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MAXIMUM SMOOTHED LIKELIHOOD ESTIMA TION

E. L. Ionides

University of Michigan

Abstract: Looking myopically at the larger features of the lik elihood function, ab-
sent some �ne detail, can theoretically improve maximum lik elihood estimation.
Such estimators are, in fact, used routinely , since numerical techniques for maxi-
mizing a computationally expensive lik elihood function or for maximizing a Monte
Carlo approximation to a lik elihood function may be unable to investigate small
scale behavior of the lik elihood. A class of maximum smoothed lik elihood estima-
tors is intro duced and shown to be asymptotically e�cien t for models possessing
local asymptotic normalit y. This theoretical result corresponds to good �nite sam-
ple properties in two examples, with a lik elihood that is smooth but multimo dal,
and a lik elihood that is not smooth.

Key words and phrases: Lik elihood, local asymptotic normalit y, maximum lik eli-
hood estimation, maximum smoothed lik elihood estimation, smoothing.

1. In tro duction

Estimating parameters by seekingthe maximum of a smoothed likelihood
function was�rst proposedby Daniels (1960). Kernel smoothing of the likelihood
usinga scaleparameter decreasingto zeromore rapidly than n � 1=2 wassuggested
asa way to �nd asymptotically e�cien t estimators under conditions weaker than
the classicalresult for maximum likelihood estimation of Cram�er (1946). Barnett
(1966) investigated �nite sampleproperties of Daniels' estimator and discovered
through simulation that, when estimating the location parameter of a Cauchy
distribution from a small sample, a maximum smoothed likelihood estimator
(MSLE) could be 10% more e�cien t than the maximum likelihood estimator
(MLE). The motivation for maximizing a smoothed likelihood function in Daniels
(1960) is that the MLE can pay too much attention to small-scalefeaturesof the
likelihood. Smoothing has also been recognizedas a tool for general stochastic
optimization problems(Kreimer and Rubinstein (1988)). Small, Wang and Yang
(2000) discusssmoothing as a method to resolve multiple roots of estimating
equations.

An alternative motivation arises when the likelihood function can only be
approximated by Monte Carlo methods. If independent Monte Carlo estimates
of the likelihood are available at a rangeof parameter valuesa natural approach,
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investigatedby Diggle and Gratton (1984), is to �t a smooth curveapproximating
the likelihood. Diggle and Gratton (1984) weremotivated by inferencefor spatial
point processpatterns. Similar issuesarise for sequential Monte Carlo methods
(Doucet, deFreitas and Gordon (2001)). In this case,H•urzelerand K •unsch (2001)
show that one may do better by constructing dependent Monte Carlo estimates
of the likelihood over a rangeof parameter values. The procedureof H•urzeler and
K •unsch (2001) is an adaptation to sequential Monte Carlo of the trick of �xing
the seedof the Monte Carlo random number generatorwhile comparing di�eren t
parameter values. Independent sequential Monte Carlo likelihood estimatesare
still attractiv e for their reducedalgorithmic complexity.

A computational issuemotivating consideration of a smooth approximation
to the likelihood ariseswhen the cost of evaluating the likelihood function is high,
and one may wish to approximate the likelihood from relatively few function
evaluations.

A �nal motivation for maximum smoothed likelihood (discussedin more
detail in Section 3) is that the MSLE methods introduced in this paper bear a
closeresemblance to practical procedurescarried out under the name of MLE.
Thosewho maximize a smoothed likelihood out of practical necessity might claim
to be �nding an approximation to the MLE, when in fact MSLE has its own
theoretical appeal.

There are many ways in which one might smooth the likelihood. A wide
class of smoothers is introduced in Section 2. Section 4 gives some concrete
constructions and, in particular, shows that certain implementations of locally
weighted regression(Cleveland (1979)) fall in this class. Section 5 demonstrates
MSLE in a situation wherethe likelihood is smooth but multimo dal | estimating
the location of spectral peaks. Section 6 givessomerelevant asymptotic results.
Section 7 presents a secondexample, motivated by the asymptotic results for
non-smooth likelihoods, whereMSLE is 15% more e�cien t than MLE. Section8
is a concluding discussion.

