy = (I — Syv)~'(I — D' Dyy)Yy and

Vi = Di'DpYr + (I — D Dpy)WE, Dy (I — Spy) (I — Dt Dyy) Yy Thisresult can be par-
ticularly useful in comparing several aspects of supervised kernel smoothing to semi-supervised kernel
smoothing, such as bias, variance, residual sum of squares, etc. One result of particular interest is the
rolesof Wy, and WEL (necessary for Sy, D1, Dyu, Dy, and Dyy) inthe above decomposition. The

diagonal matrix inequality D; ' Dy < I is satisfied if W, 1) > 0, and similarly D;' Dyy < I'is

'For clarity purposes the row sum matrices are defined next: Dpp =diag(Wrr x 1)), Doy =diag(Wru x 1)),
Dry =diag(Wyr x 11)), Duvv =diagWyv % 11y), DL = Drr + Drv,and Dy = Dyv + Dur.
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Figure 2: The figure provides three examples of semi-supervised kernel smoothing where the unlabeled
datais (left) N (m, 1.3), (middle) U0, 27|, and (right) agrid from 0 to 27 with step= % Inall instances
the same 8 |abeled observations are used with | U |= 242. The plots also contain the supervised and true
function.

satisfied whenever Wy, x 1)) > 0 (or FTF converges). As a consequence, the semi-supervised result
is an average of the supervised kernel smoother’s labeled estimate and a matrix corrected version of the
supervised unlabeled estimate. The extent to which the results are similar depends on the information in

Wy, and Wy as described by the above inequalities.

We consider next the following simple example to illustrate the FTF procedure with kernel smooth-
ing. The univariate model considered isY = sin(X) + ¢, m = 8 (labeled data size), and n = 250
(total observations). For this example, we considered three possible scenarios of obtaining the unlabeled
242 observations using the same 8 labeled cases. The goal istoillustrate that the semi-supervised kernel
smoother can provide (depending on the unlabeled data) a visually pleasing representation of the func-
tion. In the first scenario, Xy ~ N (m,1.3), in the second one Xy ~ UJ0, 2], while for the third one
Xy corresponds to a uniform design (i.e. an evenly spaced grid) on [0, 27r]. The uniform grid is viewed
as defining a‘binned’ unlabeled support for kernel smoothing. In figure 2, the three unlabeled examples
are provided. Notice that the unlabeled data provide significant additional smoothing in al three cases.
In the case of Gaussian generation of the Xy variable, the smooth is rather close to the true function
near . = 7 and the accuracy decreases for the cases farther away from the center of the distribution. An
increase in variance on the unlabel ed data generator resultsin fewer unlabeled observations being located
close to 7, but also in more observations outside the boundaries of the labeled data. The chosen value
o = 1.3 worked fairly well for this example. When the X; data were generated according to the uni-
form distribution, a more accurate smooth was obtained as expected (X ;, was generated from the same

distribution). Finally, the uniform design yields the most visually pleasing smooth for this synthetic data
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set, since it appears to capture particularly well the shape of the true underlying function. These results
provide evidence that the semi-supervised approach leads to additional smoothing in non-parametric

function estimation problems.

Local regression techniques (loess) provide an approach to improve upon kernel smoothing by re-
ducing the overall variance of the fit obtained by the latter procedure. We briefly discuss using the FTF
algorithm with loess as the base learner. Specifically, for a response Y* = YL Y[}“]T, consider the

following problem for determining 3% (x;) and 3% (x;) for the j—th observation:

Bo(x?)l,i,[% o) ie%;U K(xi, 2) (Y = Bolz)) + Bu(aj)m:). ()
The new estimate is Y = 3 (x;) + B1(x;)*x;. To obtain a smoother matrix corresponding to this
solution, we extend the result in Hastie et al. (2001, Chapter 6) to the semi-supervised setting. Define
b(z)T = (1,z) andlet Bbea| L UU | x2 matrix with each row given by b(z;)”’; further, define
a sequence of diagonal matrices {W (x;)i = Kx(xs,2;)}2f withi € L U U. From this set-up we
havethat V! = b(a;) T (BTW (2;)B) ' BTW (2;)Y* = 3,1 Li(;) Y. Therefore, the smoother
matrix has elements S;; = ¢;(x;) withi,j € L U U. One can therefore equivaently write the FTF
algorithm for a loess smoother as (i) Y = Y, and (i) Y**! = SY* and the closed form solution in
(6) applies. Conditions on the X data so that p(Sy ) < 1 (i.e. which would imply global convergence),
comparison to the supervised case, and a generalization to higher order polynomialsin X are currently

under investigation.

