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Abstract

Multilevel modeling is a popular statistical technique &mralyzing data in hierarchical format,
and thus naturally fits within a distributed database fraorew We consider the computational
aspects of multilevel modeling across distributed databals addition, we consider these aspects
under a generalization of the multilevel model where thérithisted groups (or databases) are
allowed to specify different models at both level-1 (indwal) and level-2 (group). For a variety
of scenarios, we develop the distributed computation élyaorfor two-step Least Squares (LS)
estimators and also for iterative MLE estimators of the peaters of interest; in particular, we
determine the required data structure at each computiagteit necessary information (original
data, cross-product matrices, coefficient vectors), aaatter in which such information needs to

be passed between sites. Finally, we discuss recursivéingafault tolerance, and security issues.

Keywords: Multilevel models, distributed computing, estition.



1 Introduction

In a variety of applied statistics problems, informatiordata of interest is distributed across
multiple databases. There may be multiple reasons for thigkiition, ranging from privacy and
confidentiality, to organizational structure and/or regaty requirements, to storage capabilities.
An example of the former are patients’ or students’ recohds &re collected and kept at local
databases, while an example of the latter are sales redomdsipermarket chain that due to storage
limitations cannot be integrated together. As mentionedhbyr et al. (2005), concerns about
data confidentiality pose strong legal, regulatory or evieysjtal barriers to literally integrating
the databases. Indeed, a fundamental tradeoff arises drepvetecting the confidentiality of the
subjects while at the same time trying to derive useful im@tion from the data. Such issues
are faced by many federal statistical agencies (e.g., Buoédabor Statistics, Census Bureau,
National Center for Educational Statistics) and also wigocial science and health research (e.g.,
clinical trials and medical records). Nevertheless, mamgstjons about the performance of the
entire organization, or comparisons between units of amroegtion, can be posed that would
require a ‘pooling’ of the data from these distributed sesrcConsider as an example the case of
educational data associated with school performancesthaanaged by state or private educational
agencies. Research questions concerning student perfoemmaay be investigated separately at
each database (how one student fares with respect to lua/felthssmates), or may be investigated
collectively on an integrated database formed from theviddal databases (how a student fares
with respect to students in other schools). A similar questan be posed for schools and in general
for any unit of analysis for which measurements are conthimé¢he database. Another aspect that
involves an integrated analysis is the fact that most datbare dynamic in nature, with their
records being updated at regular time intervals, and hemegvould want to run different analyses
as additional information is being accumulated.

Multilevel modeling is a statistical technique designethizlitate inferences from hierarchical
data; thus, this technique naturally fits into the distrfobdlatabase framework if one considers the
databases as “groups” of the multilevel model. Moreovettitauel modeling is employed across
a variety of applications, ranging from clinical trials tdueational statistics to marketing studies
(Bryk & Raudenbush, 2002). Indeed, given that the multilevedel may be cast as a mixed effects
model, applications also include areas such as longitudimavth studies and animal breeding
(Rao, 1987; Robinson, 1991). Although we will primarily ube term multilevel model, we could
just as well employ the term mixed effects model due to thetfaat the multilevel model can be

written as a mixed effects model.



Such an analysis often increases the stability of coeffi@stimates and hence the validity of
the associated inferences. If all the data can be trangptari@ single location, existing multilevel
model estimation methods may be applied. In certain casmegever, this may not be feasible,
either due to the size of the data or possibly due to privacfidentiality concerns. Thus, it is
important that the researcher has available techniquealtbe the application of multilevel mod-
eling in a distributed database setting. If not, other optimclude: 1) perform separate analysis in
the different groups, 2) ignore the structure and treat Hta ds one collective group, or 3) aggre-
gate the data from the lower levels of the hierarchy and perfanalysis on the aggregates. The
potential pitfalls of these approaches, however, are wadudhented, e.g., large standard errors,
independence assumption violations, and aggregatiorobihe ecological fallacy, etc. See (Bryk
& Raudenbush, 2002; Goldstein, 2002; de Leeuw & Kreft, 19880)5; Judge et al., 1988) for
details.

In this paper, we focus on the on the computational aspeatisstibuted multilevel models
(the underlying working hypothesis is a very large humbegrofups and/or a very large number
of observations per group, coupled with limited computadiaesources available at each group’s
disposal). We consider this problem under a general fortiomlaf the multilevel model that
encompasses different models (including different subetwariables) for level-1 and different
models (including different subsets of variables) for Ie@nd similarly for the error structures.
Our main contribution is the development of the distribudethputation algorithm for one-step and
two-step Least Squares (LS) estimators and also for terdMLE estimators of the parameters of
interest under various model scenarios; in particular, etemnine the required data structure at
each computing site, the necessary information (origiasa dcross-product matrices, coefficient
vectors), and the order in which such information needs tpassed between sites. As the results
of the distributed algorithms would be the same as thosehionbn-distributed case, we do not
illustrate the algorithms on an actual data set. Althoughfocus is mainly on developing algo-
rithms for modeling without bringing data into a single rejtory, we also briefly consider and
discuss the confidentiality and privacy aspects mentiobesle

The outline of the paper is as follows. In Section 2 we reviea/multilevel model and intro-
duce notation to generalize the multilevel model to allowdifferent groups to specify their own
level-1 and level-2 models. In Section 3 we develop the cdatfmnal algorithms necessary for
distributed estimation in multilevel models, both for niberative and iterative estimation methods.
We emphasize that these algorithms provide the same finaltsezs those obtained if the data
was collected in a single repository; they are not approtioma. In Section 4, we discuss recur-

sive updating, fault tolerance, computational and segig#ues. Finally, we conclude with a brief



summary in Section 5.

2 Some Basics of Multilevel Modeling

In many scientific fields the data have a natural hierarctsatcture, and therefore multilevel or
mixed effects models are appropriate for capturing sualcstre. Specifically, one considers a
level-1 or individual model for micro-units, and then a Ie2eor group level model for macro-
units. Multilevel models can handle more complicated highizal structures that involve several
levels, but in most cases in practice one rarely goes beyemtetvels and therefore we restrict at-
tention to this setting as well. In an educational contextel-1 units could correspond to students
and level-2 units to schools, while in a marketing contexstomers and geographical regions,
respectively. The level-1 model is a classical linear mddethe micro-units, while the level-2
model relates the parameters of the level-1 model (i.elethad-1 regression coefficients), to level-
2 or group regressors. In essence, the level-1 within-gregpession coefficients are modeled as
conditionally exchangeable random variables, conditiopan the values of group-level variables.
Various forms of this general framework exist, allowing $etting certain level-1 coefficients to be
non-random and to allow the inclusion of different level&tiables for the equations of different
level-1 regression coefficients. There exists a largeditee on multilevel and mixed effects mod-
els, spanning a variety of research disciplines. For mdianmation on the history, motivation,
and applied examples of multilevel and mixed effects mqdels Raudenbush & Bryk, (2002) and
Robinson, (1991).

