Decomposing variance



Pearson correlation

The population Pearson correlation coefficient of two jointly distributed ran-
dom variables X and Y is

cov(X,Y)
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By the Cauchy-Schwartz inequality,
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The sample correlation coefficient is slightly biased for the population corre-
lation coefficient, but the bias is small unless |p| is close to 1.



For the simple linear regression model

Y =a+ X + e,
if we view X as a random variable that is uncorrelated with €, then
cov(X,Y) = fo%

and the correlation is
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The sample correlation coefficient is related to the least squares slope esti-
mate:

. cov(X,Y) _ &y
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Orthogonality between fitted values and residuals

Recall that the fitted values are

and the residuals are

R=Y -V =({-P)Y.

Since P(I — P) = 0 it follows that Y'R = 0.

SinceAR = O, it is equivalent to state that the sample correlation between R
and Y is zero.



Coefficient of determination

A descriptive summary of the explanatory power of X for Y is given by the
“coefficient of determination,” also known as the ‘“proportion of explained
variance,” or “multiple R2.” This is the quantity

Y =YE Y =Y _ var(Y)

R2=1 — = — = — )
Y =Y Y =Y]2 var(Y)

The equivalence between the two expressions follows from the identity

Iy -7 = |y -¥v+7 -7 )
I =PI+ 7 - VI +2(y - ¥)Y(¥ - 7)

Y =Y|*+[|Y = Y2,

It should be clear that R2=0iff Y =Y and R°=1iffY =Y.



The coefficient of determination is equal to

cor(Y,Y)>.

To see this, note that

Y -Y){yY-Y)
|V =Y -y = Y|
(V—9Y(Y -V +7 %)
1Y =Y -lY = Y|
Y-V -V)+F-Y){F¥ -Y)

cor(V,Y) =

-V =T
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Simple linear regression

In this special case,
IV =Y|? = 8(X = X)|I* = (n — 1)cov(Y, X)?/5%
and
IY = Y|? = (n - 1)57¢,
so the coefficient of determination is

C/OT/(Y;X)Q ~2
~D ~D — Pxy-
OxO0y

For simple linear regression, cor(Y, X)? = cor(Y,Y)?2.



Relationship to the F statistic

The F-statistic for the null hypothesis

Y -Y|° n—-p—-1_  R> n-p-1
Iy — Y2 p  1-R? p

Y

which is an increasing function of RZ.



Adjusted RZ

The sample R? is an estimate of the population R2:

1 var(Y|X)
ovar(y)

Since it is a ratio, the plug-in estimate R? is biased, although the bias is not
large unless the sample size is small. The adjusted R? is an approximately
unbiased estimate of the population RZ:

1—(1-R?

n—p—1

The adjusted R? is always less than the unadjusted R2. The adjusted RZ? is
always less than or equal to one, but can be negative.

11



Improvement in R? due to one covariate

Let X,i be the residual of X, after regressing it against all other covariates
(including the intercept).

In other words, let P_; be the projection onto span({X;,j # k}), so

Xi- = (I — P_p) Xy

Let

V.,.=P.Y

be the fitted values in the model omitting covariate k.
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Let R? denote the multiple R? for the full model, and let R?, be the multiple
R? for the regression omitting covariate X;. The value of

R? - R?,

tells us how much "unique information” is in X; that is not captured by the
other covariates.

13



We would like to have a simple expression for R? — R?,.

Since the fitted values and residuals are independent,

IY|® 1Y — Yo 4 Vo2

1Y = Yokl + [V 2

SO

1Y = Yoill? = [IY]12 = [Vl
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Since in is orthogonal to the other covariates,

% O <Ya Xli_> 1
Y = Y—k _I_ k
(X Xiv)

and

V112 = Y017 + (Y, X502/ 11X 112
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Now if we look at the overall R2, we get

R2

Y -9
[y -7
VIR = IR1P
[y -7
L IVIP = DT (XX
|y =72
L Y e SRR,
Y-v2 Ty -7R
Rz, 4 XD IXE?
Iy =Y
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Partial and semi-partial R?