Next, we study the connection between the self-training FTF algorithm using kernel smoothing and
the work on label propagation algorithms in Zhu and Ghahramani (2002). In this context, FTF is a
method for graph-based semi-supervised learning (Zhu, 2005; Culp and Michailidis, 2007). Let G =
(V, E) denote agraph, with vertex (node) set V' corresponding to the observationsand E' = {e;;}, e;; >
0 the set of weighted edges that capture the degree of similarity between observations (nodes). The
graph can be represented in matrix form by its adjacency matrix A = {4;;}; notice it emits a partition
analogous to that in (2.3). Further, suppose that the response is categorical. The goal in semi-supervised
graph-based learning is to assign some category to the unlabeled vertices. The FTF agorithm uses
the smoother S = D~! A, where D is a diagonal matrix whose elements contain the row sums of the
adjacency matrix A. Its steps are: (i) V¥ = Y, and (i) Y**! = SY*. The labeled and unlabeled
estimates for this procedure are given in (6). Convergence is established by the following corollary to
Proposition 2.

Corollary 1. Let S = D' A where A is the graph adjacency matrix and emits the partition given in

11



Figure 3: This plot illustrates the FTF algorithm in a graph-based setting. The graph is given by a
40 x 40 node lattice, with edges (not shown) connecting them along all cardinal directions. The labeled
data belong to two classes ('gray’ and 'black’) and are positioned in the four corners (seeleft panel). The
estimates abtained from the FTF agorithm over the entire lattice are shown in the right panel. At each
point on the lattice, aprediction ('gray’ or 'black’) is made, where the intensity of the pixel at each point
represents the probability that the point has been classified as ‘black’. The more intense the pixel, the
larger the probability that the case is estimated as ‘black’.

(23). If Ayl > 0 and Ay is irreducible, then the FTF algorithm converges independent of its

initialization, since p(Syy) < 1.

The condition Ayl > 0 requires that each unlabeled node has at least one edge to a labeled one.
Notice also that this result applies to situations where the graph may not be fully connected, which
generalizes quite nicely the convergence result based on a similar strategy given in Zhu and Ghahra-
mani (2002). This result provides a connection between graph-based learning with label propagation
algorithms and self-training with the FTF procedure introduced in this work.

Anillustration of the FTF agorithm in the graph-based setting is shown next. Consider alattice with
1600 nodesin total, out of which 144 carry 0/1 labels. Each edge is connected to its immediate cardinal
neighbors and the resulting graph with its labeled partition is presented in the left panel of Figure 3. In
the presence of many unlabeled nodes that are not connected to any labeled ones, we have to modify
our strategy in order to make the FTF algorithm applicable. A dissimilarity matrix A was obtained,
whose elements 6;; > 0 correspond to the length of the shortest path from node ¢ to node j. Then, the
heat kernel function K (v;,v;) = exp (M) was used to turn the dissimilarities to a similarity
weight matrix W, with the parameter A\ estimated through GCV. The result in terms of probability class
estimatesis shown in the right panel of Figure 3. The probability class estimates reflect the values of the
labeled datain afairly intuitive way. Observations close to labeled cases have higher probability for that

class, while towards the center the confidence decreases.

Remark: In this example, a dissimilarity matrix based on the shortest path metric had to be calculated
-which can be achieved by a shortest path algorithm similar to Floyd's (Floyd, 1962)- and subsequently
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Figure 4: This plot depicts the semi-supervised linear and logistic regression results obtained from the
FTF algorithm (left and right panel, respectively). Thehorizontal line (k = 0) representstheinitiaization
of the FTF procedure. The various lines shown correspond to the following &k values: k£ = 1 to k = 20.
Note that the unlabeled data at the k-th iteration are set to the fitted values obtained in the previous
iteration. The data size was set to m = 8 and n = 20. The tics on the bottom of the plot indicate the
unlabeled observations.

akernel had to be used. Thefirst step has O(| L U U |?) complexity, while the second involves the esti-
mation of the smoothing parameter. Nevertheless, once the matrix 1 is obtained the result of Corollary
2 applies.

Remark: The conditions specified in Proposition 2 and Corollary 1 have practical significance for attain-
ing both computational and performance gains. For example, the condition Wy 1) > 0 implies that
unlabeled observations that violate it can be safely removed from the data set. In the case where there
are abundant unlabeled data, one could enforce a stronger condition, eg. Wy 1, > v > 0, since it

would ignore unlabeled data not strongly associated with labeled observations.