Next, we formally introduce a 2-level model. In our formidet we emphasize the fact that
different databases may contain measurements on diffenbsets of variables. For example, in an
educational context some schools may offer students dpshi@ation programs, or in a medical
context some tests may not be available at some hospitalspoSe we have/ groups anda;

observations in thgth group. The level-1 equation for each group may be writsefolows:
Y = X;Bj +¢;. 1)

Each.X; has dimensions; x p, and contains the measurements onghiegressors for group,
ande; ~ N(0,02¥;), with ¥; usually taken ag,,,, and; is a randonp-vector containing the
within-group regression coefficients for grogpThus, we have the standard linear model for each
group, except that the coefficients are now modeled as ravdoables. In order to generalize to

the situation where the different groups may employ difi¢hoices of level-1 variables, we use



p; instead ofp above. For each of the random variabigs (j = 1,...,J and s =1,...,p;),

we have a model of the form:

Bjs = Z;'s'}/s +Tjs 2)

where the vectot;, hasg, elements. This corresponds to the case where the level-2lfoveach
of the random level-1 coefficients is constant across grolmmatrix notation, we may consider
Bs, aJ-vector containing the level-1 regression coefficientgtiersth micro-variable across the
groups:

Bs = ZsYs + s, (3)

whereZ; is aJ x gs matrix where each row contains the level-2 covariates of thgth group
for the sth level-1 regression coefficient. Singgis not necessarily constant for all we allow
for the possibility that the regression coefficients forfefiént level-1 variables are regressed on
different sets of level-2 or group variables. Furthermdoeallow for the case where each group
may choose different sets of level-2 variables to model #meslevel-1 coefficient, we replage
with ¢s;. Since not every group necessarily choosessthemicro-variable, we require that the
corresponding entry ifF; be equal to zero to insure théf hasJ elements for alk. This will later
simplify our data representations when performing digted estimation.

In addition, we must make sure that and~, are altered accordingly. The full model is where
all groups employ all level-2 variables for the given randsiope variable, i.e., for3,;. If a total
of ¢ level-2 variables exist and all are used to model this lévebefficient, the matrixz, will be
J x g, with each row corresponding to all the level-2 informafiona particular group. (Note thatin
the situation where no group uses all level-2 variablesdkst, we may not setto the maximum
number of level-2 variables employed across the groups; wst still “expand”Z, so that the
number of columns is equal to the total number of variables,gby allowing the column position
to indicate variable identity.) If theth level-1 variable is not used by a particular group, ifend
assumej,; = 0 for a particularj, the jth row of Z; is a row of zeros. Similarly, if a particular
level-2 variable is not used by a group to mode/, then we require that the corresponding entry
of Z, be equal to zero. Th&; matrix essentially contains information on how thgroups model
thesth level-1 coefficient. The full model is given below, andaes must be inserted appropriately

to reflect the modeling decisions.



Bs1 1 Zu ... Zp V50 Ts0
Bs2 1 Zy ... Zp Vs1 Ts1
1
= +
1
1
ﬁs] 1 ZlJ R ZqJ Vsq Tsq

Although this notation may seem cumbersome initially, wallskee that these “expanded”
matrix forms provide savings in distributed estimatiorcsipositional information within matrices
provides information with respect to model choice at ddfdrlevels.

The assumptions on the level-2 disturbance term are asM@ll¢l) the disturbances have 0
expectation £(r;s) = 0), (2) the disturbances in different groups are uncorrdl@&r;sr;) = 0
for j # 1), (3) the dispersion of the regression coefficients is thmesa each group, e.g., the
covariance between the level-1 intercept and level-1 siofiee same across groups((;sr;:) =
Ts¢), and 4) the disturbances are uncorrelated with the leli$tlirbance;; (E(rjs¢;;) = 0).

As in de Leeuw & Kreft (1986), we employ matrix direct sums tatesequations in simpler
form. Recall thatifd,, ..., A, are matrices, with matriXd,. havingn,. rows andJ,. columns, then
the direct sumd; + ...+ Asisan(ny +... +ns) x (J1 + ...+ J,) block diagonal matrix, with
Ay, ..., A as the diagonal blocks. Thus, in the restricted case whexey @roup fits the same
level-1 model, X = X; + ... 4+ X is a matrix withn = > n; rows andJp columns. In the
general case where each group fits different level-1 modeisequire that eacl(; be expanded
in an analogous manner to the expansiorZof Specifically, ifp is the total number of level-1
variables that exist, eack; will be n; x p, but a zero column will exist for each level-1 variable
that is not used by group

If we stack theJ vectorsy; on top of each other to form the-vectory, and in the same way

form the Jp-vectorg and then-vectore, then we can write our model of Equation (1) as
y=XpB+e 4

We may also translate the level-2 equation into matrix éqnaDefine thep x pg matrix 7,

with ¢ as before equal to the total number of level-2 variables, Ane- 2, + ... + 2}, with



i = 0" if group j does not use level-1 variable Thus, we may now write:

Bj = Zjy +rj, 5)

whereE(r;) = 0, E(r;r}) = 7, andE(rjr;) = 0, for j # I. The matrixZ; may be viewed as
an expanded matrix similar td,, but in this case the expansion provides information on rhode
choices at both level-1 and level-2. For example, if only wapiables exist at both level-1 and

level-2, and all level-2 variables are used to model eaafl{&random coefficient, we have:

“Yoo
o1
Y02
Boj 1 Zy; Zy; 0 0 0O 0 O 0 Y10 705
B, | =0 0 0 1 Z;; Zy 0 0 0 1 |t oy
B2, 0 0 0 0 O 0 1 Zvy Zy Y12 T2;
Y20
21

