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Abstract

Regression models to relate a scddo a functional predictoX(t) are becoming increas-
ingly common. Work in this area has concentrated on estigaticoefficient functionf(t),
with Y related toX(t) through [ B(t)X(t)dt. Regions wherg(t) # O correspond to places
where there is a relationship betweé(t) andY. Alternatively, points wher@(t) = 0 indicate
no relationship. Hence, for interpretation purposes,deisirable for a regression procedure to
be capable of producing estimatesfgf) that are exactly zero over regions with no apparent
relationship and have simple structures over the rema@gpns. Unfortunately, most fitting
procedures result in an estimate fift) that is rarely exactly zero and has unnatural wiggles
making the curve hard to interpret. In this article we introgl a new approach which uses
variable selection ideas, applied to various derivatiieB(b), to produce estimates that are
both interpretable, flexible and accurate. We call our nethunctional Linear Regression
That's Interpretable” (FLIRTI) and demonstrate it on siateld and real world data sets. In
addition, non-asymptotic theoretical bounds on the egiimarror are presented. The bounds

provide strong theoretical motivation for our approach.

Some key wordsdnterpretable Regression; Functional Linear Regres&damtzig Selector; Lasso.

1 Introduction

In recent years functional data analysis (FDA) has becom@@easingly important analytical
tool as more data has arisen where the primary unit of obsenvean be viewed as a curve or
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in general a function. One of the most useful tools in FDA &t thf functional regression. This
setting can correspond to either functional predictorsuocfional responses. See Ramsay and
Silverman (2002) and Muller and Stadtmuller (2005) for nuwoe specific applications. One
commonly studied problem involves data containing fun@iaesponses. A sampling of papers
examining this situation includes Fahrmeir and Tutz (1924ang and Zeger (1986), Faraway
(1997), Hoovert al. (1998), Wuet al. (1998), Fan and Zhang (2000) and Lin and Ying (2001).
However, in this paper, we are primarily interested in theraktive situation where we obtain a set
of observationgX;(t),Y;} fori =1,...,nwhereX(t) is a functional predictor an{ a real valued
response. Ramsay and Silverman (2005) discuss this soaratiseveral papers have also been
written on the topic, both for continuous and categoricapmses, and for linear and non-linear
models (Hastie and Mallows, 1993; James and Hastie, 200dtiF@and Vieu, 2002; James, 2002;
Ferraty and Vieu, 2003; Muller and Stadtmuller, 2005; JaaresSilverman, 2005).

Since our primary interest here is interpretation we willexamining the standard functional
linear regression (FLR) model which relates functionabimtrs to a scalar response via

Y =Bo+ [ X(OBMdt+e, i=L....n (1)

wheref3(t) is the “coefficient function”. We will assume thAf(t) is scaled such that@t < 1.
Clearly, for any finiten, it would be possible to perfectly interpolate the respsrifsgo restrictions
were placed of3(t). Such restrictions generally take one of two possible forfitne first method,
which we call the “basis approach”, involves represenfitg using ap-dimensional basis func-
tion, B(t) = B(t)"n wherep is hopefully large enough to capture the patterng (i) but small
enough to regularize the fit. With this method (1) can be rezsged a¥% = Bo+ X' n + &, where
Xi = [X;(t)B(t)dt, andn can be estimated using ordinary least squares. The secdhdane/hich
we call the “penalization approach”, involves a penalizealst squares estimation procedure to
shrink variability inf(t). A standard penalty is of the formﬁ(d) (t)?dt with d = 2 being a common
choice. Inthis case one would fifidt) to minimizeS T, (¥ — Bo — / X (t)B(t)dt)>+-A [ B@(t)2dt
for someA > 0.

As with standard linear regressiofi(t) determines the effect ofi(t) onY,. For example,
changes irX;(t) have no effect ory; over regions wher@(t) = 0. Alternatively, changes iX;(t)
have a greater effect or; over regions wheréf3(t)| is large. Hence, in terms of interpretation,
coefficient curves with certain structures are more appgdhan others. For example,ft) is



exactly zero over large regions th¥{t) only has an effect ol over the remaining time points.
Additionally, if B(t) is constant for any given non-zero region then the effeet @ on; remains
constant within that region. Finally, {#(t) is exactly linear for any given region then the change in
the effect ofX;(t) is constant over that region. Clearly the interpretatiothefpredictor-response
relationship is more difficult as the shapefit) becomes more complicated. Unfortunately, the
basis and penalization approaches, both gen@ajecurves that exhibit wiggles and are not ex-
actly linear or constant over any region. In additif(t,) will be exactly equal to zero at no more
than a few locations even if there is no relationship betwégn andY for large regions of.

In this paper we develop a new method, which we call “Funetidimnear Regression That's
Interpretable” (FLIRTI), that produces accurate, but digghly interpretable, estimates for the
coefficient functiorf(t). Additionally, itis computationally efficient, extremefigxible in terms of
the form of the estimate, and has highly desirable the@igbioperties. The key to our procedure
is to reformulate the problem as a form of variable selectinparticular we divide the time period
up into a fine grid of points. We then use variable selectiothos to determine whether tidéh
derivative off3(t) is zero or not at each of the grid points. The implicit assuampis that thedth
derivative will be zero at most grid pointsi.e. it will be spa. By choosing appropriate derivatives
one can produce a large range of highly interpret@kigecurves. Consider, for example, Figures 1
through 3 which illustrate a range of FLIRTI fits applied tomsilated data sets. In Figure 1 the true
B(t) used to generate the data consisted of a quadratic curvesatian with3(t) = 0. Figure 1a)
plots the FLIRTI estimate, produced by assuming sparsithigrzeroth and third derivatives. The
sparsity in the zeroth derivative generates the zero seativle the sparsity in the third derivative
ensures a smooth fit. Figure 1b) illustrates the same platesdrmating on the region between
0.3 and 07. Notice that the corresponding B-spline estimate, regmtesl by the dashed line,
provides a poor approximation for the region wh@(¢) = 0. It is important to note that we
did not specify which regions would have zero derivativésg, ELIRTI procedure is capable of
automatically selecting the appropriate shape. In Figusét 2was chosen as a piecewise linear
curve with the middle section set to zero. Figure 2a) showsctirresponding FLIRTI estimate
generated by assuming sparsity in the zeroth and secondhtilees and is almost a perfect fit.
Alternatively, one can produce a smoother, but slightlg leasily interpretable fit, by assuming
sparsity in higher order derivatives. Figure 2b), whichaantrates on the region betwees 0.2
tot = 0.8, plots the FLIRTI fit assuming sparsity in the zeroth anddlierivative. Notice that
the sparsity in the third derivative induces a smoothemnesdt with little sacrifice in accuracy.
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Figure 1:a) True beta curve (grey) generated from two quadratic csiased a section witB(t) =
0. The FLIiRTI estimate from constraining the zeroth and tldedivative is shown in black. b)
Same plot for the regio.3 <t < 0.7. The dashed line is the best B-spline fit.