The “semi-partial R?" is

(v, X2 /X
[V —YIP

R2 — Rg = = E&(Y, X]i_)Q — @(Ya ?k)27

where Vi is the fitted value for regressing Y on X,{i.

The “partial R?" is

R = R, _ (Y, X%/ |IXHP
1-R%, Y —Ya4lP
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The semi-partial R? for covariate k is the improvement in R? resulting from
including covariate k.

The partial R? for covariate k is the fraction of the maximum possible im-
provement in R2 that is contributed by covariate k.
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Partial R? as a squared correlation coefficient

Let Y_; be the fitted values for regressing Y on all covariates except X;. Since
Y, Xt =0,

<Y - ?—ka X]i_>2 — <Y7 X]i_>2
1Y = Yoil2- X0 l12 0 Y = Yopl|2 - 1X 012

The expressionAon the left is the usual R? that would be obtained when
regressing Y — Y_, on X;-.
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The semi-partial R? is the same as the usual R? for Y regressed on (I—P_;)X;.

The partial R? is the same as the usual R? for (I — P_,)Y regressed on
(I — P_)Xp.
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Decomposition of R2

In a multiple regression, how much of the Y variance is explained by a par-
ticular covariate?

Orthogonal case: If the design matrix is orthogonal, the projection P onto
col(X) can be decomposed as

— . — — . ,
P=3) P=""+3 XX

where X; is the ;" column of the design matrix.
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Py = X;X]

is the projection onto span(X;) (and Py is the projection onto the span of the
vector of 1's). Furthermore, by orthogonality, P;P, = 0 unless j = k. Since

Y-V = Ep:PjY,
j=1

by orthogonality

p
IV =Y>=>_[IPY|>
j=1
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The R? for simple linear regression of Y on Xj is

R = ||V = Y|?/IlY = Y|* = [IBY[*/IIY - Y7,

SO we see that for orthogonal design matrices,

That is, the overall coefficient of determination is the sum of univariate
coefficients of determination for all the explanatory variables.
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Non-orthogonal case: If X is not orthogonal, the overall R? will not generally
be the sum of single covariate R?'s.

It's not surprising that )~ Rj? can be bigger than R2. For example, suppose
that

Y = X1+ ¢

is the data generating model, and X» is highly correlated with Xj.

For large sample sizes, the multiple R?2 of Y regressed on X; and X, will be
approximately 1 — o2 /var(Y).

The R?'s of Y regressed on either X; or X, separately will also be approxi-
mately 1 — o?/var(Y).

Thus R7 4+ R3 ~ 2R?.
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Enhancement

Surprisingly, 3. R? can be less than R?, a situation called enhancement. As
an example of this phenomenon, suppose the data generating model is

Y =7 +¢,

but we don't observe Z (for simplicity assume EZ = 0). Instead, we observe
a value X, with mean zero that is independent of Z and ¢, and a value X3
which satisfies

X1 =72+ Xo.

Since X5 is independent of Z and g, it is also independent of Y. Therefore
R3 = 0O for large n.

The multiple R? of Y on X3 and X, is approximately o2/(02 + 02) for large
n, since the fitted values will converge to ¥ = X; — Xo = Z.
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Enhancement (continued)

To calculate R?, first note that for the regression of Y on Xj,

. cov(Y, X1) o2
— = £
var(Xy) o2 + 03(2
and
a— 0
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Enhancement (continued)

Therefore for large n,

n Y —Y|I? = nlZ+e—o05X1/(05+0%)|
= nY0%,2/(0% +0%,) + € — 05X/ (0% + 03I
= 0%,0%/(0% +0%) + o2
Therefore

O e L 4 &
1 nolly — V|32
_ o7
(62 +02)(1+ 0%2/0%)
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Enhancement (continued)

SO

Ri/R?*~1/(1+ 0%,/07),
which is strictly less than one if % > 0.
In the example, R? > R? 4+ R5.

