Applied Probability Qualifying Review Exam, May 2007
Solutions

1. (i)
PYA(t) =y, Ya(t) = yo] = E[P[Y1(t) = y1, Ya(t) = ol Yi(t) + Ya(t) = y1 + 1]

Using the properties that min(Z;;, Z,;) ~ Exponential (A + A2), and {Z;; < Z;} is inde-
pendent of min (Zz]7 ZZJ) with ]D[ZZJ < ZZ]] we have
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for p; = [Ai/ (A1 + A2)](1 — exp{—(A1 + A2)t}).

1. (i) If the n'* death event occurs at time 7,, there are N — n individuals remaining
at 7,. Due to the memoryless property of the Exponential distribution, the distribution of
Zij—Tn|Zij > T, is Exponential ();). Thus, the time to the next death event has distribution
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where Z{j are independent Exponential ();) random variables. 7,11 — 7, therefore has Expo-

nential ((V — n)(A; + A2)) distribution, and the corresponding event has probability
of being type i. Thus
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it also follows that

Viyr,y2)(yr+1y2) = Al(N_n)

V(yry2)(y1,p2+1) = )‘Q(N_n)



PM(s+t)—M(s)=k] = E[P[M(s+1t)— M(s)=k|G(s+1t)— G(s)]]
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This depends on ¢ but not on s, which is the stationary increment property for M ().

P[M(tk) —M(tk_l) —mk,k: 1,..., n]

= E[P[(N(G(t)) = N(G(tx-1)) = My, k =1,...,n[{G(1)}]]

= B PIN(G() - N(G(tx1)) = MilG(t) ~ Gt 2)
= H EPIN(G(12)) — N(Cltyr)) = mil G(t2) — Gltin)] (3)
— 0, PM(t) — M(ti-1) = M. (4)

(2) follows from the independent increment property of N(t). (3) follows from the indepen-
dent increment property of G(t). (4) is the independent increment property of for M(t).

2. (ii)

E[M(s+1t) — M(s)] E[EM(s+1t) — M(s){G(t)}]]
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2. (iii) From (1),
D(k + at) M (%ﬂ)k-{-at ktat—1,-y(25)
PIM(s +1) = M(s) = k] = T(at) K bt / (ibﬂ)kJratF(k at)

C T(k+at)(Ab)F
= T(at) kI (N + 1)F+at

2. (iv) For a Poisson process, the mean and variance of increments are equal - here, they are
not.



2. (v) A counting process with stationary independent increments for which P[M (s +t) —
M (s) > 2] = o(t) is a Poisson process. Thus, from (iv),
PIM t)y— M(s) > 2
g P20 2]

0,
assuming that this limit exists.
3. (i) Let Z(n) be a random walk on Z with Z(0) =0, P[Z(n+ 1) = Z(n) + 1] = p, and
P[Z(n+1)=Z(n) — 1] = 1 — p. Notice that
Plfirst loop is a clockwise loop| = P. = P[ Z(n) hits N before —N].
Now, find 0 < a < 1 such that U(n) = o?™ is a martingale, i.e.,
pa+(1—pla!t=1

(the existence of such an alpha was demonstrated in class). Then apply the martingale
stopping thereom with stopping time 7' = inf{n : Z(n) = N or Z(n) = —N}. The stopping
theorem holds since U(min(n,T")) is bounded. This gives

E[a?D] = E[a?0] =1

and so

3. (i) Set V(n) = Z(n) — n(2p — 1), and again apply the martingale stopping theorem for
T (which holds since V(n + 1) — V(n) is bounded and E[T] < oo). This gives E[V(T)] =
E[V(0)] =0 and so

NP+ (-N)(1-P.) - (2p—1)E[T] = 0
E[T] = N@2F.—-1)/(2p—1).

Now, let R(n) be a renewal reward process, setting renewal times to be loop times and
awarding a reward of 1 if the loop time is a clockwise loop time. Then,

I E[R(n)] E[reward on 1 cycle]

im =

n—op E[time of 1 cycle]
Pc . PC(2p — 1)

E[T] ~ N(2P.—1)

4. For z > 0 > 0, a symmetry argument (see notes, or Ross Section 8.2) gives

Plmax W(t) > 2, W(1) <] = P[W(1) < 22— 3] = ®(5 — 22),

0<t<1



where ®(.) and ¢(.) are the standard normal c.d.f. and p.d.f. respectively. Therefore,

Now,

Plmax W(t) >z, 0 <W(1) <90] = P(0—2z) — P(—22)
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= §6(—22) + O(6)
= 66(22) + O(5)
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So the density of Z is fz(z) = 4ze %" for z > 0.