Remark: For supervised logistic kernel regression, it is well known that optimizing the weighted loss
function with kernel weights analogous to (2) results in an identical estimate as that of (2). Hence,
logistic loss and squared error [oss coincide in the case of supervised kernel smoothing. Itiseasy to show
that this is also the case in the semi-supervised setting, and for this reason logistic kernel smoothing is

not pursued in thiswork.
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2.2 TheCaseof Learners Associated with a Linear Score Function

We investigate next the FTF algorithm in the case when one assumes that the procedure islinear, that is,
n = X[ + e for some link function n. We first start by considering linear regression (n = y), where
at iteration % the algorithm fits the following model: Y* = X% + ¢, with Y* = Yf and
Xypht
¢ ~ N(0,0%I). Linear regression with the FTF procedure reduces to the following steps (i) Y7 =
Hpp Hpy
Hyr Hyu
(XTX) 1XTVF = (XTX)! (X{YL v XEXUB’H). It is also assumed that (X7 X)~! and the

supervised solution 3, exist.

Yy, and (ii) Y1 = HYF = X3k, where H = X(XTX)1xT = ( and % =

Proposition 3. If the X;; component of the data is in the space spanned by the X ;, component, then the

FTF algorithm converges independent of the initialization of Y{} to the least sguares solution Bis.

The iterative solution for the coefficient vector 3* converges to ﬁls involving only the labeled data,
asillustrated in Figure 4 and verified theoretically in the Appendix. Further, we get the following useful
identities for the labeled and unlabeled data due to the closed form solution (6):

Hp, o~ Hpp + Hpy(I — Hyy) 'Hyp
Hy (I = Hyy) "Hyr

Therefore the algebraic solution for the semi-supervised result coincides with the standard linear regres-
sion result in this special case. Notice also that the degrees of freedom are given by, df = tr(Hpy +
Hry(I — Hyy) 'Hyp) = tr(Hp) = tr(H) = p + 1 asisthe casein linear regression.

A similar result can be established when the model is written in terms of B-splines, since it results
in applying linear regression on basis expansions of the X data (Hastie et a., 2001). Further, the result
can be extended to certain regularized versions in the linear regression setting (e.g. ridge regression,
cubic smoothers, etc.). For example, one of the most common ways of regularizing linear regression is
to incorporate an ¢5 (ridge) penalty on the coefficient vector at the minimization stage. The next result
establishes the convergence of the agorithm for ridge regression, whose proof follows closely that for

linear regression.

Corollary 2. The FTF algorithm converges independent of the initialization of }7[9 for ridge regression

with fixed parameter A\, wherein this case the solution is equivalent to supervised ridge regression.
Notice that the convergent solution for both ridge regression and classical linear regression is rather
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intuitive, since the assumed functional relationship is linear. Hence, the unlabeled data are not capable

of influencing the solution and we observe the straightforward convergence to standard results.

Next, we study the FTF procedure for logistic regression. Specificaly, at each iteration the FTF

procedure optimizes alogistic loss function to fit the following model:
n(Y*) = X3 +e

with response vector Y* = [v7, V4|7 In this context, Y;) are the unlabeled probability class estimates
resulting from the procedure at iteration k. To optimize thisloss function directly for fitting (3), one must
iteratively incorporate Newton-Raphson steps via the local scoring algorithm (Hastie and Tibshirani,
1990; Hastie et ., 2001). In this case, FTF is performing the following steps with initialized unlabeled
response vector Y}}: (i) Y7 = Y7, and (ji) set Y**! asthe minimizer of 3, log (1 + e—g(yi)ﬁT“’i>
with g(y) = 2y — 1. Thefollowing proposition establishes the convergence of this procedure:

Proposition 4. If the X;; component of the data is in the space spanned by the X; component, then
the FTF algorithm converges independent of the initialization of f/g to the supervised logistic regression

solution.

Notice that for each regression setting considered, the procedure yields the supervised estimate upon
convergence. Thisisbecause of the following two facts. First, the optimization problem resultsin setting
at the k-thiteration X7 (Y% —~1(X 3*)) = 0. Using the supervised solution 3.,,, and supervised score
XT(vy — Y (X1Bsup)) = 0, we have that

XTWF =g M (XB") = XE( M (X1Beup) — 0 (XL5"))
+ XG( (Xu B = (Xp M) = 0.