Finally, Figure 3 illustrates a FLIiRTI fit applied to data g@eated using a simple cub{t) curve,

a situation where one might not expect FLiRTI to provide athyeatage over a standard approach
such as using a B-spline basis. However, the figure, alorgthwit simulation results in Section 5,
shows that, even in this situation, the FLIRTI method givighly accurate estimates. These three
examples illustrate the flexibility of FLIRTI in that it carrq@uce estimates ranging from highly
interpretable simple linear fits, through smooth fits withozeegions, to more complicated non-
linear structures with equal ease. The key idea here isgivat) a strong signal in the data, FLIRTI
is flexible enough to estimaf&t) accurately. However, in situations where the signal is weak
FLIRTI will automatically shrink the estimate#{t) towards a more interpretable structure.

The paper is laid out as follows. In Section 2 we develop th&RFLmodel and also detail
two fitting procedures, one making use of the Lasso (Tibshit®96) and the other utilizing the
Dantzig selector (Candes and Tao, 2007). The theoretic&lal@ments for our method are pre-
sented in Section 3 where we outline both non-asymptotiati®on the error as well as asymptotic
properties of our estimate asgrows. Then, in Section 4, we extend the FLIRTI method in two
directions. First we show how to control multiple derivagvsimultaneously which allows us to,
for example, produce @(t) curve that is exactly zero in certain sections and exacthdr in other
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Figure 2: Plots of true beta curve (grey) and corresponding FLiRTIreates (black). For each
plot we constrained a) zeroth and second derivative, b)theand third derivative.

sections. Second, we develop a version of FLiRTI that carppéexd to Generalized Linear Mod-
els (GLM). A detailed simulation study is presented in Sech. Finally, we apply FLIRTI to real
world data in Section 6 and end with a discussion in Section 7.

2 FLIRTI Methodology

In this section we first develop the FLIRTI model and then destiate how we use the Lasso and
Dantzig selector methods to fit it and hence estiniéte

2.1 The FLIRTI Model

Our approach borrows ideas from the basis and penalizatethads but is rather different from
either. We start, in a similar vein to the basis approach Bcsiag ap-dimensional basiB(t) =
[by(t),bo(t),...,bp(t)]T. However, instead of assumir(t) provides a perfect fit fof(t) we
allow for some error using the model

B(t) =B(t) 'n+e(t), (2)
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Figure 3: a) True beta curve (grey) generated from a cubic curve. Thi&RFLestimate from
constraining the zeroth and fourth derivative is represerty the solid black line and the B-spline
estimate is the dashed line. b) Estimation errors using tisple method (dashed) and FLIRTI
(solid).

wheree(t) represents the deviations of the tifsig) from our model. In addition, unlike the basis
approach where is chosen small to provide some form of regularization, wadslly choose
p > nso|et)| can generally be assumed to be small. In Section 3 we showhtaa&trror in the
estimate fofB(t), i.e. |B(t) — B(t)|, can potentially be of ordey/log(p)/n. Hence, low error rates
can be achieved even for valuespimuch larger tham. Our theoretical results apply to any high
dimensional basis, such as splines, Fourier or waveletstheempirical results presented in this
paper we opted to use a simple grid basis wibg(e) equals 1 ift € R¢ = {t : k;pl <t< %} and 0
otherwise.

Combining (1) and (2) we arrive at

Yi = Bo+Xin+ef, 3)

whereX; = [ X(t)B(t)dt ande; = & + [ Xi(t)e(t)dt. Estimatingn presents a difficulty because
p > n. One could potentially estimatg using a variable selection procedure except that for an
arbitrary basisB(t), there is no reason to suppose thatill be sparse. In fact for many basgs



will contain no zero elements. Instead we mo@ig) assuming that one or more of its derivatives

are sparse i.eB9(t) = 0 over large regions df for one or more values af = 0,1,2,.... This

model has the advantage of both constraimjrenough to allow us to fit (3) as well as producing

a highly interpretable estimate ftt). For examplep(®)(t) = 0 guaranteeX (t) has no effect on

Y att, B (t) = 0 implies thafB(t) is constant at, (? (t) = 0 means tha(t) is linear att etc.
LetA=[DYB(t;),DB(tp),...,DIB(tp)]" wherety,ty, ..., t, represent a grid gb evenly spaced

points andD is thedth finite difference operator i.eDB(tj) = p[B(tj) — B(tj_1)], D?B(t;j) =

p? [B(tj)) — 2B(tj_1) + B(tj_2)] etc. Then, if

y=An, 4)

yj provides an approximation @Y (t;) and hence, enforcing sparsity yrconstraing3(@ (t;) to
be zero at most time points. For example, one may beIieverFPait) = 0 over many regions df
i.e. B(t) is exactly linear over large regions ofin this situation we would let

A= [D?B(t1),D?B(ty),...,D?B(tp)]" (5)

which impliesy; = p?[B(t;)Tn — 2B(tj_1)"n + B(tj—2)"n]. Hence, provided is large, sd is
sampled on a fine grid, argft) is smoothy; ~ B2 (tj). In this case enforcing sparsity in tRgs
will produce an estimate f@3(t) that is linear except at the time points corresponding tczemo
values ofy;.

If A is constructed using a single derivative, as in (5), then are always choose a grid of
p different time pointsfy,to,...,tp such thatA is a square by p invertible matrix. In this case
n = A~ly so we may combine (3) and (4) to produce the FLIRTI model

Y =Vy+¢* (6)

whereV = [1|]XA™Y], 1 is a vector of ones anflp has been incorporated into We discuss the
situation with multiple derivatives, whefemay no longer be invertible, in Section 4.



