
Statistics 600 Problem Set 2

Due in class on Tuesday, October 27th

1. “Total least squares” (TLS) aims to identify a hyperplane P that minimizes

∑
i

d (Vi,P)2 ,

where the Vi are a collection of points in Rp, and d(Q,P) is the minimum distance
in Rp between the point Q ∈ Rp and any point on the hyperplane P ⊂ Rp. By
writing V = (y, x1, . . . , xp), TLS gives an alternative approach to fitting linear functions
to point sets that does not treat the response variable differently from any of the
predictors.

(a) Parametrize P in the form {Z ∈ Rp|B′(Z − W ) = 0}, for vectors B ∈ Rp and
W ∈ Rp with ‖B‖ = 1. Write down an explicit expression for d(Q,P) in terms
of B and W . Note that W can be any point in P and is therefore not uniquely
identified; also B is not identified up to a factor of ±1.

(b) Based on your expression in part (a), show that the TLS solution passes through
the center of the data V̄ , and use this to define a minimizing value for W .

(c) Building on (a) and (b), construct a quadratic form whose minimizing value sub-
ject to ‖B‖ = 1 solves the TLS problem for B.

2. If x ∈ Rp is a column vector, construct a column vector y ∈ Rp such that

(I + xx′)−1 = I − yy′.

3. This exercise aims to illustrate the effect of outliers in least squares fitting. Suppose
we observe data that follows a linear model with p = 1 covariate: Y = α + βX + ε.
Specifically, consider a triangular array of data Yin, Xin, where i = 1, . . . , n. There is
also a random indicator δin, that we do not observe, such that var(εin|X, δin = 1) =
knσ

2, and var(εin|X, δin = 0) = σ2 (the errors are centered, so that E(ε|X, δ) ≡ 0).
Suppose X is sampled from a population with variance σ2

X , and P (δin = 1) = pn. Note
that n · var(β̂) has a finite limit when kn ≡ 1. Derive conditions on kn and pn such
that (i) n · var(β̂) has a finite limit, and (ii) n · var(β̂) has the same limit that would
occur if kn ≡ 1.

4. Suppose that V1, . . . , Vn are independent random variables with mean zero and variance
one. Calculate the variance of

∑
i V

2
i when the Vi follow standardized versions of the

following distributions: (i) uniform, (ii) Laplace, (iii) Student’s t, (iv) logistic. Feel
free to get the moment formulas for these distributions from Wikipedia rather than
deriving them all from scratch.
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5. Suppose we have a bivariate regression in which X̄1 = X̄2 = 0, v̂ar(X1) = v̂ar(X2) = 1,
and ĉor(X1, X2) = r. We are interested in estimating a contrast θ′β, where θ =
(0, θ1, θ2)

′ is a unit vector in R3. Which values of θ give the least and greatest values
of var(β̂′θ)? Note whether the answer to this question depends on β.

6. Suppose we have a bivariate regression where X1 and X2 are standardized. We fit a
linear model Ŷ = α̂s + β̂1sX1 + β̂2sX2 sequentially, by first letting α̂s and β̂1s be the
intercept and slope from simple linear regression of Y on X1. We then set β̂2s equal to
the value of β2 that minimizes the least squares loss function when α and β1 are fixed
at α̂s and β̂1s. Under what conditions is β̂2s greater (in signed value) than the multiple
least squares estimate β̂2?

7. Suppose we are interested in a contrast θ′β, for a fixed vector of coefficients θ ∈ Rp+1.
Let Z denote the Z-score for θ′β, i.e. the point estimate of θ′β divided by its standard
error. Now suppose we reparametrize the problem by using a new design matrix
X̃ = XB, where B is an invertible matrix. (i) What vector θ̃ estimates the same
contrast as θ under the new parameterization? (ii) Are the Z-scores always the same
in the two parameterizations?

8. Suppose we have a design matrix X and are interested in the partial R2 for Xk given
X1, . . . , Xk−1. Let B be an invertible matrix such that e′kB = ek (where ek is the
indicator vector of the kth position in the vector). Let X̃ = XB. What conditions on
X, if any, are required so that the partial R2 of X̃k given X̃1, . . . , X̃k−1 is equal to the
partial R2 of Xk given X1, . . . , Xk−1?

9. Suppose we estimate a multiple regression model as follows. First, we regress Y
on each covariate separately using simple linear regression. This yields coefficient
estimates β̂1u, . . . , β̂pu. For simplicity, suppose that Y and all the covariates have
been standardized, and all models are fit without an intercept. As a second step,
let β∗ = (β̂1u, . . . , β̂pu)

′, and use least squares to estimate the scalar λ minimizing∑
i(Yi − λβ∗′Xi)

2. For the bivariate case, compare the fit achieved by this approach to
the fit achieved using multiple linear regression. You can approach this using either
numerical calculation, or simulation. Produce a few graphs showing how the relative
difference in fits relates to the model parameters.
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