Second, a Taylor series expansion of =1 (X3) about ﬁsup, together with the condition on the X data
gives gtk — ﬁsup. Notice that the above discussion applies to the genera score algorithm which also
encompasses the Poisson, negative binomial and Gamma cases. This result is fairly intuitive, since the
underlying functional relationship is linear and thereis no flexibility for the function estimate to adapt to
the unlabeled data.
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2.3 TheFTF procedureasa Plug-in Semi-supervised Algorithm

In many applications, it is desirable to use other learners than the ones studied previously, such asregres-
sion and classification trees, generalized additive models, partial least squares, etc. Given the nature of
these learners, it is hard to establish convergence results for the algorithm under consideration. We dis-
cuss some implementation issues through a simple example that extends regression trees and supervised
generalized additive models (both under squared error and logistic loss functions) to the semi-supervised
setting.

Consider the following simulated regression example: Y = sin(x;) + €2 + € with e ~ N(0,0.1),
zy ~ U[0,7], and 2o ~ N(log (%), 1) for both the labeled and unlabeled X data. The correlation
between x; and x5 is 0.64. To fit semi-supervised additive models, a supervised gam initialized with
loess smoothing was used as the base learner. The resulting solution is shown in Figure 5 (left panel) in
the z1 dimension for the case when there are 8 labeled observations and 92 unlabeled observations. The
right plot provides the result for the x5 dimension. The semi-supervised solution is less wiggly than the

supervised one.

For FTF, the tree base learner is iteratively fit to the full data X using the current response, which
results in a semi-supervised tree. For trees, the data is partitioned into regions and the response is
classified or averaged depending on the responses for the other observations in that region. The goal
is to determine the optimal variable and positions within that variable to split (referred to as a split
point) the data into regions. In the supervised case the tree's split points are chosen midway between
the labeled observations, and an optimization criteria (typicaly the Gini index (Breiman et a., 1984))
is employed to select the most optimal split point considering all possible split points among all the
variables. The FTF agorithm in this case produces a semi-supervised tree where the unlabeled data can
naturally influence the positions for determining the split points, which allows the optimal split point to
be chosen more informatively between labeled and unlabeled data. Figure 6 shows the results for the
simulated data using both a supervised and semi-supervised tree. In order to obtain atree of reasonable
size in the supervised case, at |east two observations must be contained in each node for a split. When
comparing the supervised and semi-supervised regression trees, one must first note that despite their
different structure, they till provide similar estimates. Therefore, from this result it is unclear whether
the supervised or semi-supervised tree solution is preferable. However, the performance results on real
data given in the next section suggest that the semi-supervised version exhibits a superior performance,

especialy in situations involving a small number of labeled cases.

Consider next the following simulated classification example for illustrating the use of generalized
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Simulated Data Simulated Data
GAM (Loess d=1) GAM (Loess d=1)

sin(x1) +2/3x1 sin(3/2exp(x2)) + exp(x2)

15
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--- Supervised --- Supervised
—— Semi-Supervised

20
I

—— Semi-Supervised

10
I

x1 X2
(IL[,|UN)=(8,92) (ILI,|UN)=(8,92)

Figure5: lllustration of the supervised gam and semi-supervised gamwith loess initialization for dimen-
sion z1 (left panel) and x- (right panel).

Simulated Data Simulated Data
Rpart (minsplit=2) Rpart (minsplit=2)
X1< \? ((2 X2< 2f.9b8
x2<1.339 Xx1>=P.688
‘ 23 x1< 2.669 =
0.99
16 86 17 86
Supervised Semi-Supervised
(IL},UND=(8,92) (IL},UN=(8,92)

Figure 6: lllustration of the supervised tree and semi-supervised tree for a simple example.
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Figure 7: These plots depict the results for the gam learner under logistic loss. The upper two plots
correspond to loess smoothing with d = 1, while the bottom two to smoothing splines. The left plots
show the true function, together with the supervised and semi-supervised classification borders. The
labeled classes are represented by large white and black circles, while the small black dots indicate
the unlabeled observations. The right plots show the classification border for each iteration of the FTF
algorithm. The goal hereisto provide avisual assessment of the stepwise convergence of the procedure.
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additive models under logistic loss as the base learner. Specifically, at each iteration the FTF procedure

fits the following model:
. p
n(Y*) =Y B (@) + e
j=1
In this example, the data generation mechanismwas z; ~ U[7r, 137], x2 ~ U[0, 27| and