2.2 Fitting the Model

Sincey is assumed sparse, one could potentially use a variety @hrarselection methods to fit
(6). There has recently been a great deal of developmentoimuzlel selection methods that work
with large values op. A few examples include the Lasso (Tibshirani, 1996; Céeal., 1998),
SCAD (Fan and Li, 2001), the Elastic Net (Zou and Hastie, 200 Dantzig selector (Candes
and Tao, 2007), and VISA (Radchenko and James, 2008). Wd tpexplore both the Lasso and
the Dantzig selector for several reasons. First, both nasthave demonstrated strong empirical
results on models with large values pf Second, the LARS algorithm (Efrogt al., 2004) can
be used to efficiently compute the coefficient path for thesbassimilarly the DASSO algorithm
(Jameset al, 2008), which is a generalization of LARS, will efficientlpmpute the Dantzig
selector coefficient path. Finally, we demonstrate in $&c3ithat identical non-asymptotic bounds
can be placed on the errors in the estimate3(bfthat result from either approach.

Consider the linear regression modtel= X3 +¢€. Then the Lasso estimalfél,, is defined by

= .1
B :argrgménv—><B||%+A||B||1, Y

where|| - ||1 and|| - ||2 respectively denote the; andL, norms and\ > 0 is a tuning parameter.
Alternatively, the Dantzig selector estimaﬁgs, is given by

BDS:argrEinHBHl subjectto [X] (Y —=XB)| <A j=1.....p 8)

whereX; is the jth column ofX andA > 0 is a tuning parameter.

Using either approach the LARS or DASSO algorithms can bd tsefficiently compute all
solutions for various values of the tuning parameteidence, using a validation/cross-validation
approach to seledt can be easily implemented. To generate the final FLIRTI eggmve first
producey by fitting the FLIRTI model, (6), using either the Lasso, @9 the Dantzig selector, (8).
Note that both methods generally assume a standardizeghdesitrix with columns of norm one.
Hence, we first standardizé, apply the Lasso or Dantzig selector and then divide theltregu
coefficient estimates by the original column norm¥ab producéy. After the coefficientsy, have



been obtained we produce the FLIRTI estimatefn using

B(t)=B(1)"A =B(t)TAy_y 9)

whereV(,l) representy after removing the estimate f@p.

3 Theoretical Results

In this section we show that, not only does the FLIRTI apphoampirically produce good esti-
mates for3(t), but that, for anyp by p invertible A, we can in fact prove tight, non-asymptotic,
bounds on the error in our estimate. In addition we derivergutgtic rates of convergence. Note
that for notational convenience the results in this secdssumgy = 0 and drop the intercept term
from the model. However, the theory all extends in a stréaghiard manner to the situation with
Bo unknown.

3.1 A Non-Asymptotic Bound On The Error

Lety, correspond to the Lasso solution using tuning parametdret D) be a diagonal matrix
with jth diagonal equal to,1-1 or 0 depending on whether thth component ofj, is positive,
negative or zero respectively. Consider the following ¢tod on the design matrix/.

u=(D\WV'VD\) >0 and |[VTVDU| <1, (10)

whereV corresponds t¥ after standardizing its columnsjss a vector of ones and the inequality
for vectors is understood componentwise. Jawteal. (2008) prove that when (10) holds the
Dantzig selector’'s non-asymptotic bounds (Candes and2@y) also apply for the Lasso. Our
Theorem 1 makes use of (10) to provide a non-asymptotic boantthel, error in the FLIRTI
estimate, using either the Dantzig selector or the Lasste that the value§, 6 andC; p(t) are alll
known constants which we have defined in the proof of thislt@savided in Appendix A.

Theorem 1 For a given p-dimensional basBy(t), let wp = sup [ep(t)| andy, = An, where A
is a p by p matrix. Suppose thg has at most $non-zero components anﬁgsp + Ggp’zsp <1
Further, suppose that we estimdi@) using the FLIRTI estimate given by (9) using any value of



A such that (10) holds and

max|VTe*| <. (11)
Then, foreverp <t <1,
~ 1
BO—B(O)| < TeCpN /S 0p (12)

The constantd and6 are both measures of the orthogonality/ofThe closer they are to zero the
closerV is to orthogonal. The conditioﬁz/Sp +6\§p’23p < 1, which is utilized in the paper of Candes
and Tao (2007), ensures tH#t) is identifiable. It should be noted that (10) is only requivéten
using the Lasso to compute FLIRTI. The above results holthieDantzig selector even if (10) is
violated. While this is a slight theoretical advantage fer Dantzig selector our simulation results
suggest that both methods perform well in practice. Thedtesuggests that our optimal choice
for A would be the lowest value such that (11) holds. Theorem 2 stmw to choos@ such that
(11) holds with high probability.

Theorem 2 Suppose thag ~ N(0,0%) and that there exits an M o such thatf |X;(t)|dt < M for

alli. Then for anyp > 0, if A = 01./2(1+ @) logp+ Mwp/n then (11) will hold with probability
-1

at leastl — (p‘P\/4T[(1+(p) log p) , and hence

Bt ()| < %Cnvp(t)ol\/ZSp(l-l—(p) l0gp+wp {1+Cop®OMVS, ). (13)

In addition, if we assume;’ ~ N(O, 0%) then (11) will hold with the same probability for =

02+/2(1+ @) logp in which case

)~ B[ < =Cnplt)oz/25,(L+ ) l0gp-+ 14

Note that (13) and (14) are non-asymptotic results that,hvailth high probability, for anyn or p.

One can show that, under suitable conditids,(t) converges to a constant agind p grow. In

this case the first terms of (13) and (14) are proportiona}/@ rate while the second terms will
generally shrink aso, declines withp. For example, using the piecewise constant basis it is easy
to show thatw, converges to zero at a rate of dprovidedf/(t) is bounded. Alternatively using

a piecewise polynomial basis of ordéithenwy converges to zero at a rate of @+ provided

10



B4+1)(t) is bounded.

3.2 Asymptotic Rates Of Convergence

The bounds presented in Theorem 1 can be used to derive agjomates of convergence fﬁ(t)
asnandp grow. The exact convergence rates are dependent on thedi@ig(t) andA so we first
state A-1 through A-6, which give general conditions forwengence. We show in Theorems 3
to 6 that these conditions are sufficient to guarantee cgawee for any choice dp(t) andA,
and then Corollary 1 provides specific examples where thditions can be shown to hold. Let

Vi, Vi,
Onp(t) = (1 —8,8" + 6555)Cn,p-

A-1 There exists$S < o such that5, < Sfor all p.
A-2 There existsn> 0 such thap™wy is bounded, i.ew, < H/p™ for someH < .
A-3 For a givert, there existé such thap an,p(t) is bounded for alh andp.