Y22

To account for the general case, zero entries must be idssct®rdingly. For instance, at level-1,
if Bo; is not used, this is set equal to zero and the first rov pindr; must also be set equal
to zero. On the other hand, ff; is used, but onlyZ,; is used to modeb,; at level-2, then the
second entry of row one iff; is set to zero. With respect tg this is viewed as a series of blocks
for each of the level-1 coefficients and is independent.ofhus, we only set a block to zero if
the corresponding level-1 coefficient is not useddtr;. Similarly, a component of a block, say
701, is only selectively set to zero if the corresponding leXelariableZ; ; is not used by any
group to modelsy;. In essence, the rows and columnsAf provide model choice information
for both level-1 and level-2. For instance, if thia row is equal to zero, then th¢h variable was
not included at level-1 by this group. If a column is equal éog then the corresponding level-
2 variable was not included when modeling the corresponidingi-1 coefficient for this group.
This structure requires that the groups agree on the numibscheme (which group assumes the
first position, the second and so on), their correspondingpgasizes, and also on a numbering
of the variables, so that the necessary information can d&eeplin the relevant position. Hence,

this structure does not allow for the case where a group waaltk to mask its variable IDs for



confidentiality with respect to its chosen model; this wooédan entirely different problem.
Stacking equations, we obtain:

f=2Zy+r, (6)

where nowE(r) = 0 andE(rr’) = 7+ ... + 7 (J times).
One may once again combine these equations to yield theesetglation format. Letting
U=XZ(n x q), we have:
y=Uy+ Xr+e, @)

2.1 Estimation

There exist several parameters which must be estimateceimtiitiievel model. The relative
interest in the respective parameters is a function of oresearch interests. For instance, one
may be interested in estimates of the level-1 regressiofiiceats 5;, where we note that we
are using the word estimation somewhat loosely given thegetare random variables in the full
multilevel model. In addition, one may be interested in thedi effectsy, i.e., the regression
coefficients of the level-2 model that specify the relattupbetween level-2 covariates and within-
group regression coefficients. In the school performaneengke, these would be considered as
‘school effects.” Finally, interest may center around tlaiance components, i.e., the level-1
variancer;2 and the level-2 variance-covariance matrjxvhere the latter represents the dispersion
of the level-1 regression coefficients, conditional upaele? covariate information.

The two main approaches to estimation are least squaresfid3ikelihood based methods. LS
methods may be partitioned into one-step or two-step metfardestimation of the fixed effects,
depending upon whether one adopts the single equation oeduation format of the multilevel
model discussed previously. Following the developmentsdamivations given in Appendix A, we
have the equations in Table 2.1 for the LS methods for thewuarbbjects of interest. Regarding
the properties of the estimators, the LS methods providéagetd estimates of all parameters of
interest. As seen from the equations in the table, the aeedtimates of fixed effects may also
be interpreted as a two-step estimator, where step one &sthmation of the level-1 coefficients
and step two is the estimation of the level-2 coefficientse Wo-step estimates may be produced
via either a weighted or un-weighted approach, and we natettiey have the same asymptotic
distribution. As the two-step estimates are no longer lifreghe observations, the simple calculus
of bias no longer applies and one must resort to asymptotibads to evaluate the estimates.

As discussed by de Leeuw & Kreft (1995), although both the-step and two-step non-

weighted LS estimates of fixed effects are unbiased, noatite, linear, and easy to implement,



Table 1: Multilevel Estimators

Name Estimator Function of Data

w?thin—group cogfﬁcients ?j = (X]’.Xj)‘lX]’-yj [(X;,y5)

within-group variance 2 =clej/(nj —p) f(ej)

2-step fixed effects Ye = (2. Z) "1 7! 3, f(Bs, Zs)
=(2'2)"'2'6 £(2.b)

1-step fixed effects

,3/
;Y — (U/U)—lUly — (le)—lzlg
(un-weighted) =

S ZiXXGZ5) T Y 25Xy
= (X1 227 - 2B | £(Z5Z5, Z55;)
1-step fixed effects y=UVIO)TWVly = (ZWZ) "t 27w
(weighted) = (X521 27/ X5V X 2)) 7 S 2 XV
= () 2/ W, Z) T YL 2w

level-2 dispersion Tor = (thtr —trQsX A Q) /trQsQy f(Bs, As, ZS,X;.XJ»)

shrinkage estimator B; = 0,0+ (I — 05§) 24 f(B), Z4,%,6%,7)

they are neither best linear unbiased estimates (BLUEd)ewidinear unbiased predictors (BLUPS).
The corresponding weighted estimate of the fixed effectmagts is fully efficient, non-iterative,
and employs unbiased and consistent estimates of the gar@mponents that can be computed
directly from the OLS residuals. (Note that this may lead égative variance estimates.) See
Appendix A for further details.

In addition to the LS methods discussed above, maximumitiket approaches may also
be employed. Maximum likelihood estimates are defined asettestimates of, = ando that

maximize the likelihood function. The full log-likelihoddr the jth unit is
L;(o? — M og(2m) — 2 log V)| — 2di v, 8
i(0%,7,7) = = log(2m) — 5 log|Vj| = 5d;V;™"d;, (8)

whered; = Y; — X;W;~ and Va(y,) = V; = X;7X;’ 4+ 0;21. Since theJ units are independent,

we write the log-likelihood for the entire model as a sum ai log-likelihoods,i.e.,

L(UQaTa 7) = ZL.7(0277—77)' (9)

The calculation of the maximum likelihood estimates is riotde and may be performed via
various methods such as the EM algorithm or Fisher Scorigg $&ction 3.1).
Regardless of whether one-step, two-step, or maximumiliketl estimates are used in the

multilevel model, we may also employ so-called shrinkagéregors for the level-1 regression




coefficients. These may be considered as a compromise hethveseparate OLS estimates and
a prior grand mean estimate employing the data across alleofjtoups, similar to a classical
James-Stein statistical estimator employed in the simgtienation of multiple population means
problem. Formally, assuming that the variance componamdgized effects are known or good

estimates exist, the multilevel model, i.e., shrinkagtreste of 3; may be expressed as follows:
37 =08+ (I -0,)Zy (10)

where
0; =7(r+o*(XjX;) ") (11)

is the ratio of the parameter variancédor (3; relative to the variance?(X X ;)" for the OLS
estimator forg; plus this parameter variance matrix. Thus, if the OLS eiérimunreliableﬁ;‘
will pull Bj towardsZ;4, the prior estimate. The shrinkage estimator in equati®) id often

referred to as a Bayes or posterior estimator.

3 Distributed Multilevel Modeling

We now examine the various multilevel model estimators iheoito develop the corresponding

computational algorithms for a distributed setting. Theugs of the multilevel hierarchy may be

viewed as components of a distributed database. The goalagadid centralized computations,

i.e., we would like each of the nodes or sites to perform tbein computations and pass along the
results to the other nodes. The passing of information miédagebe performed in a round-robin

fashion or in a more sophisticated manner to obtain gainfigiency.