n = (sin(2x2) + 7/2) (1 + cos(z2)) + log (1 + exp(z1 /7)) — 12 + ¢,

withy = 1?;‘;;”()”) and € ~ N(0,0.1). The unlabeled observations were from the same distribution as
the labeled ones. This example was chosen to provide an interesting classification border that exhibits a
challenge for both the supervised and semi-supervised approaches. A generalized additive model under
logistic loss was fitted to the data, using a loess smoothing for initializing each observation. Figure 7
(upper left panel) shows the classification border for the supervised and semi-supervised result in the
x1 against x5 dimension for n = 50 and m = 17. The supervised border appears to separate perfectly
the labeled data, while the semi-supervised border appears to be slightly more stable and closer to the
true border. The adjacent plot provides the stepwise FTF solution for each iteration k. = 1, ..., 60 with
the unlabeled response initialized to 0. Notice that the procedure is converging to the semi-supervised
border in a fairly remarkable and intuitive way. The corresponding results (lower panel of Figure 6)
are provided for the smoothing spline version of the gam with similar findings. For smoothing spline
version of the additive model it appears that both the supervised and semi-supervised results are quite
competitive indicating that the unlabeled data may not improve the smoothing spline version as much as

with loess, which is consistent with the resultsin Section 3.

Remark: For the additive model under squared error loss, one could equivalently find a unique smoother
R such that FTF is (i) Y} = Y7, (i) Y**' = RY* (i.e. itis alinear smoothing technique) (Hastie
and Tibshirani, 1990). In this case employing (2.3) for obtaining the solution directly isfairly complex
since one would have to first obtain the smoother R, compute (I — Ryi7) !, and estimate the smoothing
parameters for each smoother term in the additive model. To speed up computation in this case we
therefore employ the additive model directly at step 2 of FTF, however, here the trade-off is Slow and

possibly non-monotone convergence. 2

Remark: In the analysis, generalized additive models and classification trees were used as base learners

for the algorithm, and implemented in the corresponding R gam (Hastie, 2006) and rpart (Therneau and

2glight fluctuations in the implemented parameter estimation can cause convergence changes at subsequent iterations.
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Atkinson., 2005) packages (R Development Core Team, 2005). We have empirically noticed that the
convergence of the tree depends on the initialization of ¥,2, and for the resultsin this section this was set

to 0. Given the greedy construction of regression/classifications trees, this empirical finding is intuitive.

3 llustration of the Algorithm with Real Data

In this section the proposed agorithm applied to a number of rea data sets. In addition, the goa isto
assess the difference between the supervised learner and the semi-supervised version of that learner on
the data.

3.1 TheAir Quality Data

This data set consists of 146 measurements of daily air quality in New York from May to September
1973 (Cleveland et al., 1983). These include Solar Radiation (Solar.R), Wind, Temp, Month and Day
and the goal isto predict Ozone levels. Thisdatais of particular illustrative interest in our context, since
generalized additive models are known to work well (Cleveland et al., 1983; Hastie, 2006). In addition,
there is also an unlabeled partition set of size 37, where the response values are missing. For this data
set, it has been previously established that the response needs a transformation and the model of interest

is:
Ozone'’3 ~ hy(Solar.R) + ho(Wind) + hs(Temp).

To fit this model, we applied the supervised gam to the data using loess smoothing for initialization
purposes. In the semi-supervised case, the FTF procedure was used in plug-in mode with the gam
function as input. The unlabeled responses were initialized to the supervised gam and converged in four
iterations. The results are given in the three plots on the top row of Figure 8. The results show that
the amount of smoothing for all three variables is nearly identical between the supervised and semi-
supervised solutions, with minor differences not visually distinguishable to the naked eye. This result
is rather intuitive since there are already 109 labeled observations in this data and the additional 37

unlabel ed observations should not overly influence the smooth.