A-4 There existg such thatp~®sup an p(t) is bounded for alh andp.

A-5 There exists @* such thaﬁ\z/gp* + G\Q’Z”S* is bounded away from one for large enough

A-6 6\2%"“ + 62”2”5” is bounded away from one for large enoughiheren — o, py — o andp,/n—
0.

A-1 states that the number of changes in the derivati&dfis bounded. A-2 assumes that
the bias in our estimate f@(t) converges to zero at the rate@¥, for somem > 0. A-3 requires
thatan, p,(t) grows no faster thap™. A-4 is simply a stronger form of A-3. A-5 and A-6 both
ensure that the design matrix is close enough to orthogondlB) to hold and hence imposes a
form of identifiability onf3(t). For the following two theorems we assume that the conditian

Theorem 1 hold) is set too1/2(1+ @) log p+ Mwg+/n andg; ~ N(0,02).

Theorem 3 Suppose A-1 through A-5 all hold and we fixspp*. Then, with arbitrarily high
probability, as n— oo,

Ba() —B()| <O(n7) +En(t) and sup

Bn(t) —B(®)| < O ("2 ) +SupEn(t)

where By(t) = g {14 Cnp () MVS}.

11



More specifically, the probability referred to in Theoremddieerges to one ag— . Theorem 3
states that, with our weakest set of assumptions, fipiagn — o will cause the FLIRTI estimate
to be asymptotically withire,(t) of the truef(t). En(t) represents the bias in the approximation
caused by representifijt) using ap dimensional basis.

Theorem 4 Suppose we replace A-5 with A-6. Then, provideaia c are less than m, if we let p
grow at the rate of rz:'Tm,

Ba(t) —B(1)| =0 (:‘W;) and suplB(t) ~B()| O (:W) |

Theorem 4 shows that, assuming A-6 holﬁaa(,t) will converge tof3(t) at the given convergence
rate. With additional assumptions, stronger results assipte. In the appendix we present The-
orems 5 and 6 which provide faster rates of convergence uhdexdditional assumption thet
has a mean zero Gaussian distribution.

Theorems 3 through 6 make use of assumptions A-1 to A-6. Véhélese assumptions hold
in practice depends on the choice of basis functionAanahtrix. Corollary 1 below provides one
specific example where conditions A-1 to A-4 can be shown td.ho

Corollary 1 Suppose we divide the time inter{@J1] into p equal regions and use the piecewise
constant basis. Let A be the second difference matrix giyg@3). Suppose thatX) is bounded
above zero for all i and t. Then, providg(t) is bounded an@”(t) # 0 at a finite number of
points, A-1, A-2 and A-3 all hold with m 1, bp =0and h = 0.5, 0 <t < 1. In addition, for t
bounded away from one, A-4 will also hold witk=0.5. Hence, if A-5 holds angl ~ N(0,03),

-~

Bn(t) —B(t)‘ < O<n*%) +% and sup

~ 1 H

t)-Bt)|<O(n2)+—.
Ba(t) BB <O(n72) +
Alternatively, if A-6 holds and’ ~ N(0,03),

o) v/logn t—=0

NPNIPONE 1 YN \/W)
Bult) — B1)| = b and s [B) B(t)\—o( >

1
n3

for any a> 0. Similar, though slightly weaker, results hold whgndoes not have a Gaussian
distribution.
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Note that the choice aof = O for the faster rate of convergence is simply made for norati
convenience. By appropriately choosing A we can achiewe rdite for any fixed value df or
indeed for any finite set of time points. In addition the cleoif the piecewise constant basis was
made for simplicity. Similar results can be derived for leglorder polynomial bases in which
case A-2 will hold with a highem and hence faster rates of convergence will be possible.

4 Extensions

In this section we discuss two useful extensions of the H&SIBTI methodology. First, in Sec-
tion 4.1, we show how to control multiple derivatives sinamkeously to allow more flexibility in
the types of possible shapes one can produce. Second, inr5é@, we extend FLIRTI to GLM
models.

4.1 Controlling Multiple Derivatives

So far we have concentrated on controlling a single devieadf 3(t). However, one of the most
powerful aspects of the FLIRTI approach is that we can combamstraints for multiple derivatives
together to produce curves with many different properfi@s.example, one may believe that both
BO(t) =0 andB@(t) = 0 over many regions df i.e. B(t) is exactly zero over certain regions and
B(t) is exactly linear over other regions ofln this situation, we would let

A= [D°B(t1),D%B(ty),...,DB(tp), D?B(t1), D?B(ty),. ..,D?B(tp)] . (15)

In general, such a matrix will have more rows than columnsidaat be invertible. LetA ) rep-
resent the firsp rows of AandA,,) the remainder. Similarly, Ie}m represent the firgh elements
of yandy(z) the remaining elements. Then, assumiig arranged so tha,) is invertible, the
constrainty = An implies

n= A@%V(l) and yq) = A(z)A(_ﬁV(l)- (16)

Hence, (3) can be expressed as
1T

.
Yi:Bo+(A(—1) xi) Vo +€& i=1...n. 17)

13



We then use this model to estimatsubject to the constraint given by (16). We achieve this by
implementing the Dantzig selector or Lasso in a similarif@sio that in Section 2 except that we
replace the old design matrix wit;) = [1|XA(‘1%] and (16) is enforced in addition to the usual
constraints.

Finally, when constraining multiple derivatives one maylwet wish to place equal weight
on each derivative. For example, for tAgiven by (15), we may wish to place a greater emphasis
on sparsity in the second derivative than in the zeroth, ce viersa. Hence, instead of simply
minimizing theL; norm of y we minimize||Qy||1 whereQ is a diagonal weighting matrix. In
theory a different weight could be chosen for egglbut in practice this would not be feasible.
Instead, for amA such as (15), we place a weight of one on the second derigadiveg select a
single weight,w, chosen via cross-validation, for the zeroth derivativBisis approach provides
flexibility while still being computationally feasible artths worked well on all the problems we
have examined. The FLiRTI fits in Figures 1 through 3 were poad using this multiple derivative
methodology.

