STATS 531 / ECON 677 WINTER 09
HOMEWORK 9

Remember the multiplication rule that p(z,y,z) = p(x|y, z)p(y|z)p(z), which may be
proved by repeatedly using of the definition of conditional density, and let y1.; = (y1, ..., ¥s)-

The prediction recursion is
p(Te|yre-1) = /p(%,l'tl’yl:tl)dxtl
X

_ /p($t,$t17y1:t1)d$t_1
X p(ylzt—l)

/p($t|xt—1,ylzt—l)])<$t—1|y1:t—1)])<y1;t—1)
X p(yl:tfl)

= /p(ﬂﬂt‘iﬂt1)P($t1’y1:t1)d$t1
X

dze_q

where the equalities follow respectively by the definition of marginal density, the definition
of conditional density, the multiplication rule and by the property of state space models

that x; and y;.,_1 are independent given z;_;. The filtering recursion is

(T, Yre—1, Ye)
P(Y1:e—1, Ye)
PWelwe, yro—1)p(@e|yra—1)p(Y1:—1)
PWely14-1)p(Y1:4-1)
P(yelze)p(e|y1:e-1)
P(Yelyr:e-1)

p($t|y1;t) =

where the equalities follow respectively by the definition of conditional density, the mul-
tiplication rule and the property of state space models that 3, and y;.,_1 are independent

given x;. The last recursion is, for 1 <t < T,

p(It, Y1:t—1, yt:T)
P(Yr:4—1, Yer)
PWer|ze, yra—)p(@dy1e-1)p(Y14-1)
p(yt:T|y1:t—1)p(y1:t—1)
P(Yer|z)p(e|y1:e-1)
P(Yer|yre-1)

p(mt\ylzT) =

X P(yt:T|$t)P($t|y1:t—1)

where the equalities follow by the definition of conditional density, the multiplication rule
and the property of state space models that y,. and y;4_1 are independent given x;. The

proportionality follows because p(y.r|y1.4—1) is not a function of x;.



