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Statistics 600 Exam 1
October 14, 2008

Suppose we fit a simple linear regression between Y and X. Our goal is to estimate the
coefficient 3 in the relationship F(Y|X) = a 4+ 5X with the least possible variance,
where cov(Y|X) = 021 can be assumed to hold. Consider the following situations:

A The sample size is 20 and var(X) = 2
B The sample size is 30 and var(X) =
C The sample size is 15 and var(X) =
D The sample size is 10 and var(X) =

Which situation is most favorable? Very briefly justify your answer.

Solution: Since var(() = 02/ ((n — 1)var(X)), we need to maximize (n—1)var(X),
which occurs for option C.

Construct the projection matrix onto the span of (1,0,1,0)" and (1,1,1,1)".

Solution: The span is the same as the orthogonal basis (1,0, 1,0)" and (0,1,0,1)".

—
O = O
_ o = O
O = O
_ o = O

True or false: cov(Y, }7) > 07 If true, provide a proof; if false, provide a counter-
example.

Solution: The statement is true:

Iy Y|

Y -V +Y —Y|?
= Y -Y[P+ Y -Y|?-2Y -Y) (Y -Y)

Note that cov(Y,Y") has the same sign as (Y —Y)'(Y —Y). If (Y =Y)' (Y —=Y) <0,
we can replace Y with —Y + 2V, which is also in col(X). This doesn't change the
value of [[Y — Y| or | — Y||2, but the third term becomes positive, giving a lower
value for ||V — Y||2. Since the OLS estimator minimizes ||Y — Y2, it follows that
(Y —=Y)(Y =Y) >0 in the first place.

2. Suppose we observe data from the multivariate linear model Y = X3+ ¢, where Y € R",

B e RP X € RPH E(e]X) = 0 and cov(e| X) = o21.

Let B = (X'X)'X’, so B = BY, and let B = B + uv', where u and v are column
vectors, and without loss of generality,

v|| = 1.
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(a) Under what condition will 5 = BY be an unbiased estimate of 37

Solution:

EB = EBY
= BEY +w'EY
= [B+w'Xp

If w = 0 then § is unbiased. Otherwise, X3 could be anything in col(X), so we need
v € col(X)t, or VX = 0.

(b) If condition (a) holds, what is the covariance matrix of 3 given X?

Solution:

covfi = covBY + cov(BY,uv'Y) + cov(uv'Y, BY ) + covur'Y
= cov BY + cov(BY,uv'e) + cov(uv'e, BY') + covuv'Y’
= A(X'X) '+ o?Bou + o*u' B + o*und
= o (X'X) ).

3. Suppose we observe data from the multivariate linear model Y = X (3 4 ¢, where Y € R",
B e R, X € R™PH (with first column identically equal to 1), E(e[X) = 0, and
cov(e|X) = o21I. Based on these data, we construct an estimate (3 of 3 using ordinary least
squares. Suppose z* € RP™! is sampled from a population with mean x* and covariance
matrix 27, which is a degenerate distribution where 27 = 1. The corresponding value
y* = a+ 2"+ ¢, where E(e*|z*) = 0 and var(e*) = var(e;), is not observed. We then

predict y* using x*’ﬁ. What is E(y* — 2*'3)?, where the expectation is only conditioned
on X7

Solution: Since E(y* — x*’3|x*) =0, and given x*, y* is independent of x*’B, it follows
that

B ((y* _ .I'*/B)2|l'*) _ V&I‘(y* B .’L'*/B’.CE*)
— 0-2+0-21‘*/(X/X)_137*
= o’ +o’tr ((X’X)_lx*x*’) :
Now if we take the expectation over z*, we get
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o (14 tr (X'X) 7N (Ss + i) -

4. Suppose we regress Y on p = 2 centered covariates with an intercept. If the two covariates
are positively correlated, which of the following can be estimated with more precision using
the usual regression-based estimate: (3, — (35, or 31 + 327 Briefly explain your reasoning.

Solution: If the covariates are positively correlated, then 51 and 3, are negatively corre-
lated. Therefore ﬁl —|—62 is less variable then ﬁl 62, S0 ﬁl —|—ﬁg can be estimated with more
precision. Another way to think about it is that since the errors are negatively correlated,
they will tend to cancel each other out when added, but will tend to amplify each other
when subtracted.

5. Suppose we observe data from a simple linear model Y = o + X + € where X, Y € R",
E(e|X) =0 and cov(e|X) = o*I. Suppose X and Y are partitioned as

) )

where Y] anAd Y, eaE:h have half the length of Y, and X; and X, each have half the length
of X. Let i and (3, denote the least squares estimates obtained by regressing Y1 on X;
and Y, on X, respectively, and let 5 = (8, + (2)/2.

As notation for this problem, let $; = Y72(X; — X1)%, S, = S ja (Xi — X3)?, and
S =X - X)Q

(a) If X; = X, = X, state a condition such that 3 has the same variance as the least
squares estimate B obtained by regressing Y on X. Then state whether when this
condition holds, B is the least squares estimate, or is a different estimate with the
same variance.



Solution: The variance of 3 is

5 0-2 . 02(S1+SQ)
Varﬂ = Z(l/s:[ + 1/52) = TPSE

Since X; = X5, S1 + S5 = S, so the variance is 025/(45,S,). The variance of
Bis 02/S, so equating the variances we get S/(45,S,) = 1/5, which is equivalent
to S? = 45,5,. Substituting S = S; + S, and expanding the square gives as an
equivalent equation (S} — S3)% = 0, so we see that S; = S, is the condition required
for the variances to be equal. When S; = Sy, it follows that S; = Sy = 5/2, and

(Br + B2)/2

= ;ZYM(XM - X1)%/51 + ;ZYM(Xzi — X5)?/ S,
= > Yu(Xu— X)?/S+ D Viu(Xa — X)?/S

= Y Yi(Xi - X)*/S

= 0,

o
I

so the estimators are identical.

Now suppose X; = X, = X, but the condition you found in part (a) does not hold.
Show how an estimate that is linear in (1 and (3, can be constructed that has the
same variance as the least squares estimate.

Solution: If we write our estimate as clﬁl + 0232, then setting ¢; = 5;/S and
= S5/ yields the least squares estimate.

Now consider the more general case where X; and X, may differ. Show that in
this case var3 is always greater than var 3, and derive a concise expression for the
difference.

Solution: Let D = (X; — X)?+ (X3 — X)?, so

n/2 B B B n B B B
S = >YX-X1+X-X)+ Y (X;—-Xo+Xo—X)?
i=1 i=n/2+1
n/2 B B B B
= > (X -X)’+ (X - X)*+ Z (X; — Xo)* + (Xy — X)?
=1 i=n/2+1

= 51+95 +7’L(X1 —X)2/2+R(XQ —X)2/2
= Sl +52 +TLD/2



So

~ 02(S1+52) 02(S—TLD/2)
var(f) = — oo = — oo

Therefore

varf —varf = o%(S —nD/2)/(45,5,) — 0?/S
2

_ 4505 S(s(s1 +55) — 45155)
12
2
— 450:5' S ((Sl + SQ>2 — 45132 + nD(51 -+ SQ)/2)
12
= 1gog ((51=5)"+n(si+5)D/2).
12

Note that the two become equal only when S; = S5 and D = 0, which are the
conditions from part (a) above.