4.2 FLIRTI for Functional Generalized Linear Models

The FLIRTI model can easily be adapted to GLM data where theaese is no longer assumed to
be Gaussian. James and Radchenko (2008) demonstrateetizritzig selector can be naturally
extended to the GLM domain by optimizing

min/|Bll, - subject to XT(Y=pl<A j=1...p, (18)

wherep = g~1(XB) andg is the canonical link function. Optimizing (18) no longevatves
linear constraints but it can be solved using an iterativgited linear programming approach.
In particular, letU; be the conditional variance &f given the current estimat[Aé and letz; =
szzl Xijf3+ (Yi =) /Ui. Then one can apply the standard Dantzig selector, W&irg Zj\/U; as

the response anxfj‘ = Xij/U; as the predictor, to produce a new estimatefodames and Rad-
chenko (2008) show that iteratively applying the Dantzigs®r in this fashion until convergence
generally does a good job of solving (18). We apply the sarnpecgeh, except that we iteratively
apply the modified version of the Dantzig selector, outlime8ection 4.1, to the transformed re-
sponse and predictor variables, usifg = [1|XA(‘1%] as the design matrix. James and Radchenko
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(2008) also suggest an algorithm for approximating the GLaMhRig selector coefficient path for
different values ofA. With minor modifications, this algorithm can also be useddastruct the
GLM FLIRTI coefficient path.

4.3 Model Selection

To fit FLIRTI one must select values for three different tupparameters), w and the derivative
to assume sparsity id, The choice o andd in the FLIRTI setting is analogous to the choice of
the tuning parameters in a standard smoothing situatiothdrsmoothing situation one observes
n pairs of(x;,y;) and chooseg(t) to minimize

> 5= g0 2+A [ (gt (19)

In this case the second term, which controls the smoothridbe curve, involves two tuning pa-
rameters, namely and the derivatived. The choice ofl in the smoothing situation is completely
analogous to the choice of the derivative in FLIRTI. As withiRT| different choices will produce
different shapes. A significant majority of the tirdas set to 2 resulting in a cubic spline. If the
data is used to seledtthen the most common approach is to choose the valudsaofid that
produce the lowest cross-validated residual sum of squares

We adopt the later approach with FLIRTI. In particular we ierpent FLIRTI using two deriva-
tives, the zeroth and a second derivatiyayith d typically chosen from the values=1,2,3,4.
We then compute the cross-validated residual sum of sqémrds= 1,2, 3,4 and a grid of values
for A andw. The final tuning parameters are those corresponding tootlest cross-validated
value. Even though this approach involves three tuningrpaters it is still computationally fea-
sible because there are only a few valued &b test out and, in practice, the results are relatively
insensitive to the exact value af so only a few grids points need to be considered. Additional
computational savings are produced if one s&ts zero. This has the effect of reducing the num-
ber of tuning parameters to two by restricting FLIRTI to assusparsity in only one derivative.
We explore this option in the simulation section below anolsthat this restriction can often still
produce good results.
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5 Simulation Study

In this section, we use a comprehensive simulation studyetaahstrate four versions of the
FLIRTI method, and compare the results with the basis agbroging B-spline bases. The first
two versions of FLiRTI, “FLIRT]” and “FLiRTIp", respectively use the Lasso and Dantzig meth-
ods assuming sparsity in the zeroth and one other derivathvwesecond two versions, “FLIRE

and “FLiRTI;p”, do not assume sparsity in the zeroth derivative but areretise identical to the
first two implementations. We consider three cases. Thalsletiathe simulation models are as

follows.
e Case I:3(t) = 0 (No signal)

e Case II:B(t) is piecewise quadratic with a “flat” region (see Figure 1)e&fically,

(t—0.5)2-0.025 if0<t<0.342
Bit)=1¢ O, if0.342<t < 0.658
—(t—0.5)2+0.025 if0.658<t < 1.

e Case lll:3(t) is a cubic curve (see Figure 3), i.e.,
Bt)=t3—1.6t2+0.766+1,0<t < 1.

This is a model where one might not expect FLIRTI to have amaathge over the B-spline
method.

In each case, we consider three different typex (@f.
e Polynomials:X(t) = ag+ ast + apt’ + agt3,0 <t < 1.
e Fourier:X(t) = ap+ ay Sin(2mt) 4+ apcogq 21t) + agsin(4rt) + agcoq4mt),0 <t < 1.
e B-splines:X(t) is a linear combination of cubic B-splines, with knots a71..,6/7.

The coefficients inX(t) are generated from the standard normal distribution. The éerm
g in (1) follows a normal distributiomN(0,a?), wherea? is set equal to 1 for the first case and
appropriate values for other cases such that each of thal s@noise ratios, Vdif (X)) /Var(e), is
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equal to 4. We generate= 200 training observations from each of the above modelsgalath
10,000 test observations.

As discussed in Section 4.3, fitting FLIRTI requires chogdinree tuning parameters, w
andd, the second derivative to penalize. For the B-spline mettiadtuning parameters include
the order of the B-spline and the number of knots (the locatibthe knots is evenly spaced
between 0 and 1). To ensure a fair comparison between the &tloabs, for each training data
set, we generate a separate validation data set also dogt@@0 observations. The validation
set is then used to select tuning parameters that minimeealdation error. Using the selected
tuning parameters, we calculate the mean squared error EIsthe test set. We repeat this 100
times and compute the average MSEs and their correspontiingasd errors. The results are
summarized in Table 1.

As we can see, in terms of prediction accuracy, the FLiIRTIhoa@$ perform consistently
better than the B-spline method. Since the FLiRTlethods do not search for “flat” regions their
results deteriorated somewhat for Cases | and Il over stddaRTI, correspondingly the results
improve slightly in Case Ill. However, in all cases all fowgrsions of FLIRTI outperform the B-
spline method. This is particularly interesting for CadeBloth FLIRTI and the B-spline method
can potentially model Case Il exactly but only if the cotrealue ford is chosen in FLIRTI and
the correct order in the B-spline. Since these tuning patemmare chosen automatically using a
separate validation set neither method has an obvious tdyayet FLIRTI still outperforms the B-
spline approach. The Lasso and the Dantzig selector impittiens of FLIRTI perform similarly,
with the Dantzig selector having an edge in the first caselewtasso has a slight advantage in
the third case. Finally, for Cases | and Il, we also compubedftaction of the zero regions that
FLIRTI correctly identified. The results are presented iblg&.

6 Canadian Weather Data

In this section we demonstrate the FLIRTI approach on aicléssctional linear regression data
set. The data consisted of one year of daily temperatureurezagnts from each of 35 Canadian
weather stations. Figure 4a) illustrates the curves fom@omly selected stations. We also ob-
served the total annual rainfall, on the log scale, at eadcitivee station. The aim was to use the
temperature curves to predict annual rainfall at each imeatin particular we were interested in
identifying the times of the year that have an effect on &dinfPrevious research suggested that
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Table 1: The columns are for different methods. The rows aralifferentX(t). The numbers
outside the parentheses are the average MSEs over 10Qicetand the numbers inside the

parentheses are the corresponding standard errors.