2. A Class of Maxim um Smo othed Lik eliho od Estimators

De�nition 1. A smoother, S; takes real-valued functions on an arbitrary �nite
subsetG � Rd to functions on Rd: for each g : G ! R, we have S(g) : Rd ! R.

Since the likelihood and log likelihood are real valued functions on Rd, it
might appear natural that an appropriate smoother should map the spaceof
such functions into itself. However, De�nition 1 suggeststhat the (log) likelihood
should �rst be sampled on a �nite grid. The discrete sampling is required for
technical reasons,but is not a major limitation sincenumerical implementations
will necessarilybe of this kind. We also require that S satisfy the following
quadratic approximation property.
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(S1). Let q be a seconddegreepolynomial on Rd; and supposeG speci�es a
quadratic, as in De�nition 2 below. There is a positive constants C, depending
on G but not on q, such that for any g : G ! R;

jS(g)( t) � q(t)j < C(1 + tT t) � max
t � 2 G

jg(t � ) � q(t � )j:

De�nition 2. We say that G speci�es a quadratic if there exists a subsetG0 of
G with (d+ 1)(d + 2)=2 elements such that G0 has no more than (r + 1)(r + 2)=2
elements lying on a linear subspaceof dimension r for r = 1; : : : ; d.

This means that a function g0 on G0 may be uniquely interpolated by a
polynomial of degree� 2.

The condition (S1) formalizes a requirement that if g can be well approx-
imated by a second degreepolynomial q, on G, then the smoother produces
a function S(g) close to q. In Section 4 we develop ways of constructing and
modifying smoothers to satisfy (S1).

Now supposewe have a sequenceof statistical experiments corresponding to
families of measuresP� ;n with � 2 � � Rd and n = 1; 2; : : : ; giving rise to the
log likelihood ratio

� n (� ; � ) = log
� dP� ;n

dP�;n

�
:

Formally, we set � n (� ; � ) = 0 if dP� ;n =dP�;n is zero or unde�ned. We will apply
the smoother to a rescaledlog likelihood function evaluated on a set of points
which, with high probabilit y, lie in a neighborhood of the true parameter value
� 0: Speci�cally , let ~� n be a sequenceof preliminary estimators taking values on
a grid n� 1=2(z1Z � : : : � zdZ) for someconstants z1; : : : ; zd > 0: A discretization
is required for technical reasonsin the proof of Theorem 1, and will rarely be
an issue in practice. It prevents ~� n from selecting an unusual feature of the
likelihood, such asthe maximum. For the asymptotic analysiswe require that ~� n

is n1=2-consistent. With G a �nite subsetof Rd; as before,we de�ne the rescaled
log likelihood, � n : G ! R, by

� n (t) = � n (~� n + tn � 1
2 ; ~� n ): (1)

An MSLE corresponding to the smoother S is then

�̂ n = ~� n + n� 1
2 � argmax

t
S(� n )( t): (2)

The maximum neednot be unique. The estimate is unde�ned when a maximum
does not exist. For the remainder of this article we will mean by MSLE an
estimator of the form (2). Note that ~� n plays two roles in (1), de�ning the
origin of the local coordinates, and specifying the measurewith respect to which
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the likelihood is calculated. In the situation where each measure P� ;n has a
positive density with respect to a measure� n , typically Lebesgueor counting
measure, this secondrole becomesunimportant. We can then replace (1) by
� n (t) = log(dP~� n + tn � 1=2 =d� n ) without changing the estimator �̂ n . In the caseof

an independent samplethis becomes� n (t) =
P n

i=1 log f (x i j ~� n + tn � 1=2), where
x1; : : : ; xn are drawn from a density f (xj� ).

3. MSLE Corresp onds to Accepted Statistical Practice

A practical procedurefor likelihood-basedparameter estimation from a com-
plicated likelihood function might include the following steps.

(P1) Take several starting values, � k , k = 1; : : : ; K : Hopefully knowledge of the
particular application will suggestsomereasonablevaluesof � k : Thesemight
also come from some more readily available estimator, such as maximum
pseudo-likelihood or the method of moments.

(P2) For each � k ; run a numerical optimization procedure starting at � k to at-
tempt to �nd the maximum of the likelihood function. Hopefully this al-
gorithm will terminate under a reasonableconvergencecriterion to give an
estimate �̂ k :

(P3) If all the �̂ k are close,use their common value �̂ for an estimate of �̂ 0: An
estimate of the error on �̂ can comefrom numerical calculation of the second
derivative of the likelihood function at �̂ ; using asymptotic properties of the
likelihood function.

