Stat 620, Fall 2007 Solution Final Exam
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1(b). Note that
J—1
Ty 14+c=c 1{t1>c} + (t1+c+ Z tk)l{tlgc} .
k=2

Taking expectation on both sides above, we have

J—1
E(TJ_l + C) = CP(tl > C) + P(tl < C)E(t1|t1 < C) + P(tl < C)E <(Z tr + C)
k=2

tl S C> . (1)

Note that in above, by result in (a), the second term on the r.h.s. of (1) equals —ce ¢+ 3 (1—e~*¢),
and the third term equals P(t; < ¢)E(Ty-1 + ¢) by memoriless property. Hence, it follows that

Cef)\c + (_Cef)\c + %(1 _ 67/\0))
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2(a). Let X,, =T, — §. J is a stopping time because
{J: n} = {Tl <cTh-Ti<c,.... T, 1 —Tho<c,T,—Th_1> C}

1 1 1
= {X1+X<C,X2—X1+X<C...,Xn_1—Xn_2+X<CXn—Xn_1>C},

which is determined by the value of X,..., X,,. Similarly, {J—1=n} = {J = n+1} is determined
by the value of X1,..., X;,+1. Thus, J is a stopping time, but J — 1 is not.

2(b). First, we have

J J J EJ
]E(TJ_1+C): E(TJ—tJ—i-C):E(TJ—X-FX—tJ-FC): E(TJ—X)—FT—E@J)-FC.

We calculate the three expectations in the r.h.s. above respectively. It is easy to see that J has
geometric distributuion with parameter p = P(t; > ¢) = e . Then EJ = e, Also,

1
E(ty) = E(t1]t1 > ¢) =c+ E(t1) = c+ N

To calculate E(T; — %), since we have shown that X, = T}, — ¥ is a martingale and J is a stopping
time, by the fact that EJ < oo and that

E (’Xn—l-l - Xn’

Xl,...,Xn>:E(

1 1
t1—)\“X1,---,Xn> < E(t1)+x<007

we apply the martingale stopping theorem to obtain

E(T{;—%)z E(Tl—i):o.



Stat 620, Fall 2007 Solution Final Exam

Plugging in, we have
e 1 e 1

e
E(TJ,1+C):0+T—C—X+CZ )\

3. Let X(¢) denote the process. It has states {0,1,2,...}. We can write the transition matrix as
follows.

Giiv1 = A
Qi1 = p+(@E—1)0, i>1
¢ir, = Ootherwise

It is clear that we have a death and birth process. THen, the stationary distributuion P; satisfies:
(0]
> Pi=1 and Pgiir1=Pij1gii1i (2)
By solving (2), we have

. —1
A’L
P=————"PR, Rh=[1+ Z .
[Ti—o(n + 40) ( Z ¢ u+35)>

To see the existence of stationary distribution, one can check that Py > 0. Indeed, since A > 0,
there exists J € N such that p+ Jé > A. Then, it follows that

i»’jf»‘@( ) <o
= Mimo(n+38) = Mimo(u+48) =5\t Jo

4(a). We can define a renewal process, each cycle ending when a transaction is finished. Let X;
denote the length of each cycle. Let T be a random variable with distributuion G. Then,

E(X:) = = + E(T).

A
The, the percentage of time on transaction equals 1 E(T)
STE[)
4(b). The fraction of customers that are lost is the stationary distribution of state 1, i.e., %.
A

5. Since Z(t) is a Brownian bridge, it is a Gaussian diffusion. Then X (¢) is a Gaussian diffusion.
Now we prove

E(X(t))=0 and Cov(X(s),X(t)) =sAt—st.
First,

E(X() = (1+0E (z <1it)> —(1+1)E (B <1it> - 1t+tB(1)>
- (1+t)<0—1t+t>:0.

Next, by the fact that Z(t) is a Brownian bridge,

Cov(X(s), X(t)) = Cov <<1+8>Z <1+> (107 <1t+t)>

t st
= (1+3)(1+t>1+ T WD

= s(1+t)Nt(l+s)—st=sANt—st.

We have thus proved that X (¢) is a standard Brownian motion.