To illustrate the usefulness of the proposed algorithm in the presence of alarger number of unlabeled
data, we partitioned the label ed data set into 8 labeled cases and concatenated the unlabeled data set with
101 additional testing cases. For the results, refer to the first plot in the second row of Figure 8. The
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Figure 8: The plots are organized on a3 x 3 grid. In each plot the function for each dimension in the Air
Quality data set is shown against the transformed response for both the supervised and semi-supervised
solution. Thefirst row of plots consists of the functions in each dimension with m = 109 (labeled size)
and n = 146 (full datasize) for asupervised and semi-supervised gamwith loess smoothing. The second
row restricts attention to the case when only m = 8 observations are labeled (n = 146). The third row
applies agam initialized with smoothing splines for this restricted case.
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procedure converged in about 110 iterations. The semi-supervised result appears to be more stable, while
the supervised result is dramatically pulled by one observation. Notice that the semi-supervised smooth
is actually not that far off from the case when 109 observations were available during training (above
figure); thisisimportant in practice, considering that only 8 labeled cases are available. In the adjacent
plot (the smooth on the Wind variable), the semi-supervised solution is now dightly more stable than the
supervised solution and the two results are nearly identical for the Temp variable (third plot in second
row). The supervised gamis nearly linear (much less wiggly) in these variables, and in these situations
the semi-supervised gam produces a similar result. It is reasonable to assume that any data partitioning
with alabeled set this small will result in a strong pull of the smooth towards one observation for some

variable, and the FTF algorithm will be more stable in this situation.

For this example, we also considered the case of applying a gam model initialized with smooth-
ing splines. The smoothing spline provides a regularized natural spline basis expansion for smoothing
(Hastie et a., 2001). Theresultsfor the same 8 |abeled observations are provided with this version of the
gamin thethird row of Figure 8. Thissmooth is more stable than the corresponding loess version, but we
still observe some variation in all three variables between the supervised and semi-supervised solution.
In this capacity, the semi-supervised version of the gamwill most likely not be as effective asin the case
of loess smoothing. However, we have observed marginal improvement in low labeled size situations for

the smoothing spline version as well.

From a practical perspective it is interesting to determine which smooth is better according to some
measurement. To ascertain this we applied standard semi-supervised benchmark plots to this data using
the average residual sum of squares (RSS) given by, ”YL‘*TYL”Q on the labeled data and W on the
unlabeled data. The procedure performs the best on this data if this value is minimized. These plots
display the partition of the training data into components with 10% to 90% of the labeled information
available ([Y7, | X 1] isavailableto the procedure), and the remaining testing observations are annexed to
the original 37 missing observationsto form the unlabeled set (the X, partition is available to the proce-
dure). The average RSS over 50 random partitionsfor each percentageis plotted asthe y axis. In addition
to additive models with loess or smoothing spline initializations, we also applied this measurement to

the Air Quality datausing FTF with atree base learner, and a pls base learner (d = 2 dimensions).

Theresultsaregivenin a4 x 3 grid of plotsin Figure 9. Theresults for the gaminitialized with loess
areinthefirst row of the Figure. Thefirst two columns provide the training and testing RSS, respectively.
The third column of plots provides a zoom in view of the testing RSS, with particular emphasis on the

smaller labeled size partitions. Interestingly the supervised solution achieves a lower training value.
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Figure 9: Each plot shows the average (over 50 replications) training/testing RSS as a function of the
%Used cases (labeled data). Each row shows a different base learner for FTF; first row uses gam ini-
tialized with loess, second row gam initialized with smoothing splines, third row uses a tree learner
(implemented viarpart), and the last row the plslearner. The first column of plots provides the average
training RSS where the %-Used varied from 10 to 90 — %. The second column depicts the corresponding
testing RSS. The third column provides a zoom-in view of the testing RSS, with the %-Used restricted
to asmaller set.




However, the semi-supervised solution achieves a significantly lower testing RSS for many values. As
the number of labeled data increases the differences between the two solutions decreases. This result
is consistent with the previous findings seen in Figure 8. Similarly, a gam initialized with smoothing
splines also provides similar improvements (second row of Figure 9); however, the improvement is
not as pronounced as in the loess case (middle column). The semi-supervised result for the tree also
yields improvement in testing performance for extremely low labeled partitions (third row of Figure 9).
The last learner considered for this data was partial least squares 2 in the fourth row of Figure 9. The
results suggest that the semi-supervised version of this approach does not perform well for this data. A
result of this type is consistent with the literature on semi-supervised learning where one has to match
appropriately the technique to the unlabeled data (Zhu, 2006). Overall, this data set provides evidence

that the gam and tree learners lead to improvements in performance when enhanced with unlabeled data.

3.2 Application to Pharmacology Data

The data set consists of 3925 chemical compounds on which an in-house continuous solubility screen
(the concentration to dissolve in a water/solvent mixture) was performed. The covariate information
consisted of 20 attributes that are obtained through computations, which are known to be theoretically
related to a compound’s solubility. For this data set, the value Y = 3 corresponding to 1483 compounds
in the data set indicated the compound was mostly insoluble (since measurements are not possible for
Y < 3) and similarly for the y = 60 (1100 compounds) case. Scientists and statisticians involved in
the analysis of this data set were primarily interested in applying additive models to predict compound
solubility. For this analysis we focused on the regression problem of predicting the observations whose

responses take valuesin the 3 < y < 60 range.

