
STATS 531 / ECON 677 WINTER 09

HOMEWORK 5

PROBLEM 4.3 Let cosk(t) = cos(2πωkt) and similarly for sink(t).

cov(xt, xt+h) = E[xtxt+h]− E[xt]E[xt+h]

= E
[ q∑
j=1

[U1j cosj(t) + U2j sinj(t)]

q∑
k=1

[U1k cosk(t+ h) + (1)

U2k sink(t+ h)]
]

= E
[ q∑
j=1

q∑
k=1

{
U1j cosj(t)U1k cosk(t+ h) + U2j sinj(t)U1k cosk(t+ h) +

U1j cosj(t)U2k sink(t+ h) + U2j sinj(t)U2k sink(t+ h)
}]

=

q∑
k=1

E[U1k]
2cosk(t) cosk(t+ h) + E[U2k]

2 sink(t) sink(t+ h) (2)

=

q∑
k=1

σ2
k

(
cosk(t) cosk(t+ h) + sink(t) sink(t+ h)

)

=

q∑
k=1

σ2
k cosk(h), (3)

where (1) follows because U·· have mean zero, (2) follows by independence and (3) follows

by the trigonometric identity in the book.

PROBLEM 4.7 First note

cov(zt, zt+h) = E[ztzt+h]− E[zt]E[zt+h]

= E[xtytxt+hyt+h] (4)

= E[xtxt+h]E[ytyt+h] (5)

= γx(h)γy(h), (6)

where (4) follows since E[zt] = E[xt]E[yt] = 0 by independence and (5) follows by inde-
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pendence for all t and t+ h. Now, by definition

fz(ω) =
h=∞∑
h=−∞

γz(h)e−i2πωh

=
h=∞∑
h=−∞

γx(h)γy(h)e−i2πωh (7)

=
h=∞∑
h=−∞

γx(h)

[ 1
2∫

− 1
2

fy(ν)ei2πνhdν

]
e−i2πωh (8)

=

1
2∫

− 1
2

[
h=∞∑
h=−∞

γx(h)fy(ν)ei2πνhe−i2πωh

]
dν (9)

=

1
2∫

− 1
2

fy(ν)

[
h=∞∑
h=−∞

γx(h)e−i2π(ω−ν)h

]
dν

=

1
2∫

− 1
2

fy(ν)fx(ω − ν)dν, (10)

where (7) follows by (6), (8) by definition, in (9) we assume that we can interchange the

order of summation and integration, and (10) follows by definition. One could also have

used the result in the class notes that the Fourier transform swaps product and convolution.

By definition,

fz(ω) = F
(
γz(h)

)
(ω)

= F
(
γx(h)γy(h)

)
(ω) (11)

=

(
F
(
γx(h)

)
∗ F
(
γy(h)

))
(ω) (12)

=
(
fx ∗ fy

)
(ω) (13)

=

1
2∫

− 1
2

fy(ν)fx(ω − ν)dν, (14)

where (11) follows by (6), (12) by the ”swapping property” from class, (13) by definition

and (14) by the definition of convolution (since −1
2
≤ ω ≤ 1

2
by definition).
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