First, consider the estimation of fixed effegtswhere estimates are obtained via the one-step
approach of equation (28). Since the summations are ovapgjpeach group may calculate their
own matrix products and pass them along to the next grouparfdexy the first term that includes
a matrix inverse(Zj:1 Z;'X;'X;Z;)~", only the final group needs to perform this inverse. The
final group must also multiply this inverse by the second ténal sum,z;.]:1 Z;'X;'y;. Under
the ‘usual’ notation for multilevel models, the fact that tthifferent groups have fit different models
at level-1 and level-2 would result in the matricEs and Z; having different dimensions across
groups, and hence preclude a simple summation of the mat@upts in equation (28). However,
the expanded matrix notation introduced earlier allowssth@mless computation of these sums
across groups.

Each group must compute matrix produéts X;' X;Z; and Z;' X;'y; under the expanded

10



matrix format, where recalk; isn; x p andZ; is p x pq, with zero entries corresponding to the
level-1 and level-2 model choices of grogip Now, letU; represent & x p row vector with a0
entry corresponding to@column inX;, meaning that this level-1 variable is not part of the lelel-
model for groupj. Similarly, let H; represent @ x pq indicator matrix for the non-zero entries
of the expanded matriX; discussed earlier, reflecting the model choices at leveldevel-1 for
groupj. Letc; = U; x Hj, al x pg row vector, and let; = c;-cj, apq x pq indicator matrix.
Note thatC; is of the same dimension &' X,'X;Z;, and represents an indicator matrix of the
non-zero components of;' X ;' X; Z,. Thus, this indicator matrix can be used to determine which
rows and columns of the two matrices need to be multipliedirfsiance, if the, j)th entry ofC;

is equal to one, we know that we must compute (thg)th entry of Z; X ;' X ; Z;. Otherwise, no

computation is necessary. Thiej)th entry of A = Z;' X ;' X; Z; can be computed via the formula

A similar approach may be applied towards the computatighefi, j)th entry of Z;' X ;"y;.

below:

R

a=1 b=1 c=1

We may also obtain the fixed effects estimates in a distrtbotanner via the two-step estima-
tor: (Z}]:1 Z;'Z;)7t Z}-]:1 Z,'3;, whereg; is the OLS estimator obtained in the separate groups.
As with the distributed one-step estimator above, the cdaijmns may be done in an analogous
manner, where we employ the expanded formZpandBj. One advantage of this expanded form
is that a particular group need not have to track the modelgces of the other groups; it merely
has to know the total available variables at level-1 andli&y@nd an agreement with respect to
which variables correspond to which columns).

One option for the organization of the matrix sums is a rowstaln format, i.e., each group
computes their corresponding matrix product and passas#udt to the next group in a line; See
Figure 1. The only requirements are that each group knowsenthesend their information, and
that the last group knows that it is the last group and thatigtralso compute a matrix inverse and
one additional matrix product after this inverse. Thushdre areJ groups, we have essentially
basic steps to the process. Since we are dealing with simpis,ave may also add structure to the
group hierarchy in order to obtain gains in efficiency. Onsgilaility is to arrange the groups into
a dyadic hierarchy or partition. For example, if there aghegroups, we first group them in pairs,
then the pairs are grouped in sets of four, then finally thed®ts of four are grouped into a single
set of eight. Within each set, one of the groups is the leadémerforms the computations for
the group. As tasks may now be done in parallel, we obtainiefidy gains, requiring three steps

instead of eight. In general, forgroups, a dyadic partition will requikesteps, wheré? = J, i.e.,

11



d = log(J/2). Of course, a group must know the necessary informationefifradic partition,
i.e., it must know where to send its information, and the grthat is the leader must know that
it must perform the computation. As before, the final ‘grospould know that it must compute
the inverse and multiply the result by the second term final.s&igure 2 illustrates the dyadic
partition.

Thus far, only distributed estimation for the un-weightstireators has been discussed. The
corresponding weighted estimators require estimates tf the level-1 variance ;2 and level-2
variancer. Regarding the variance component estimation at levehé,aption is to employ the
estimators? = eje;/(n; — p) (See Appendix A). Since; = y; — X3, this information is
available at the separate groups and no sharing of infoomé&inecessary. On the other hand, if
one computes residuals via fitted values computed by a pstonatory; = X,;Z,4, each group
would require the value of which was obtained via the method discussed above. Thisl dmul
sent back to the individual groups after the distributed potation procedure. If groups require
residuals via fitted values computed via the shrinkage estinj; = X J* the procedure is more
involved due to the fact that the shrinkage estimator reguan estimate of the level-2 variance

As discussed in Appendix A, an estimaterainay be obtained via the unbiased estimator:

7A’sr - (t;tr - trQsiAerT)/trQsQr-

The problem with this formulation is that and@ ; involve theZ; matrix, and this represents level-
2 information for a particular level-2 variable across athgps. Specifically, we require the result
Z'Zs. A brute force solution would be to send all the level-2 imfation to a centralized node

and allow the centralized node to perform the computatidre dentralized node would essentially
receive information on the level-2 model choices of eactugroHowever, a more distributed

solution for computing to computing’ Z; is as follows. The full structure of; is given below

for reference:

1 Zy ... Zg
1 Ziy ... Zgp
1

Z, =
1
1
1 Ziy ... Zg

Each group must pass its row gf, along to the next group, along with the product of this row

12



against the other rows that it has received. A particularendoles not have to compute the row
products of other groups, as it will receive these resultge final group will thus have all the
components of the matri%’Z,. Moreover, each group does not receive information reggrdi
the level-2 model choices of every other group, only the gsaihat precede it in the round-robin
for example. The computations and information being passedyrowing at each step: th¢h
node must pass forwardrows of Z;, and also compute and pasgg — 1) row products ofZ Z.
Indeed, the amount of information must be multiplied by adag, since we haveZ, for each

of thep level-1 variables. Nevertheless, the final group will halvé¢he information necessary to
computeZ’ Z; and henc&),. We also require thé ;. matrix, which recall is7 x J diagonal with
the (s, ) component of eachXX;)~!. Thus, each group must calculdt&} X ;)" to supply
the components of each,,. If there existp level-1 variables, each group will thus pagp —
1)/2 unique results sinc(aXJ’-Xj)—1 is symmetric. Note that each group must once again perform
calculations with expanded matrices to preserve variablemn correspondence. Moreover, each
group does not have to manipulate the results of previouspgidhey only have to place them in
matrix A,,.. This matrix is ‘filled’ as the process evolves, and thus thalfgroup will haveA,.

for all s andr. Assuming that fixed effects from the previous distributethputation exist at the
final node, along with level-1 variance estimate, the finabgrmay computé,,..