The data set was partitioned into a training/testing set as before with a varying %Used for training
purposes. This set contained all the compounds with intermediate values 3 < Y < 60. In this example
we fit generalized additive models with loess smoothing, as well as with smoothing splines. Although

the main interest is in additive models, we also provide results for regression trees.

The results are presented in the 2 x 3 grid of plots shown in Figure 10. The first plot in the first
row shows the supervised and semi-supervised gam solutions using loess smoothing. The supervised
version does not perform well in low labeled situations, and is incredible sensitive to the % of data
available for training purposes. The semi-supervised gam is more stable and in general provides lower

values for testing RSS. In the case of smoothing splines (second column of plots), the supervised gam

3The partia least squares learner was implemented with the R pls package (Wehrens and Mevik, 2006).
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Figure 10: Each plot shows the average (over 50 replications) testing RSS as a function of %Used cases
(labeled data points) for the Solubility data set. The top row shows the result, with the %Used varying
from 10 to 90-%. A zoom-in view for very low %Used cases, varying from 1 to 10% of the data used for
training purposesis shown in the bottom row. Thefirst column shows the supervised and semi-supervised
result for the gam learner with loess smoothing, the second column for gam with smoothing splines, and
the last column for the tree learner.

isfairly stable and the improvement for training with unlabeled data is less pronounced. Notice that in
the semi-supervised case, both the loess and the smoothing spline versions exhibit similar performance,
whereas in the supervised case these approaches perform very differently. In an extreme setting (1 to
10-% of labeled data) we observe that the semi-supervised version provides a general improvement over
the supervised version for al three procedures (second row of plots). Although the above partitions may
seem extreme, it is actually quite common practice in this field to have such alow percentage of labeled
data available.

In addition to prediction with additive models, there was also interest in a potential followup analysis
using the diagnostic tools commonly associated with this modeling technique (e.g. inference) (Hastie and
Tibshirani, 1990; Hastie et a., 2001). Interestingly, the semi-supervised gam still retains characteristics
associated with additive models, and unlabel ed data could potentialy influence all diagnostics associated
withit.
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4 Concluding Remarks

Inthis paper, aniterative algorithmisintroduced for extending supervised learnersinto the semi-supervised
setting and its global convergence established for the class of linear smoothers and learners that lead to
linear score functions. From the analysis, it can be seen that unlabeled observations can significantly
aid in estimating functions on data in small labeled size problems. We further provide an intuitive ex-
planation for when convergence will occur, based on the quality of the connections between labeled and
unlabeled data. The FTF algorithm can also be applied in plug-in mode, where one wishes to examine
their data using some other learner. This approach is highlighted with the semi-supervised version of a
gam in both a classification and a regression context where significant improvements are observed. The
results in this work are quite useful in many applications that involve complex data scenarios. As noted
in the introduction, the usefulness of unlabeled data is not well understood in semi-supervised learn-
ing. The proposed algorithm may serve as a platform to obtain additional insights into this important
issue. Further, there are a number of interesting theoretical questions about consistency for fixed | L | as

| U |— oo, atopic currently under investigation.
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Appendix: Proofs

Proposition 1. Let S be a symmetric stochastic matrix (i.e. S1 = 1, S > 0) and Sy beanirreducible
and substochastic matrix. Then, the FTF algorithm converges independent of the initialization and the

solution is given by
Vi = (I - Spu) 'Sy Yz,
provided Sy; isof full rank.

Proof. In order to have that Syi; is substochastic, it suffice to have indices 5, such that for every index ¢

we have Sy, (i, j) # 0.

Let v be areal vector taking valuesin IR™~™. It is sufficient to prove the result for positive v with

SUu+S[2]U+-..+S"
n

norm 1. Define T, = UU, Since || Sypv ||1<|| v |1 for every positive vector v one has

| SEttv 1< Suu Ty |1 for every n > 0. Choose n such that 7,,v > 61 (6 exists by irreducibility of
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Suu).

Since Sy is substochastic there exists o« > 0 and index j such that
> Spu(ij) <1-a ©

Therefore, | Spiitv 1< SvoTwv 1< (1 —ad) || v 1= (1 — ad) < 1. The convergent geometric

matrix series (5) implies the solution. O

Proposition 2. Let S = D~'W where W emits the partition given in (2.3). If Wurlg > 0 and Wi/

isirreducible, then the FTF algorithm converges independent of itsinitialization, since p(Sy ) < 1.