[ Bspline | FLIRTIL | FLRTlp | FLIRTIy | FLiRTIp
Case | £1079)
Polynomial| 2.10(0.14) | 0.99 (0.14) | 0.38(0.09) | 1.5(0.16) | 0.52(0.11)
Fourier 1.90(0.18) | 0.53(0.09) | 0.47(0.11) | 1.40(0.15) | 0.50 (0.10)
B-spline 2.40(0.32) | 0.82(0.14) | 0.45(0.11) | 1.40(0.22) | 0.57(0.14)
Case Il 107°)
Polynomial| 1.20(0.12) | 0.85(0.09) | 0.72(0.09) | 0.92(0.09) | 0.92 (0.08)
Fourier 3.90(0.32) | 3.40(0.27) | 3.30(0.29) | 3.50(0.30) | 3.60 (0.28)
B-spline 0.52 (0.03) | 0.44 (0.03) | 0.37(0.03) | 0.43(0.03) | 0.46 (0.03)
Case Ill (x107?)
Polynomial| 0.96 (0.11) | 0.60(0.07) | 0.74(0.08) | 0.57 (0.08) | 0.66 (0.08)
Fourier 0.79(0.11) | 0.43(0.05) | 0.62(0.06) | 0.44(0.05) | 0.46 (0.06)
B-spline | 0.080 (0.007) 0.066 (0.007) 0.074 (0.008) 0.063 (0.005) 0.070 (0.008)

Table 2: The table contains the percentage of truly idedt#dexo region. The rows are for different
X(t). The numbers outside the parentheses are the average)ovwepktitions, and the numbers

inside the parentheses are the corresponding standard.erro

[ FLIRTIL | FLIRTIp

Case |

Polynomial| 61% (6%)| 65% (6%)
Fourier 91% (2%)| 71% (6%)
B-spline 54% (6%)| 74% (6%)
Case Il

Polynomial| 70% (6%)| 70% (6%)
Fourier 72% (5%) | 72% (5%)
B-spline 58% (5%) | 59% (5%)

18



g b

%:: @ i
5 | o 8 |
£ 9 £ o° _
lO_JI n |

o §_JFMAMJJASOND

C)

\
m < 7]
¢ ° | J O\
© g N /

S N\

? J F M A M J J A S O N D

Figure 4:a) Smoothed daily temperature curves for 9 of 35 Canadiartheeastations. b) Esti-
mated beta curve using a natural cubic spline. c¢) Estimatetd lourve using FLIRTI approach
(black) with cubic spline estimate (grey).

temperatures in the summer months may have little or naeekttip to rainfall whereas tempera-
tures at other times do have an effect. Figure 4b) providesstimate fof3(t) achieved using the
B-spline basis approach outlined in the previous sectiothis case we restricted the values at the
start and the end of the year to be equal and chose the dimenqsio4, using cross-validation.
The curve suggests a positive relationship between temyperand rainfall in the fall months and
a negative relationship in the spring. There also appedss tittle relationship during the summer
months. However, because of the restricted functional fofrthe curve, there are only two points
wheref(t) =

The corresponding estimate from the FLIRTI approach, afteding the yearly data into a
grid of 100 equally spaced points and restricting the zeeotti third derivatives, is presented
in Figure 4c) (black line) with the spline estimate in greyheTchoice ofA and w were made
using ten fold cross-validation. The FLIRTI estimate alsdicates a negative relationship in the
spring and a positive relationship in the late fall but natieinship in the summer and winter
months. In comparing the B-spline and FLIRTI fits both areeptitlly reasonable. The B-spline
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Figure 5:a) Estimated beta curve from constraining the zeroth anddiesivatives. b) Estimated
beta curve from constraining the zeroth and third derivasivThe dashed lines repres@b£ocon-
fidence intervals. c) Rfrom permuting the response variat860times. The grey line represents
the observed Rfrom the true data.

fit suggests a possible cos/sin relationship which seenstdergiven that the climate pattern is
usually seasonal. Alternatively, the FLIRTI fit producesrae and easily interpretable result. In
this example, the FLIRTI estimate seemed to be slightly raooeirate with 10 fold cross-validated
sum of squared errors of &7 vs 570 for the B-spline approach.

In addition to estimates fd3(t), one can also easily generate confidence intervals andofests
significance. We illustrate these ideas in Figure 5. Posgveonfidence intervals @{t) can be
produced by bootstrapping the pairs of observatipnsX(t)}, reestimating3(t) and then taking
the appropriate empirical quantiles from the estimatedesiat each time point. Figures 5a)
and b) illustrate the estimates from restricting the firsdl #mrd derivatives respectively along
with the corresponding 95% confidence intervals. In botlesdke confidence intervals confirm
the statistical significance of the positive relationsimghe fall months. The significance of the
negative relationship in the spring months is less clearesithe upper bound is at zero. However,
this is somewhat misleading because approximately 96%ebtotstrap curves did include a
dip in the spring but, because the dips occurred at slightfgrdnt times, their effect canceled
out to some extent. Some form of curve registration may beogp@ate but we will not explore
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that here. Note that the bootstrap estimates also confysestimate zero relationship during the
summer months providing further evidence that there is kffect from temperature in this period.
Finally, Figure 5c) illustrates a permutation test we depel for testing statistical significance of
the relationship between temperature and rainfall. Thg ljne indicates the value d®? (0.73)
for the FLIRTI method applied to the weather data. We thempéed the response variable 500
times and for each permutation computed the 8w All 500 permutedR®’s were well below
0.73, providing very strong evidence of a true relationship.

7 Discussion

The approach presented in this paper takes a departure frerstandard regression paradigm
where one generally attempts to minimizelanguantity, such as the sum of squared errors, sub-
ject to an additional penalty term. Instead we attempt to fir@sparsest solution, in terms of
various derivatives dB(t), subject to the solution providing a reasonable fit to tha.dBy directly
searching for sparse solutions we are able to produce ds8rtiaat have far simpler structure than
that from traditional methods while still maintaining theXibility to generate smooth coefficient
curves when required/desired. The exact shape of the csiyavierned by the choice of deriva-
tives to constrain, which is analogous to the choice of thevatve to penalize in a traditional
smoothing spline. The final choice of derivatives can be netleer on subjective grounds, such
as the tradeoff between interpretability and smoothnesssiag an objective criteria, such as the
derivative producing the lowest cross validated error. fhe®retical bounds derived in Section 3,
which show the error rate can grow as slowly\@d®gp, as well as the empirical results, suggest
that one can choose an extremely flexible basis, in termsarfa halue foip, without sacrificing
prediction accuracy.