(P4) If the valuesof �̂ k for 1 � k � K vary considerably, try to useknowledgeof
the subject matter, the form of the likelihood function and the numerical
algorithm used to understand why. Possibly one or more of the estimates
may be rejected as unreasonable.

(P5) In the event of either (P3) or (P4), plot the regionof interest of the likelihood
function, or try to �nd somegraphical representation such asmarginal plots
when the parameter spaceis of too high dimensionto allow a standard plot.

The MSLE is similar to the method carried out in (P1)� (P5), although a
statistician following these steps might well claim to be calculating an MLE.
In particular, plotting the likelihood function in a region around the estimated
value givesan approximation to the likelihood function basedon evaluations on
a grid of points, as used for the MSLE. Thinking of the procedure as MSLE
instead of MLE has someconsequences.One is encouragedto spend most of the
computational e�ort investigating features of the likelihood on the same scale
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(n� 1=2) as the error of the estimation, and the importance of the initial valuesis
made explicit.

4. Constructing an MSLE

First we show that a least squares quadratic approximation results in a
smoother satisfying (S1). This result is usedto investigatethe useof widely used
smoothing methods, such as those described by Hastie and Tibshirani (1990).

Lemma 1. Let q : Rd ! R be a quadratic polynomial, q(t) =
P

i � j aij t i t j +
P

i bi t i + c, and write � = (a11; : : : ; add; b1; : : : ; bd; c)T . De�ne the least squares
quadratic smoother, SLS , to map g : G ! R to the quadratic ~q with coe�cients
~� = (~a11; : : : ; ~c)T minimizing

P
t � 2 G(~q(t � ) � g(t � ))2. The smoother SLS satis�es

(S1).

Pro of. Write ~
 for a vector in RjGj listing f g(t � ) : t � 2 Gg, and let 
 be the
equivalent vector of f q(t � ) : t � 2 Gg. Since G speci�es a quadratic, there is a
unique least squaresquadratic �t to g whosecoe�cien ts satisfy a linear equation,
say ~� = H ~
 , with H depending only on G. Sinceq is the least squaresquadratic
�t to itself, we have � = H 
 and so ~� � � = H (~
 � 
 ). This givesa bound on the
coe�cien ts of the quadratic (SLS (g) � q) which is linear in maxk(j~
 k � 
 k j), i.e.,
one can �nd a vector � with j ~� i � � i j < � i maxt � 2 G jg(t � ) � q(t � )j. One can then
chooseC to make C(1 + tT t) greater than the quadratic with coe�cien t vector
� , demonstrating that (S1) is satis�ed.

Locally weighted polynomial smoothers (Cleveland (1979)) form a widely
usedclassof smoothers. The implementation of thesemethods employed in the
examplesof Sections5 and 7 is the loess algorithm written by B. D. Ripley,
available in the modregpackagefor the R language. By default, loess calculates
a local quadratic surface by least squaresand so, following Lemma 1, satis�es
(S1). Fitting local linear surfacesvia robust M-estimation, asoriginally suggested
by Cleveland (1979), is available using loess via non-default options.

We now considerhow to coercemore generalsmoothers into satisfying (S1).
For a smoother, S, de�ne the modi�cation S0 by

S0(g) = SLS (g) + S(g � SLS (g)jG);

where SLS (g)jG is the restriction to G of the least squaresquadratic smoother
from Lemma 1. S0 satis�es (S1) as long as S maps small functions to small
functions, i.e., if there is a constant D with jS(� )( t)j < D maxt � 2 G j� (t � )j.

The condition (S1) has two main e�ects: it allows the smoother to extrap-
olate in an (asymptotically) reasonableway, and it ensuresthat the smoother
doesnot destroy the (asymptotic) quadratic structure of the log likelihood. The
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modi�ed smoother S0, which essentially smooths the residuals from a quadratic
approximation, providesa simpleway to enjoy the 
exibilit y of generalsmoothing
methods without su�ering (asymptotic) disadvantages.