The distributed computation éfmay also be performed via a dyadic partitioning of the nodes.
Consider the computation df,Z,. The necessary information (rows) and results (row praguct
must be sent ‘up’ the tree such that the subsequent noderfeeate perform the remaining calcu-
lations. The final node would once again be responsible fonifag the final matrices and estimate
of 7. Although initially it may seem that a great deal of overheadild be necessary to account for
the various pieces of information and which rowsffneed to be multiplied, we are dealing with
simple products and simple combinations so the proceduratias involved as one might suspect.
For instance, in the case offa= 8 dyadic partition, the leader of each pair initially caldetwo
row products (its own and against its pair/partner). Néydse results, along with the original row
information of itself and partner, are sent up the tree. Eadér of the four-sets must now calculate
the row products for the groups that didn’t belong to shenepair at the first level; knowledge of
which rows need to be multiplied saves the leader node frorfopeing unnecessary computa-
tions. And so on. Note: if a node is not a node leader, it doép@dormanycomputations related
to Z! Zs. However, each group must calculﬁtléj’-Xj)*1 to supply the components of eagh,;
the dyadic partition does not alter this .

Regarding the shrinkage estimates of the level-1 coefti€jen these also require estimates of

the variance components. Thus, after variance compontmigss have been obtained, they could
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be distributed to the individual groups, thereby allowihgrh to calculate the necessary weights
for a weighted average of the individual OLS estimate andptir estimate. The prior estimate

9; = X;Z;% requires the result of the distributed estimate of the fixéetesy.

3.1 Maximum Likelihood

In addition to the one-step and two-step distributed estinsadeveloped above, we consider dis-
tributed estimation via maximum likelihood methods. Far #imple estimators, the main hurdle
to performing distributed estimation lies in the varianoexponent estimation. For maximum like-
lihood, the variance components will once again presenirthia challenge. Below, we consider

the computation of full information ML estimates via botetEM algorithm and Fisher scoring.

3.1.1 EM algorithm

First, assume that the level-1 variance is constant acrasgpg. Then the EM algorithm leads to

updates ofy, o2 andr with

J J
=0 ZiXX,;2) 7Y ZH(X}Y; — X)X juy),

=1 j=1

J
~ 1 -
o=~ > (d5Mj2d; + o*tr[ X7 X057,

and

J
.1 _
F=2) (uuj+0°C7h,

Wheredj = Y; — Xij’}/, Cj71 = (X
C; 7' X!d;.

For instance, for the estimate, we need initial estimates of not onlybut also initial es-

Xj + 0'27'71)71, Mj = Ij — XjCjilX_;», ande =

timates of the variance components. As each iteration oEtealgorithm requires a sum over
the J groups, this summation could be accomplished in a simiktiéa to a previous distributed
estimation of fixed effects via the simpler methods. Thae&gh group computes its correspond-
ing matrix product in the formulas above and passes thetrestiie next group. However, each
of the nodes must possess both the initial and intermedititaates of fixed effects and variance
components as the EM algorithm cycles through its iteratidRegarding the EM expression for
the level-2 variance, this is also a sum overF groups. This differs from our earlier ‘simple’

estimator, which involved the matri¥; containing information for all/ groups. Thus, we can
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avoid the distributed ‘filling’ procedure that was necegsarconstructZ’ Z involving inter-group
computations. As we now have a simple sum over groups, tloelledibns at each iteration can
now be done in a separated and distributed manner. As witfixie effects, both the initial and
intermediate estimates of fixed effects and variance compsrare required at each node as the
EM algorithm cycles through its iterations.

For all the EM algorithm update formulas, we still need methwith which to assess conver-
gence of the algorithm. This convergence check could be dottee last node in the distributed
algorithm or some designated centralized location. Rédgssdthe convergence assessment will be

based on the deviance of the groups, where the group devi&nce
D; = njlog(2m) + (n; —r)log(c?) +log 7| — log |C; | + o~ 2d}; M;dj,

where
V| = (e*) ™= r|/|C5 71,

andr is the rank ofr. Given this decomposition of deviance per group, each geouft pasg; as

it passes the components of the distributed formulas fofixked effects and variance components.
The last node could sum these deviances and perform thergamaz check. Or, each of the nodes
could keep track of its own unit deviance and perform a caymece check, and pass the result of
the convergence check (binary) to the subsequent nodes @idtiibuted procedure. The last node
could then perform an aggregate convergence check basda sadults of the unit convergence

results that it has received.

3.1.2 Fisher Scoring

The first derivative and expectation of the second derigadivthe log-likelihood are needed for
the Fisher Scoring algorithm. We will henceforth refer tedh two items as the score vector and
information matrix. Although expressions for these vestmay be found in Longford (1987) and
Bryk & Raudenbush (1992), we follow the development of theses provided by Hilden-Minton
(1995), as these expressions are more amenable to a dstriramework. Below we closely
follow the derivation provided by Hilden-Minton (1995).

Recall that the overall log-likelihood can be written as ensaf group log-likelihoods. Thus,
we consider a given group log-likelihood and also droptisebscript for purposes of illustration.

To simplify the likelihood, let
1 Iyy—1
A:—§{10g|V|+dV d},
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whereV = X7X' + o2I andd = Y — XW+. Suppose thap and¢’ are arbitrary elements of

(0%, 7). Then,
d(log|V]) 0V
9 =tr(V 35 ) (12)
and
ov—rh L0V
9% -V 8_¢>V . (13)
Thus, we have first and second derivatives
or_ 1 % ;o 0V
3=t () v ) 4
and
0%\ 1 oV _ 0V yo OV OV
e AU i R e AU S
Now taking the expectation of equation 15, we get
0%\ 1 LoV _ 0V
E(_%w) — lu (v v 3_¢). (16)

SinceV = X7X' + o2 andr is symmetric,

ov
=1
9(c?)
and
ov. Xuu X' ifi=j
oTij Xujuy X'+ Xujui X' ifi#j

whereu; is a column of the identity matrix of dimensidh After some algebra, one obtains

oA 1 _ _
0on = RV -dvTid
_ _%{m——2 — o 2r(X'XCY) — o4 M2d) (17)
and
(9/\ 1 1 7 / —1 I li
5 = —§{tr(V Xuju; X') + (1= 6i)tr(V™" Xuju; X7)
Tij

—d'V ' X, X'V — (1= 6;5)d' V™ Xuju; X'V 'd}
20y
= J{ X'V Xu; — (up X'V ) (uf X'V )}

2_ 7 -2 —4
= —TJ{O' wi X' M Xui — o~ (u; X' Md)(u; X' Md)} (18)
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Setting2? = (%), we may write equation 18 as
ox

1
5 = —o 4T - 51+ (X' MX — X'Md(X'Md)"),
-

whereJ is a matrix of ones and indicates element-wise multiplication. Also for we have

? =W'X'Vld=0c2W'X'Md.
Y

Now we simplify the expected second derivatives.

