STATS 531 / ECON 677 WINTER 09
HOMEWORK 7

PROBLEM 1

(i) Let I be the identity matrix of appropriate dimensions, 0 be a matrix of zeros of

appropriate dimensions and A’ be the transpose of A. Then,

cov(z,y) = cov(x — 3,2, 'y, y)
= cov(z,y) — COU(ExyE;1y7 Y)
= Yy — Toy 8, leov(y, y) ' = By — X018,
= Sy~ Yy = 0.

Hence z and y are uncorrelated in the sense that the correlation coefficient p;; = COO_”(Z;’?” )

for Vi, j will be zero. Since 2 uncorrelated Gaussian random variables are also independent,
one may argue that z and y are independent as well. Formally, letting w = (z,y)’,this

follows because
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which may be shown using cov(z,y) = 0 and the properties of the block matrices to show
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— _ -1 __ z
that |3, | = 2.2, — 0| = |%,||%,| and X, = ( 0 3! ) .

Yy
(ii)
Elzly] = Elz+ X3, yly]
= Blz|y] + 2,5, 'y
= Elz]+ 35,5, 'y
= o — Sy S, iy + Sy By = 1+ S0y S (Y — 1)

where the first equality follows by the definition of z and the third one by independence of
z and y.



Vizly] = Viz + X2, y|y]
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= V[m]—cov[EgcyZ Y, x| — covlx, ¥y B y] + V[, B Y]

D S0 Vo SY (RN 0 S 0395 ot URED S0 i) 3 0 S0 D

5
PINEED P i Y

PROBLEM 2 z; and z, are linear combinations of the complex normal variables x

and y. Hence, z is bivariate complex normal with mean p, and covariance matrix >,. Since

A = [ag],

and E[z]| = 0 because z and y have mean zero. By definition, the complex normal random

variables x and y may be written as
x u v
= +1
where u,v,s and ¢ are independent N(0,02/2). Letting A = B +iC (as in the hint),
u v
+1
- B(u>—0<v)+iC(u>+B<U>]:d+m
s t s t

z = (B+iC)




From class, if V

DV o[ B 75 ) and & = -5, then V[z] = R +i5. Note that
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where the last equality follows by independence of u,v,s and t. Also note that

e (e)-e(r)e(2) = (7))

= F (B(u, s)' — C(v, t)') ((u, $)C" + (v, t)B')

covld,e] = cov

= F|B(u,s)'(u,s)C"+ B(u,s) (v,t)B" — C(v,t)'(u,s)C" — C(v,t) (v, t) B
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- %BIC” - %CIB’ - %(BC’ — OB') = —covle, d).

Finally, letting R = 2V[d] and S = 2cov|e, d], it follows that
= o*(BB' + CC') +ioc*(CB — BC'"),
= o*(BB +CC'—i(BC' - CB"))

and, by definition,
AA = (B+iC)(B+iC) = (B+iC)(B—iCY
= BB —iBC'+iCB' — (-1)CC’
= BB +CC'—i(BC'—-CB),

so that z ~ N¢(0,02AA")