5. An Example: Maxim um Smo othed Lik eliho od Estimation of Spec-
tral Peaks

Identifying spectral peaks and estimating relevant parameters is critical
for analysis of protein structure by nuclear magnetic resonancespectroscopy
(W •uthrich (1995)). It is necessaryto attempt identi�cation of peakswith inten-
sities only slightly over the noise level, so e�cien t methods with appropriate
uncertainty estimatesare required. The spectra may contain hundreds of peaks
and may have up to four frequencydimensions.

We considera simpli�ed caricature of a peak estimation problem, with just
one peak, in one dimension, observed with white noise. Suppose that 2n ob-
servations are made from a stationary processwith spectral density given by

f (� j� ) = 1 +
h

1 + ( � � �
w )2

: (3)

Inference may be based on the Whittle model for the periodogram (Shumway
and Sto�er (2000, Section 3.7)),

I k = I (� k ) = f (� k j� )Ek : (4)

Here, � k = k=2n for k = 1; : : : ; n � 1, and the Ek are independent Exponential
random variables with density e� x for x > 0.

Fixing the height and width of the peak results in a location estimation
problem for � . The MLE is asymptotically well behaved for large n, but in
practice the likelihood has many local maxima. A worked example is presented
in Figure 1 and the following caption. MSLE wasfound to deliver a 6% e�ciency
improvement over MLE, when both correctly identi�ed the peak. MSLE also
identi�ed the peak a little more often.

As well as demonstrating onesituation whereMSLE outperforms MLE, it is
worth noting that MSLE was found to be comparableto MLE for a wide variety
of parametervaluesand amounts of smoothing (results not shown). The practical
advantagesof smoothing the likelihood to simplify maximization in morecomplex
situations may be more compelling than small di�erences in e�ciency .

In this example the likelihood is smoothed globally. The initial estimator
does not play a role, and so there is no reasonableimplementation of MQLE.
However, we have demonstrated here that the more generalclassof MSLE esti-
mators is neverthelessuseful. For larger problems, when exhaustive maximiza-
tion is not possible,maximization of the likelihood or smoothed likelihood may
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require a reasonableinitial estimate and/or the use of numerical optimization
techniques.
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Figure 1. (a) The true spectral density (solid line) for (3) with � 0 = 0:25,
h = 4 and w = 0:05, and a realization from (4) with n = 200 (dotted lines);
(b) The log likelihood for this realization (dashed line) and the smoothed
likelihood (solid line). Smoothing was carried out by applying loess to
the log likelihood evaluated at � = k=2n, k = 1; : : : ; n � 1. MSLE (using
loess with smoothing parameter span = 0:1) was 6% more e�cien t than
MLE, measuredfrom the relativevarianceof MLE and MSLE conditional on
both methods correctly identifying the peak (i.e., when both estimateswere
within � 0 � 5w). This occurred 92:9% of the time. MSLE was also slightly
more likely to identify the peak (93:35% compared to 93:19%, a di�erence
of 0:16%). Results are basedon a simulation of size200; 000.

6. Asymptotic Prop erties of Maxim um Smo othed Lik eliho od Estima-
tors

Following Le Cam (1986), a family of measuresf P� ;n ; � 2 � g with � an open
subsetof Rd is said to have local asymptotic normality (LAN) at � 0 if there exists
a positive de�nite matrix K and a sequenceof random variables f � ng such that,
for any bounded sequencef tn g in Rd,

� n

�
� 0 + tnn� 1

2 ; � 0

�
= tT

n � n �
1
2

tT
n K tn + op(1; � 0);

(5)
� n

d� ! N (0; K ) under P� 0 ;n :

Here, d� ! indicates convergencein distribution, and � n = op(� n ; � ) meansthat
� n=� n ! 0 in probabilit y under P� ;n . LAN implies that the probabilit y of
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dP� ;n =dP� 0 ;n beingzeroor unde�ned tends to zero. The matrix K is thought of as
the asymptotic information rate concerning� ; it coincideswith the Fisher infor-
mation under regularity conditions. H�ajek's convolution theorem justi�es calling

an estimator �̂ n of � asymptotically e�cien t if LAN holds and n1=2(�̂ n � � 0) d� !
N (0; K � 1): More lengthy discussionsof LAN can be found in Bickel, Klaassen,
Ritov and Wellner (1993) and Van der Vaart (2002). A generalization of LAN
that could be similarly usedto motivate MSLE is the local asymptotic quadratic
condition of Le Cam and Yang (2000, Section 6.2).