Proof. Let Ty = Dgll]WUU and recall that Dyy =diag(Wyuly). Now, from the Perron-Frobenius
Theorem we have that p(7y) = 1 by the above assumption on Wy;. By the assumption on Wy,
we have that Dy =diag(Wyrlz) + Duv > 01 + Dyy for some 6 > 0. Therefore, p(Syy) =
p(DEleU) < p((61 + Dyy) 'DyuTy) < p(Ty) = 1. Then as before, the convergent geometric
matrix series establishes the result. O

Proposition 3. If the Xy component of the data isin the space spanned by the X;, component, then the

FTF algorithm converges independent of the initialization of f/g to the least squares solution st

Proof. In the case of FTF with linear regression, we have that the procedure first sets Y* = (Y7, Y[?)T,
andthensets Y*+1 = HY* = X 3% where H = XT(XTX)~1XT. Atthe k + 1-st iteration the solution

can be written as

-1
e = (<Xz X5><XL>) (xT xz;>< " )
XU XUﬂk

= (XTXp+ xExp) " YXTy, + XE X%
= (XFXp + XEX0) TN XX LB + XEXu (65 = Bis + Bis))
= s + [(XEXL + XEX0) M XEX0))(B" - Bis).

Iterating and doing some bookkeeping we obtain

k+1 , 4

B = B+ [(XF X0+ XEX0) M XEX0)] " (80 - Bus).
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By the condition that X is contained in the space spanned by X ;, we get that
XEXy < XEXp + XXy,
in the Lowner ordering, which implies that
(X[ X1+ X Xo) T (X Xu) < 1,

and thereforethe radial spectrum of the left hand sideislessthan 1 (i.e. p(X7 X+ X{ Xv) N XEXy)) <
1). Hence, the [( X7 X1, + X[ Xy) (X F Xp)]F — 0 and thus 55 — .. O

Proposition 4. If the Xy component of the data is in the space spanned by the X component, then
the FTF algorithm converges independent of the initialization of }7(9 to the supervised logistic linear

regression solution.

Proof. To start, we set-up the supervised problem. First, let Blog be the solution to supervised logistic
16:2% as the probability class estimate (PCE). From this
we have that the labeled PCEs for supervised logistic regression are p'*? = p(X1, (i) and the pre-
dictions for the unlabeled partition are pi?? = p(Xy, Biog)- In addition, define Wi; = p(z;, Biog) (1 —
p(2j, Biog)) 11—y fori, j € LUU. Noticethat, Bioy = (X7 W X1) ' X Wz where z isthe score that
corresponds to the convergent solution for this procedure (Hastie et a., 2001, Chapter 4). Also notice

that the solution satisfiesthe following, X7 (Y7, — p)®) = 0.

regression, and further define p(X, 5) =

Next, we consider FTF with logistic linear regression. To start, assume that FTF procedure has been
N Y;
executed for k iterations. To determine the k + 1'st estimate, set the fitted response as Y+ = lf

Py
(notice that pf, = p(Xy, %)), and then solve ming £(3) where

lp) = Z log (1 +e—g(ﬁk)ﬁTxi>

1€ LUU
= Z YFaTz; —log (1 + e’ngi) .

1€ LUU

Taking the derivative and setting to zero, we note that the solution must satisfy X T(Y’“ - =0
for al &, which implies that

_ ] _
0=X7(Yr—p}) + XG5 —pt) = XL (pr® — k) + XEWE " — i), (10)
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since X7 (Y, — plLOg) = 0. Consider next, a Taylor expansion of p(X, 3) about Elog, givenby p(z,3) =

P, Brog) + 2552 (Biog) (B — Biog) + O(1). From this result, (10) becomes

AX%;VVL)(L(BIC - Elog) + XEWUXU(Bk - Bk_l) + 0(1) =0.

Rearranging terms gives

3 (XTWX) UXTWLXLBog + XEWu Xp ¥ +0(1)

= Blog + [(XTWX)_l(XEWUXU>](Bk - Blog) + O(l)

Applying the same argument as with linear regression (Proposition 3) to obtain that 3*+! = Blog +
[(XTWX) Y XEWy Xu)]F(8° = Biog) + O(1). From the condition on X and that p'°2 e (0, 1)/22V]
we have that 3% — B, O
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