= —TU;X’V*X(

(ugpu] + wul) X'V X,
2—0;)(2— —4
__(2-y)( - Okt)o {(Wf X" M Xuy) (), X' M Xup)

(i X M X )u; X' M X )}

2 — 6p
2

E{ 92\ } 2 b, )

(r“)Tij 8Tkl

92\ 2— 4y
E _— = ——” I-X/V_QX '3
|:(90'26T1'j:| 2 uj b
2 -4y
=~ o X M X,

A |
Also E [W} is zero, and

92\
E = _WX'VIXW=—-2WX' MXW.
Oyoy!

Thus, the information matrix is block diagonal.

= —%a*‘l{n —2r(X’XCH + (X' XCTIX'XC™)).

(19)

(20)

(21)

(22)

(23)

Consider the score vector and information matrix for thelewariance, provided in equations

(17) and (20), respectively. We observe that given initial antermediate estimates of fixed effects

and variance components, each group can calculate thpaatdge component of the score vector

and information matrix. These may be passed along groupdepgronce again either in round

robin or in a dyadic partition. As with the EM algorithm, edththe last node or a centralized

node can sum the respective components and perform botlister Eipdates and the convergence
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check. The updates of the level-2 variance and fixed effeotddvproceed in a similar manner,
since the respective score vector and information matriwsalso be summed across the groups.

We see that the immediate advantage of both Fisher ScorohghenEM algorithm is that we
may perform distributed computing for all estimators;,ianly the results of group computations
need to be passed along. The potential drawback is the @aeiheolved in communicating the
intermediate results back to the groups, and then perfgrthimdistributed computing again across
the groups. On the other hand, for large computations, wimesamum likelihood may be very
slow, this may be an advantage as computations are digtdlgtoss groups and moreover a dyadic
partition may allow parallel computation.

Finally, as the shrinkage estimators are simply a weightedage of the OLS and prior esti-
mate, these could be obtained after either EM or Fisher 8goonce again passing the relevant

information down to the groups if necessary.

4 Some additional issues

In this section we briefly examine some additional issuesh s the dynamic updating of the
parameters of interest in the presence of new data, tolerahthe distributed algorithms in the

event of a group’s failure, and some security and privaayess

4.1 Recursive Updating

For both least squares and maximum likelihood estimatoghave considered the case of a fixed
data set in the sense that the number of graljssfixed and the number of observations per group
n; is also fixed. We briefly investigate some scenarios thaneitee basic framework investigated
in this paper. Specifically, we outline how inexpensive updaf the parameters of interest can
be obtained when dynamic updates of the data occur. Suchaspdee required when (i) new
observations become available for thin group/database, (ii) new groups emerge and (iii) a group
expands the features (variables) it collects and wantsctadie them in the modeling process. This
could arise from two scenarios. One, new variables may becarailable over time and hence
be introduced into the current model. Two, different conaltitns of variables may be selected in
response to model assessment criteria. Up until now we rawiscussed model assessment, i.e.,
we have assumed that the given level-1 and level-2 modelaceptable. To be sure, this is an
oversimplification, and this constitutes a topic of futugsgarch. Although a complete coverage of
these topics is beyond the scope of the current paper, wédgregme simple updating formulas.

To fix the notation, lety ;) represent the estimator with groups, andy ;1) represent the
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estimator with the additional group. The question then bexzowhether there exists a simple
formula that allows us to obtaify ;1) without running the full algorithm over + 1 groups. This
same question can also be applied to the case where the nafigngeups remains constant, but the
number of observations per group has increased. We focus on the estimation of the unweighted
fixed effectsy, = (Z.Z,)~'Z’[3, when all groups use the same number of level-1 and level-2
variables. ThusZ, is a matrix of dimensioy x g andg; is a vector of size.

We start by examining the effect of adding a new group, whasults in a new row in the
Z, matrix and a new row in thg, vector. Additionally, because of the w@ is estimated, all
the elements of this vector will change because the operatilb cause the new row to affect all
the other rows (a new row in a matrix inversion affects alleottows in the result). Because all
elements of3, will change, it follows that all the elements §f will change also. Unfortunately,
the inversion part of the formul@Z’ Z,)~! causes the new row to change all the results of all the
rows. However, we can save some computing time by storinglthéZ’ Z) matrix product. This

is because the following property was found to apply:
ZoZoid = H'H + ZjenZnew, (24)

whereZ/,4Zoq is the original productresult before adding the new groumi¢tvneeds to be stored),
H is a vector containing all the second level variables of ta@ group, andZ; ., Znew is the result
of the product that includes the new group.

Next, we examine the effect of adding a new level-2 variableaf total ofq + 1 variables.
This change only affects thg, matrix by adding a new column. Unfortunately, this new catum
causes the result of{ Z;) to change dimensions and scramble in such a way that nccshbas
been found to save calculation time. On the other hand, gdalinew level-1 variable causes a
new column addition in th& matrix. Because of th(aXngj)‘l operation, all values of, are
affected. However, th&/, matrix remains unaffected. Therefore, we would save a gteat of
computing time by saving theZ’Z,)~1Z/ result of the original calculation, because to account
for the new level-1 variable we only have to recalculateheector and then multiply by this new
vector. It's easy to see that the larger tig the more calculation time will be saved by storing the
last(Z.Zs)~1Z' obtained.

Finally, although adding new observations to the modelcédfehe variables of the level-1
equation and thus also affects thg values in the level-2 equation, th&, remains unchanged.
Therefore, the same logic as above for adding a new levelidbla applies: by storing the last

result calculated, we could save considerable computing {in exactly the same way as in Sce-
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nario 3). Additionally, notice that adding a new observatmlds a new row to th& matrix, and
therefore we can also save computing time by applying theedagic as in adding a new group:

By storing the originalX} X ; , we can use it to calculate the new one, because:
XowXod = H' H + X{enZnew, (25)

WhereH is the vector of the new observations, akigly and X e are defined in a similar fashion
of Zgg and Zy|q in the first scenario.

Overall, it can be seen that with a judicious storage of sartezrnediate products of matrices,
significant computational gains can be obtained in mostaoes examined, the sole exception
being the addition of new level-2 variables. An interestjugstion to be considered in future work
is whether one can obtain an approximate update by perfgranninexpensive calculation and

assessing it quantitatively.