The reason is that while X» contains no directly useful information about Y
(hence R3 = 0), it can remove the “measurement error” in X1, making it a
better predictor of Z.
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Partial R? example

Suppose the design matrix satisfies

X'X/n =

oor
S L O
= 3 O

and the data generating model is

Y = X1+ Xo+ €

with vare = 1.
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Partial R®> example (continued)

We will calculate the partial R? for X1, using the fact that the partial R? is
the regular R? for regressing

(I - P1)Y

on

(I —P-1)Xy

where P_; is the projection onto span ({1, X2}).

Since this is a simple linear regression, the partial R2 can be expressed

cor((I — P_1)Y,(I — P_1)X1)?.
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Partial R®> example (continued)

The numerator of the partial R? is the square of

cov(({ — P-1)Y, (I — P-1)X1) Y'(I - P-1)X1/n
(Xl —|— X2 —|— 6)/(X1 — TXQ)/??,

1—7r° 4+ (X1 —rXo)e/n.

The denominator contains two factors. The first is

I — P-1)Xa||?/n X1(I = P1)Xa/n
X1 (X1 —rX2)/n

1 — r2
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Partial R®> example (continued)

The other factor in the denominator is Y/(I — P_1)Y. This term is complex,
but if we eliminate terms with expected value zero we get

EY'(I - P_-1)Y/n Ee'(I — P_1)e/n4 (X1 4+ X2)' (I — P-1)(X1 + X2)/n
(n—2)/n+ X{(I —P_1)X:

(n—2)/n+1—7r2

Thus we get that the partial R? is approximately equal to

1 — 72

(n—2)/n+1—7r2

If r = 1 then the result is zero (X; has no unique explanatory power), and
if » = 0, the result is approximately 1/2, suggesting that after controlling
for X5, around half of the outcome variance is uniquely explained by X; (the
other half is due to ¢).
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Another partial R? example

Suppose

Y =0X1+e1 Xo=X1+ e

where Fe; = FEe; = 0, var(e,) = a,f, EX; = 0, var(X1) = 1, and X; is
independent of €1 and eo.

X7 is "causal’ and X» is a "surrogate.”
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Another partial R?> example (continued)

The four R?'s for this model are related as follows, where Rf} is the R? based
only on the intercept.

N
N4
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Another partial R?> example (continued)

We can calculate the limiting values for each RZ:

2 __
Rf, =0
b2
RI=Ri,= >
1 1,2 bQ_I_U%
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Another partial R?> example (continued)

For the regression on X», the limiting value of the slope is

COV(Y, XQ) . b - COV(Xl, XQ) + COV(€1, XQ)
var(Xg) - 1+ 0%
b
o 1-+-0§'

Therefore the residual mean square is approximately

nHY = V2|7 = nHbX1 4 e — b(X1+e2)/(1 4+ 03)|?
s BSOS BPNTE
= n €1 — €
1-+-0§ ! ! 1-+-0§ 2
bQGg 5
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Another partial R?> example (continued)

So,

b203/(1 4 05) + 02
B b2 + o2
b° — b205/(1 + 03)
b2 + o2
b>/(1 + 03)
b2+ o2

Rs — 1

If 02 = 0 then X; = X, and we recover the usual R? for simple linear
regression of ¥ on Xj.
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Another partial R°> example (continued)

With some algebra, we get an expression for the partial R? for adding X; to
a model already containing X»:

> o 2 2
Ri,—R; bco5

1— R% b20§ + 0% -+ 0%0%

If 02 = 0, the partial R? is 0.

If b# 0, 052> 0 and 02 = 0, the partial R? is 1.
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Summary

Each of the three “R?" values can be expressed either in terms of variance
ratios, or as a squared correlation coefficient.

Multiple R2 Semi-partial R2 Partial R?
VR Y —Y[?/|lY = Y| R? — R?, (R°—R%,)/(1 - R%))
Correlation cor(Y,Y)? cor(Y, X;-)?2 cor((J — P_)Y, X;)?

39