There has been some previous work along these lines. Forpdgxambshiraniet al. (2005)
uses arn_; lasso type penalty on both the zeroth and first derivatives sét of coefficients to
produce an estimate which is both exactly zero over somemsgind exactly constant over other
regions. Valdes-Soseat al. (2005) also uses a combination of bathandL, penalties on fMRI
data. Probably, the work closest to ours is a recent apprbgdiu and Zhang (2007), called
the “functional smooth lasso” (FSL), that was completedhatdame time as FLIRTI. The FSL
uses a lasso type approach by placing.arpenalty on the zeroth derivative and b penalty
on the second derivative. This is a nice approach and, asRAdRTI, produces regions where
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B(t) is exactly zero. However, our approach can be differerdifitam these other methods in that
we consider derivatives of different order so FLIRTI can gate piecewise constant, linear, and
guadratic sections. In addition FLIRTI, possesses intiexggheoretical properties in terms of the
non-asymptotic bounds.

Acknowledgments

This work was partially supported by NSF Grants DMS-07053D®1S-0505432 and DMS-
0705532.

A Proof of Theorem 1

We first present definitions @, 8 andC; p(t). The definitions o® and® were first introduced in
Candes and Tao (2005).

Definition 1 Let X be an n by p matrix and letyXT C {1,...,p} be the n by|T| submatrix
obtained by standardizing the columns of X and extractimgéhcorresponding to the indices in
T. Then we defin&; as the smallest quantity such thdt— &%)||c||3 < ||%rc||3 < (1+&%5)|c/|3
for all subsets T withT| < S and all vectors of length|T|.

Definition 2 Let T and T be two disjoint sets with T’ C {1,...,p}, [T| < S and|T’| < S.
Then, provided S-S < p, we defineGé8 as the smallest quantity such th)a(D(Tc)T Xpc| <

egguc\ |2]|c/||2 for all T and T" and all corresponding vectorsandc'.

. Aot p(t) p (Bo)TA L)
F|na”y, |etCn7p(t) - Eggz; Whereamp(t) - Z]:l %zlnzl(jxl(s)Bp(s)TArlds)z

one of the results from Jamesal. (2008) that is utilized in the proof of Theorem 1.

. Next, we state

Lemma 1 (Jameset al. (2008) Theorem 4)LetY = Xy+ ¢ whereX has norm one columns. Sup-
pose thalyis an S-sparse vector Wiﬂi§s+ e)sizs <1 Let\C/ be the corresponding solution from the
Dantzig selector or the Lasso. Théfi— || < ﬁ;‘g‘s_ig’éz—s provided that (10) andnax|XT¢| <

A both hold
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Lemma 1 extends Theorem 1 in Candes and Tao (2007), which delgi with the Dantzig selec-
tor, to the Lasso. Now we provide the proof of Theorem 1. Fiste that the functional linear
regression model given by (6) can be reexpressed as,

Y =Vy+¢& =V{+e*, (20)

wherey = Dyy and Dy, is a diagonal matrix consisting of the column norms\Vof Hence, by
Lemma 1,/|Dyy— Dyl = |[§—¥I| < —25,— provided (11) holds.

- 1_5\2/3_%23
But B(t) = Bp(t)TA~ 1y = By(t)TA-1D; W while B(t) = Bp(t)Tn +ep(t) = Bp(t) TA~ 1D, 1+
ep(t). Then

B(t) —B(t)

B < [BO B[+ [ep(t)]
= 11Bp(®) AIDG () I1+ [ep(t)
< [By()TAID | |[§— Vil + e
— a0l
1 Adanp(t)A/Sp

EERVLEE e

+ .

B Proof of Theorem 2

Substitutingh = 01,/2(1+ @) logp+ Mwy/n into (12) gives (13). Let] = [ Xi(t)ep(t)dt. Then
to show that (11) holds with the appropriate probabilityenibtat

Vie*| = NV e+Ve| < Vel + V€| = 01)Zj| + V[ €| < 01]Zj| + Mwy/n
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whereZ; ~ N(0,1). This result follows from the fact thak is norm one and, sinag ~ N(0,07),
it will be the case thaTe ~ N(0,01). Hence

P <max\\7st*\ > )\) = P (max|\7st*| > 01/2(1+@)logp+ Mwﬁ)
j j
< P (max|Zj\ > /2(1+@)log p)
j
1
< p—=exp{—(1+@)lo 2(1+q@lo
< P P{—(1+@logp}/v/2(1+¢)logp
-1
= <p“’\/4(1+cp)nlogp> :

The penultimate line follows from the fact thasup |Zj| > u) < 8—Lexp(—u?/2).

van
In the case wherg' ~ N(0,03) then substituting = 02+/(1+ @) logpinto (12) gives (14). In

this case7st* = 02Zj whereZ; ~ N(0,1). Hence

P (mjax|\7jTe*| > 02/ (14+@)log p) =P (mjax|Z,-| > +/2(1+@)log p)

and the result follows in the same manner as above.

C Theorems 5 and 6 Assuming Gaussiag’

The following theorems hold with = 02/2(1+ @) log p.

Theorem 5 Suppose A-1 through A-5 all hold armgi ~ N(O, 0%). Then, with arbitrarily high
probability,

Batt) B0 <O(n ) + 5 and sup

B -B0)] <0 () +- I

Theorem 5 demonstrates that, with the additional assumpgitiate” ~ N(O, 0%), asymptotically
the approximation error is now bounded bl p*™, which is strictly less tharE,(t). Finally,
Theorem 6 allows to grow with n which removes the bias term, and helﬁ;\ét) becomes a
consistent estimator.
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Theorem 6 Suppose we assume A-6 as weltas- N(0,03). Then if we let p grow at the rate of
1
n2m2x | the rate of convergence improves to

"(% )

. 1
or if we let p grow at the rate of 2z, the supremum converges at a rate of

sl 00| -0 (3085

D Proofs of Theorems 3 through 6

Theorem 3: By Theorem 2, fop = p*,

B(t)—B(1)| < %cn,p*a)olﬁsp*uﬂmlog P+ p { 1+Copr (OM /Sy |

with arbitrarily high probability providedis large enough. But, by A-15,- is bounded, and, by
A-3 and A-5,Cy, p+(t) is bounded for large. Hence, sincg*,o01 and@are fixed, the first term on
the right hand side i©(n~%/2). Finally, by A-2,wp <H/p*" and, by A-1,S, < Sso the second
term of the equation is at moBj(t). The result for suﬁﬁ(t) - B(t)‘ can be proved in an identical
fashion by replacing A-3 by A-4.

