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1(a) Consider entries into state 1 as renewals with a reward of one at each entry.
Using the renewal reward theorem, long run proportion of entries into state 1 is given by
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(b) Similarly to (a) the long run proportion of entries into 2 is
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Thus 7 = my = 0.4, m3 = 0.2 are the limiting transition probabilities. The limiting state
probabilities are given by
T g
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Thus P, =2/9, P, =4/9 and P; = 1/3.

2 Let {m;} be the stationary probabilities for the original chain, so (using reversibility)
miqi; = T;q;i. Now, look for a solution {7} to the equation

W:Q;j = W;Q;i (1)
Then, fori € A, j ¢ A
Wfqz = CW?% = W;jS
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and require b/a = cand a) ;. , T +b) ;54 ™ = 1. It can be shown that {7} satisfy (1)
as follows. If i€ A, j€ A

T; 4 = ATiGij = AT (5 = T;q;;
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IfigA j¢A
T = bmiqi; = bmjqy = 77 qj;
Thus, {7}} is a probability distribution which solves the detailed balance equations, im-

plying both that g;; is reversible and 7; are stationary probabilities.

3(a) Let X;(t) be 1 if the ith component is working at time ¢ and 0 otherwise. Let
X(t) = (Xq(t), -+, Xn(t)). Then X(t) is a continuous time Markov chain, with state
space {0,1}" and transition rates given by

q((xly"' 7xi—1717xi+17"' 73:71)7(3:17”' 7$i—1a07$i+17”' 7xn)) = )\l
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with other transition rates being zero.

(b) The detailed balance equations are
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Then m(z) > 0 and ),y 1y» m(z) = 1. The detailed balance equations are satisfied if

m(x) =

Z](l _'Z']) = f((xb 7xi—1717xi+17”' 7-7:n)) - f((xla 7~T7L—1a07$i+1a"' 7:Bn))
This is solved by

fle) = n+(n—-1)+-+0n—-3 2;+1)
- nzjxj—zjxj(zjxj—l)/Q.

Therefore, the chain is reversible and (2) gives the stationary probabilities. Since the
chain is irreducible, these are also the limiting probabilities.

4
E[B(T)) = E[2 — 4T) = 2 — AE[T

Assume, we can apply the stopping theorem to the martingale B(t). Now, F[T] < oo
and E[|B(t +s) — B(t)||B(u),0 < u < t] depends on s but not on ¢, so conditions analo-
gous to (iii) for the discrete stopping theorem apply. Then E[B(T)| = E[B(0)] = 0. So
E[T]=1/2.



Cov(B(t),B(s) — sB(t)/t) = Cov(B(t),B(s)) — (s/t)Cov(B(t), B(t))
= s—(s/t)t =0

Applying the hint gives independence.

6 Z(t) is a Gaussian process, since (Z(t1),---,Z(t,)) is a linear combination of the
multivariate Gaussian random variable

(B B)

Now

B(Z(0) = Bl(1 - )B(—)] = (1 - ) B[B(—)] = 0 ®

Alsofor0<s<t<1,s/(1—s)<t/(1—-t)and

Cov(Z(5), Z(t)) = (1—s)(1—t)Cov (B( S ), B(— ))

1—s 1—1
= (L-s)1-t—=s—st (4)

Since (3) and (4) match the mean and covariance function of a Brownian bridge, the
result is shown.

7 Let f(x) = v/z. Then, from the transformation rule

dY'(t) = f(X(1)dX(t) + (1/2) FIX()o% (X (1)dt
= (1/2)X()7V2[(bX(t) + ¢)dt + /4X (t)dB(t)]
+(1/2)(-1/4)X () 3/24X(t)dt

_ % (bY(t) e ) dt + dB(?)

8 Let P4 = P[Sr = A]. Note that T is a stopping time, Sy, (1,n) is bounded and S,, is
a martingale. Thus the stopping theorem gives E[St] = E[Sy] = 0. So, AP4—B(1—Py4) =
0, which gives

B
A+ B

Now, S? —n is also a martingale, and since the increments are bounded and E[T] < oo,
the stopping theorem gives

Py =

E[S2 —T]=E[S; —0] =0
So A?Ps + B?Pgp = E[T). Thus
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PRy =Rp_1+1] = P[Su_1 # Sn,Sns % Sn,-++, S0 # Sy
= PIXp#0,Xp 1+ X0 A0, Xy + -+ X, 0]
= PIX;#0,X; +Xo#£0,--+, Xy + -+ X,, # 0] (Duality)
— PISi£0,85 #0,-, S, #0)

Setting p, = P[R, = R,_1 + 1]

ElR,] = E[1+ iI(Rn =R,1+1)]

=1

3

Now, p, is a decreasing non-negative sequence and thus has a limit. Hence

E
lim ﬂ: lim p, = P[S) # 0 for all £ > 1]

n—oo n
10 {X,} is a martingale since E[|X,|] < co and

E[Xp | X, Xn] = Xn(eXp+1—a)+ (1 - X,)aX,
= X,
Since 0 < X,, < 1, the Martingale Convergence theorem says that X,, converges almost

surely. The only two possible convergence points are 0 and 1. Thus X,, converges to a
Bernoulli random variable. Also, E[X,] = E[X,] = 1/2.