4.2 Computational Issues

We briefly discussed some computational complexity isseesiming to the distributed algorithms
presented in Section 3. It can be seen that many expressidmsth the least squares and the
maximum likelihood algorithms involve taking sums of meés. In order to illustrate the savings
of the algorithm we consider the estimation of the fixed eéffecas a working example. This
calculation involve§™7_, 7/ X! X;Z;)~t andY 7, Z!X/y;, whereZ; is ap x pq matrix, X; an
n; X p matrix andy; an;-column vector. The produét; X} X ; Z; under the standard outer product
version (see Golub and Van Loan (1996) requxes? + p*n; + p?qn;) flops; since, the dominant
term isp?qn;, this implies that the time complexity of all the terms in them isO(Jp%gn;).
Further, the addition of those matrices requitds/ (pq)?) flops. Analogous calculations apply to
the other sum. In many applications, the number of groupgrfecantly larger tharp and/org
and occasionally of the order af;, which shows that the distributed algorithms exhibit aneord
of magnitude of computational savings. Such savings ane ex@e important in the iterative EM
algorithm used for obtaining maximum likelihood estimates

Regarding advice to the user, the upshot of this discussidinait the realized computational
savings obtained from the proposed multilevel framewoekdure to the distribution of such cal-
culations at the individual sites. Thus, if all the data arailable in one place, the standard non-
distributed algorithms would be advisable. Specificaltytédrms of memory, there are no direct
savings using the distributed algorithm, since even undegrdral repository model the groups

would be processed sequentially. However, if all the dateevetored in a central location, the
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input/output operations would have to be scaled by a fadtor. d\otice that the extended repre-
sentation of the multilevel model introduced in Section 2slaot burden any of the calculations

due to the availability of efficient sparse matrix repreagnohs (Golub and Van Loan, 1996).

4.3 Fault Tolerance

Under distributed estimation, computations must be pafsed group to group, either in say
round-robin format or in some form of dyadic partition. Retjess, there exists the possibility
where one of the groups is unable to send its computatioretsithsequent group in the procedure.
Thus, there must exist a procedure to bypass this group $aththte overall procedure can be
completed. In addition, the final group that is responsiblecbmputing the parameter estimates
must be aware that the number of groups has changed for aagnpger estimates that involve
the total number of groups. A quick inspection of our tablestimators reveals that this should
not be a problem. However, care must also be taken with re$penatrix dimensions, as the
final group now has to construéf, of dimension(J — 1) x ¢ instead ofJ x ¢. In addition,
the structure of the distributed computing has an effecthenatmount of information that is lost
due to the failure of one group. For instance, assuming tiafadiled group can be bypassed
accordingly under a robust round-robin procedure, onlyitii@mation from one group is lost.
The same happens in a hierarchical tree, if there existsnaléigg mechanism that alerts nodes in
the hierarchy of lost nodes. In that case, one of the childeaad the lost one assumes the role of
the leader and performs the necessary computations, stdgt adjustment of the dimensions of
the matrices involved. The above discussion shows thatregde fault tolerance procedures and
the corresponding signaling mechanisms have been incatgzbinto the procedure, the distributed

algorithms discussed are not affected.

4.4 Security/Privacy Issues

Thus far we have operated under the assumption that thédistl databases or groups are owned
or managed by a single operational entity. However, in practhese databases may be owned and
managed by distinct governing agencies/bodies. Condiggecdse of educational data associated
with school performance that is managed by state or privdteational agencies. Under such a
scenario, distributed computing may be the only availapk®oo as the formation of an integrated
database is often problematic due to security/confidéfytiebncerns, i.e., access to student and
school identities and information is often restricted. Hwer, thus far, we have not considered

distributed multilevel modeling under security conceffisus, in the various distributed computing
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algorithms developed above, we must account for the vaoksgcurity/confidentiality concerns
that may exist.

These issues lie in the general area known as data confilitgntia as statistical disclosure
limitation in the context of official statistics (Duncan ét, d4993; Willenborg and de Wal, 2001).
The essential problem is that many statistical agenciestfae conflicting objectives of both pro-
tecting the confidentiality of their data subjects and digsating useful information derived from
their data. Karr et al. (2005) describe various levels ofiggcconcerns, ranging from the need
to protect the group or database identity/origin of the sctgj, to the need to protect the associ-
ated covariate values for these subjects. Under such catiitity concerns, they present methods
for secure regression on distributed databases. Spelgifitedy show how to perform secure lin-
ear regression for the case of horizontally partitione@diag., the participating agencies possess
databases that contain the same numerical informationi$inlt sets of cases or subjects. They
present a range of solutions for the standard regressidnmgmocorresponding to the various levels
of data confidentiality.

Karr et al. (2004) consider a data integration appraochtemiate the databases while preserv-
ing privacy. The goal of secure data integration is to protee origin of any record. Karr et al.
(2004) present a secure data integration algorithm that@mpgynthetic data and permutation to
protect the group/agency identity of records; the synthadita plays a role similar to that of the
random number used in their secure summation (see belotouddh their secure data integration
approach may be employed to conceal the origins of the recdang so we will also lose the
group structure of the data and thereby preclude the use tiflewal model methods. A com-
promise approach would be to retain the group structureawghill protecting the group identities.
There exist at least two ways to accomplish this: 1) The gmodices could be permuted, such that
a recordy;; does necessarily correspond to {ttle group, or 2) The correspondence of the group
j indices to the actual nominal group names could be withlogl8) synthetic group names could
be used to correspond to the group indices, etc. This apipreaald work so long as the identities
could not be inferred from the values of level-1 or level-fbimation, e.g., if there was only one
private school, the group with this label would be autonaiyaevealed.

In some cases, data integration will not be an option, saytalgéorage reasons or increased
confidentiality concerns (note that the data integratiothat of Karr et al. (2004) does not pro-
vide 100% data confidentiality). Secure multi-party conapioh represents a viable alternative,
i.e., methods for performing computations in which mutiplarties hold “pieces” of the compu-
tation. The objective is to obtain some final result, andldsz as little information as possible

en route to computing this final result. For the case of selear regression, Karr et al. (2004)
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present a secure summation algorithm for obtaining thenestid regression coefficients. The al-
gorithm begins with the first group adding a random numbetstoantribution to the desired sum;

subsequent groups observe the current cumulative sum aidbee their component to the sum

without knowing the contributions of the other groups. Thelffigroup passes the result back to
the first group, which subtracts the random number to yiedddssired sum. The integrity of this

procedure depends upon certain assumptions, e.g., wizethet groups collude, etc.