To demonstrate the asymptotic e�ciency of the MSLE �̂ n , we show that it
is asymptotically equivalent to Le Cam's e�cien t one step estimator �� n ; in the
sensethat j�̂ n � �� n j = op(n� 1=2; � 0). The one-step estimator of Le Cam and
Yang (2000, Section 6.3) is the special caseof MSLE which we have called the
maximum quadratic likelihood approximation estimator (MQLE). The MQLE
may be de�ned asan MSLE whereG is a set of (d+ 1)(d+ 2)=2 points specifying
a quadratic, and S returns the interpolating polynomial of degree� 2:

Theorem 1. If f P� ;n g hasLAN, then any two MSLE estimators, �̂ n and �̂ 0
n ; are

asymptotically equivalent in that j �̂ n � �̂ 0
n j = op(n� 1=2; � 0):

Heuristically, Theorem 1 holds becauseany smoother satisfying (S1) will
asymptotically return a smoothed log likelihood closeto a quadratic approxima-
tion guaranteed by LAN. Lemma 2 givesa formal approximation result.

Lemma 2. Let ~� n be the n1=2-consistent estimator in (2), and de�ne

qn (t; u) = tT (� n � K u) �
1
2

tT K t; (6)

with K and � n identi�e d in (5). Then � n (t) in (1) and qn (t; u) satisfy

max
t � 2 G

(� n (t � ) � qn (t � ; n
1
2 (~� n � � 0))) = op(1; � 0): (7)

Pro of of Lemma 2. WecanchooseM sothat P� 0 (j ~� n � � 0j � M n� 1=2) < " for a
given" > 0 and su�cien tly largen. Now let � n = n1=2(~� n � � 0) if n1=2j ~� n � � 0j � M
and � n = 0 otherwise, so f � ng is a bounded sequence. De�ne the truncated
rescaledlog likelihood, � 0

n (t), as

� 0
n (t) = � n (� 0 + n� 1

2 (t + � n); � 0 + n� 1
2 � n )

= � n (� 0 + n� 1
2 (t + � n); � 0) � � n (� 0 + n� 1

2 � n ; � 0) + � n

= (tT + � T
n � � T

n )� n �
1
2

(t + � n )T K (t + � n ) +
1
2

� T
n K � n + � n

= tT (� n � K � n) �
1
2

tT K t + � n

= qn(t; � n ) + � n : (8)
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The term � n = op(1; � 0) allows for a possible lack of absolute continuit y. The
LAN assumption gives � n = op(1; � 0) since � n takes values on a set of bounded
size,namely

� n 2 f � 0n
1
2 + z : z 2 (z1Z � � � � � zdZ) with j� 0n

1
2 + zj � M g [ f 0g:

From (8), recalling the construction of f � n g, we seethat � n (t) � qn (t; n1=2(~� n �
� 0)) = op(1; � 0). Finally, to prove the Lemma, notice that G is a �nite set.

Pro of of Theorem 1. The maximum of qn (t; n1=2(~� n � � 0)), de�ned in (6),
occurs at t = K � 1� n � n1=2(~� n � � 0): Now (7) together with (S1) gives

argmax
t

S(� n (t)) = K � 1� n � n1=2(~� n � � 0) + op(1; � 0):

We can now write a bound for the MSLE,

�̂ n = ~� n + n� 1
2

�
K � 1� n � n

1
2 (~� n � � 0) + op(1; � 0)

�

= � 0 + n� 1
2 K � 1� n + op(n� 1

2 ; � 0): (9)

The result (9) does not depend on the form of the MSLE used, proving the
theorem.

Theorem 1 givesthe asymptotic distribution of the MSLE when K is known.
If S(� n (t)) is su�cien tly smooth that a condition analogousto (S1) holds for the
matrix of secondderivatives,

r 2S(g)( t) =
h @2

@t i @t j
S(g)( t)

i
;

then K may beestimatedby K̂ n = �r 2S(� n )(n1=2(�̂ n � ~� n)) : Con�dence intervals
and hypothesis tests may then be constructed following the methods described
by Le Cam and Yang (2000, Section 6.8) for MQLE.

