Stat 620: Exam 1 Solutions

October 23, 2006

1 Let Ny(t) be the number of accidents not resulting in a lawsuit by time ¢ and
Ns(t) be the number of accidents resulting in a lawsuit by time ¢. Then N (%) is
a Poisson process with rate \(1 — p), Ny(t) is a Poisson process with rate Ap and
Ni(t) is independent of No(t).

P(A=n|T'=t) = P(Ni(t) + No(t) = n|Na(t) = 1, No(s) = 0 for s < t)
= P(Ny(t) =n—1), N; and N, are independent
NP (AL~ p)r)?
(n—1)!

EJA()] = E[t = Sy
= /0 (t —u)dFsy, (u) , since 0 < Sy <t
= (t—0)(F)(1+dm(0) + /0 (t — u)F(t —u)dm(u)

= tF(t)+ /Ot(t —u)F(t — u)dm(u) , since dm(0) = 0

(ii) Assuming X has finite second moment, E[X?] = [ 22F(z)dz, as proved in
a homework problem. Also this implies that

lim tF(t) = 0

t—o0



Thus

lim E[A(t)]

t—o0

= 0+ tlim (t —u)F(t —u)d
1 to_
= m /0 tF(t)dt , using Key Renewal Theorem
_ E[X7]
- 2B[X]
3(i)
P[F|X, ="7F] =05 z=1
P X, =z|X,=1,X, 1, | =P[Xpy1 =2|X, =7F] =< P[S|X,=7F]=5 x=2
0 r=3
PIF|X,=FS)=5 z=1
PlXpi1 = 2|X0 =2, X0 1, -] = P[Xps1 = 2| X, = FS| =1 PS|X,='FS|=5 z=3
0 T =2
PIF|X,="85]=2 =1
PXp1=21X,=3,X,1, ] = P Xpy1 =2|X,, = S5 =< P[S|X,="55]=8 x=3

0

T =2

The above shows that {X,,} is a markov chain and also gives the transition matrix

as

P =

bO Ot Ot
O O
o o ©

(ii) The chain is irreducible since all states communicate with each other and it is
aperiodic since P;; > 0. Therefore the chain is ergodic and has a unique stationary
distribution satisfying @ = wP. The set of linear equations is easy to solve, and

gives m; = 4/11, my = 2/11 and w3 = 5/11.

lim »  P[S|X,

lim P[S] =

n—oo

> P[S|X, = 2]

.57T1 + .571'2 + .87T3 = 7/11

= z|P[X,, = ]

X:P[S\Xn = z] lim P[X, = 7]

n—~0o0
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