The secure summation protocol can be directly applied toyno&iour distributed algorithms
(for both simple two-step and iterative maximum likelihgachich involve summations of local
database computations. In some of the cases the secure somaigorithm might not even be
necessary given that the subsidiary components providgtidogroups may not reveal relevant
information. The secure summation protocol would not diyeapply to the weighted two-step
approach when estimating the level-2 variance (see Se8jisince this does not involve simple
summations of local database computations. Alternatiweig may consider our proposed algo-
rithms for the components of the weighted two-step apprdaeah, Z.Z;) as a data integration

task, and thus the secure data integration of Karr et al.4R®@y be invoked accordingly.

5 Concluding Remarks

In this paper, we develop algorithms for obtaining both esmgiares and maximum likelihood
estimates of multilevel models for data distributed acdzabases. In particular, the required data
structures at each site, together with the informationtlegds to be communicated between sites
are determined. Some additional issues involving dynaatia dpdates, computational complexity,
tolerance of the algorithms to database failures, and ggeue also briefly discussed.

In the current presentation the model was considered to berkifagreed upon by the sites
beforehand) and fixed. This is perfectly appropriate in tineent context, where the emphasis is
placed on distributed computations for multilevel modéiswever, in a privacy/security context,
where the participating entities do not want to merge (Shttuee raw data for such concerns, the
model to be estimated may not be agreed upon in advance. Imassetting, it then becomes
important to examine model fitting and assessment issuesglgahow the groups can obtain
model diagnostics in a distributed fashion, so that at aeguent stage they can decide on the best
multilevel model at the local and global level for both irdface and prediction purposes, by only

sharing a limited amount of information.
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A Estimation Methods

First, consider estimates of tlte. Although we are estimating random variables, the usutdréai
of bias and variance are still relevant (Rao, 1965a; Rao5h98wamy, 1970, 1971; Pfefferman,
1984). The minimum variance unbiased linear estimatesfois 3, = (X} X;)"' XJy;. Thus,
we compute regression coefficients separately in the diftegroups via the standard estimator. In
matrix form, we haves = (X'X)~1X"y.

The expectation of,; is E(3;) = Z;v, and its variance i§/; =  + 0;2(X/X;)~!. Defining
W = Wi +...+ W), the analogous matrix results are thdtas expectatio~ and dispersiofi’.
In addition, consider the level-1 residuals= y; — X;3;. These residuals have zero expectation
and

E(eje}) = 02 (1 — X;( X[ X;) 71 X)).

1%7

Thus, E(e/e;) = 0;°(n; — p), and hence an unbiased estimatosjs= e/e;/(n; — p). OLS

within groups provides unbiased estimates for the levedvhmetersd; ando;2. Next, the level-
1 regression coefficients may be used to obtain estimatethddiixed effectsy, where we may
view this step as the regression of the fixed effectsn the regression coefficients. Thus,

= (Z’Z)—lz’é. With respect to the regression coefficients for variabtan the J groups, we
may write§, = (Z.Zs)" ' Z.3s.

An estimate for the- matrix, i.e., the variance-covariance matrix of the levekgression co-
efficients, is also required. De Leeuw & Kreft (1986) preseegeneralization of a method of Rao
(1965a) and Swamy (1970) to estimate the level-2 variandebxmaSpecifically, define level-2
residualg, = BS — ZAs. Writing ts = QSBS, whereQs = I — Z(Z.Zs)"*Z!, thenE(ts) = 0
and we have:

E(tst;) = Qs(Tsr I + 3A4) Q. (26)

Above, ¥ is used for the diagonal matrix with thg?, and A, for the diagonal matrix with all
(s,) elements of the/ matrices(X}X;)~' on the diagonal. From the above equation, we obtain

the unbiased estimate

Tor = (tlstr - trQsiAerr)/trQsQra (27)

whereX has the%f- on the diagonal. Thus, after two ordinary least squares step have unbiased
estimates of all parameters of interest.

The above ‘two-step’ estimates may be contrasted with theesponding estimates that are
obtained via the single equation specification (see de L&e#neft, 1986, for more details). The

main result is that there often isn’'t a huge difference irséhapproaches. Based on the single

25



equation format in Equation (7), we may directly write:

J J
=)y = Q2 X X270y 2 Xy (28)
j=1 j=1
One may also attempt a weighted least squares approachentordevelop procedures that are
more satisfactory from a statistical point of view. Speaeiliz we alter the above solution as fol-

lows:

Aweighted = (U'VIU)TU'V 1y = (i Z' X'V X2, 7 i Zy'X;'V; tys o (29)
j=1 j=1

Since Vaty;) = V; = X;7X,’ + ;%I is generally unknown, we may substitute the estimates of
;% andr shown above, as suggested originally by Swamy (1970, 1913 provides an unbiased
estimate of/’, andy may then be estimated by substitutifigfor V' above. As estimates are no
longer linear in the observations, the simple calculus a$sio longer applies and one must resort
to asymptotic methods to evaluate the estimates.

De Leeuw & Kreft (1986) utilize a formula from Swamy (1971101) for the inverse oV in

order to illustrate a dramatic simplification of the estimabove. Specifically, the formula is:
Vit =021 - X(X5X5) T X 4 X (X0 X)W TG X)X, (30)

whereW; =  + 0;2(X}X;)~". This implies thatX/V; ' X; = W;”" and thatX/V;'y; =
W;~'3;. Thus,
4= (UVIVYWV Ty = (ZWZ) " 2 WS (31)

Thus, we observe that 1) we have replaced inversion of neatvic of ordern;, by inversion of
matriceslV;, or orderp, and 2) it is clear from this equation that the Gauss-Marlgiineate can
be interpreted as a two-step estimate, where step one isdlestimation of the level-1 coefficients
and step two is the estimation of the level-2 coefficientgdreing variance components, they are
estimated the same as previously. Thus, two-step estimatgde produced via either a weighted
or un-weighted approach, and we note that they have the ssyngétotic distribution.

In addition to the one-step and two-step methods discudsedea maximum likelihood ap-
proaches may also be employed. Maximum likelihood estimate defined as those estimates of

~, T andX that maximize the likelihood function. The full log-likblbod for thejth unit is
L;(o? — M og(2m) — 2 log|V)| = 2d'Vd 32
i(0%,7,7) = = log(2m) — 5 log|Vj| = 5d;V;™"d;, (32)
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whered; = Y; — X;W;~. Since theJ units are independent, we write the log-likelihood for the

entire model as a sum of unit log-likelihoods.,

L(o® 7,9) =Y Lj(0*7,9). (33)

The calculation of the maximum likelihood estimates may &dgyrmed via various methods such

as the EM algorithm or Fisher Scoring (see Section 3.1).
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Figure 1: Example of round robin partition of groups.
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Figure 2: Example of dyadic partition of groups.

29