7. MSLE for Non-Smo oth Lik eliho ods

The framework of LAN has beenconvenient to study asymptotic properties
of maximum smoothed likelihood estimators. To compareMSLE to MLE concep-
tually, it is helpful to compareLAN to the property that the maximum likelihood
estimator is consistent, asymptotically e�cien t and asymptotically normal, which
we call MLCEN. Widely usedCram�er (1946) type conditions ensuring MLCEN
for independent observations imply LAN (Le Cam and Yang (2000,Section7.2)).

Non-smooth likelihoods, su�cien tly pathological for Cram�er type conditions
to fail, provide an opportunit y for MSLE to out-perform MLE. Considerthe shift
family with densitieson R given by

f (xj� ) / exp(�j x � � j � ): (10)
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For � > 1=2; this family possessesLAN, though for � � 1 it does not satisfy
Cram�er type conditions (Le Cam and Yang (2000, Section 7.2)).

Table 1. The relative e�ciency of MSLE, MQLE and the median compared
to MLE for model (10) with � = 0:6, � = 0; and a sample of size n = 100.
This was estimated by simulation, as the ratio of the variance of the MLE
to that of the estimator. The MSLE was calculated by evaluating the log
likelihood at 12 points, equally spacedon an interval of width 1:6; centered
on the median. The loess smoother, as programmed in R with default
parameters,wasthen applied. The MQLE wascalculated from the likelihood
evaluated at the median and points distant 0:4 each side. The quadratic was
maximized over this interval of width 0:8; to handle rare caseswhen the
estimator would otherwise be badly behaved.

median MQLE MSLE
E�ciency 1.01 1.15 1.15
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Figure 2. The log likelihood and MLE (solid lines) compared with the
smoothed likelihood and MSLE (dashed lines) and the quadratic likelihood
approximation and MQLE (dotted lines) for one realization from (10) with
� = 0:6, � = 0; and a sampleof size100.

The MLE, MSLE, median and MQLE are comparedin Table 1. In this case,
the MSLE and MQLE sharea 15%increasein e�ciency over the MLE. A sample
likelihood function is presented in Figure 2. The exampleillustrates the di�erence
between MQLE and a single iteration of Newton-Raphson maximization: the
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quadratic approximation doesnot evaluate the secondderivativeof the likelihood,
but looks for a larger scale approximation. This suggestsone answer to the
question \wh y not repeat the quadratic approximation until convergence?"The
MSLE was usually closer to the MLE than was the MQLE. One could argue
that the successof MQLE on this example may be due to symmetry. MQLE
imposesa symmetric likelihood approximation which in this particular caseis
appropriate.

8. Discussion

Many theoretical developments have taken place in the framework of LAN,
and in related situations such as local asymptotic mixed normalit y (Van der
Vaart (2002)). To take advantage of theseadvancesrequiresestimators basedon
LAN. The family of maximum smoothed likelihood estimators introduced in this
paper �lls much of the gap betweenthe rather crude one-stepestimator and the
widely acceptedMLE, helping to resolve theoretical and practical di�culties that
may arise with likelihood basedestimation methods. Even when Cram�er type
conditions for the MLE hold, the weaker LAN condition may be considerably
easier to check | compare, for example, Bickel and Ritov (1996) with Bickel,
Ritov and Ryden (1998).

This paper has taken a frequentist viewpoint, but has someconnectionsto
Bayesianmethods. MLE may be comparedto maximum a posteriori estimation.
A posterior distribution, in the sameway asa likelihood function, may have small
scalefeatureswhich raisessimilar issuesto thosediscussedin this paper. Another
relationship is that the posterior mean and MSLE both provide an averaging
over the likelihood function. Choosing a smoother is then loosely analogousto
choosing a prior distribution.

The asymptotic properties of MSLE suggestexplanations for observed �nite
sampleproperties. Asymptotically , the smoother used is relatively unimportant
as long as one smooths on a scaleof n � 1=2 (which is more smoothing than pre-
viously suggestedin the literature). Cross-validation techniques, or simulation
studies, can be used to comparedi�eren t smoothers for particular applications.
Asymptotically , MSLE can work in situations where MLE fails. Our examples
suggestthat, when the likelihood is multimo dal or is not smooth, this can trans-
late to an increased�nite samplee�ciency for MSLE over MLE.
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