Theorem 4: By A-1 there existsS < « such thatS, < Sfor all p. Hence, by (13), setting= 0,
with probability converging to one gs— o,

IA

\/71 6\2/8 e\éZS 1_6\2/8_6\8/,28

_ PRVI0gPn 4Py Anpy(t) e pn PR pnpn pnbt+4pnvanpn(>M\/§
\/ﬁ 1- 628 eS,ZS 1- 628 eSLZS

viogn

Q
2m

B -p| < - ma—o m%{ ““”’—""“)Mfs}

1
n2
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whereK is

bt —b bt—m m
Pn logpn 4pn *0n p, (1) ( ) Wp, PN | b APp i py (1)
1V 2S —l\/l S
(n1/2m> \ logn 1— 625—6\é230 e Viogn | P T 1- B3 — 625 VS
(21)
But if we let p, = O(n*?™) then (21) is bounded becaugpg/n*?™ and logpy/logn are

bounded by construction gi,, wp,pp' is bounded by A-2pr—,bt0(n7pn(t) is bounded by A-3 and
(1—3%s—68Y,5)* is bounded by A-6. HencFSn(t) - B(t)‘ =0 (_bt_vlk)gn) . With the addition of

n2 2m

A-4 exactly the same argument can be used to prov Eup— B(t)‘ =0 < /logn )

272_

Theorem 5: By Theorem 2, if we assurmg ~ N(O, 0%), then, forp = p*,

‘ ~

Bt) — ()| < —=Cnpr(1)021/25y (1+ @) logp* + wp
\/ﬁ

with arbitrarily high probability provided is large enough. Then we can show that the first term
is O(n~%/2) in exactly the same fashion as for the proof of Theorem 3. AlgoA-2, the second
term is bounded b /p*"

Theorem 6: If & ~ N(O, 0%) then, by (14), setting = 0, with probability converging to one as

P — oo,
By - )| < 29k
n7<m>
where

bt -m
P [1ogpn 4pnatn (1) ( ) PR
Kl - 0V2S+ L @2
<n<2<ml+bt>)> logn 1 8% — 0,5 n<2<m+bt>) vIogn

Hence if p, = O(nY/2(MD)) then (22) is bounded, using the same arguments as with (@1), s

Bn(t) ‘ = O( (09 )). We can prove that syh@n(t) ‘ = < ) in the same
2 m-by
way.
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E Proof of Corollary 1

Here we assume thatis produced using the standard second difference matrix,

[ 1/p2 0 0 0 .. 0 0 O

-1/p 1/p 0 O ... 0 0 O
a_pz| 1 2 10 0 0 O 23)
-P 0 1 -21 0 0 O

0 0 0 0..1 -2 1]

Throughout this proof lety, = B(k/p). First we show A-1 holds. Suppose tif#tt) = 0 for all t
in R«_2, Rx_1 andRy then there exisbg andb; such thaf3(t) = bp + bst over this region. Hence,
fork> 2,

Yo = P*(NMk2—2Mk_1+Nk)
= P*(B((k—2)/p)—2B((k—1)/p)+B(k/p))
= p2 (bo—i—blk;pz—Zbo—Zblk—Tl—l—bo—i—blg) =0

But note that if3”(t) # 0 at no more thas values oft then there are at mos83riples such that
B”(t) # 0 for somet in R¢_»,R«_1 andRy. Hence there can be no more tha®+32 yi’s that are
not equal to zero (where the two comes frgrrandyy).

Next we show A-2 holds. For artyc Ry, B(t)Tn = ny. But since|p/(t)| < G for someG < o
andR is of length ¥ p it must be the case that sug B(t) —infier B(t) < G/p. Letng be any
value between sypz B(t) and infer B(t) for k=1,...p. Then

wp = sup|B(t) — B(t)"A| = maxsup|B(t) —nk| < maX{ supp(t) — inf B(t)} <G/p
t K teRy k| teRrg teRk

so A-2 holds withm = 1. )
-1
Now, we show A-3 holds. For € R let Lnj(t) = 350, (% SP X 2(—11) where A, ! is
j

n

thel, kth element ofA— andX; is the average oXi(t) in R i.e. pJr Xi(s)ds Thenanp(t) =
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N 2
551 Lnj(t)~L. SinceXi(t) is bounded above zeta;(t) > W2 (% P, %) for someW, > 0.
j

It is easily verified that

[ p? 0 0 0 .0
p p 0 0 .0
.11 PP 2 1 0 .0
At==1 7, (24)
p° | p 3p 2 1 .0
. . o
| p* p(p—1) p—-2 p-3 ... 1
and hence
Afl 00 k<], >]
i .
—1 0 k> ],1 <]
A&

k> >
except forj = 1 in which case the ratio equals one forladindk. Fort = 0 thent € Ry (i.e. k= 1)
and hencé.n(0) > W2 while Lnj(0) = o for all j > 1. Thereforep, 5(0) <W; 1 for all p. Hence,
A-3 holds withbg = 0. Alternatively, for 0<t < 1, thenk = | pt| andL,j(t) = o for j > k. Hence
for j <K,

2
1 | —j+1
Lni(t) > W2
i) 2 p2 < k—j+l>

_wel ((p—1+1><p—j+2>)2

cp? 2(k—j+1)
1 ,(1-t)4 1 \* .
> W= p < pt.
> W pzp ) <k—j+1) sincej < pt
Therefore
Onp(t) < ———— f (k—j+1)2 #\/l—((k+1)(2k+l)<pl/2#t3/z
T - & (1-t)2W%pV 6 -

(25)
sincek = | pt]. Hence A-3 holds withy =1/2 forO<t < 1.
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Finally, note that (25) holds for arty< 1 and is increasing ihso

2
sSup Onp(t) < p¥2-=-
0<t<£a n,p( J<Pp aW

for anya > 0 and hence A-4 holds with=1/2.
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