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Definitions and Motivation

Independent variables (predictors, regressors, covariates):

X = (X1,...,Xp)

Dependent variable (response, outcome): Y

The goal is to learn about an unknown function f, where

Y ~ f(X)
based on a finite collection of data
Y;
Xi= (Xi1,...,Xip)
1=1,...,n.

where n is the sample size.



Why do we want to do this?

e Prediction: Evaluate f(X) to predict the “typical” value of Y at a given
X point (not necessarily one of the X, points in the data).

e Model inference: Inductive learning about the relationship between X
and Y, such as better understanding which predictors or combinations of
predictors are associated with particular changes in Y.

Model inference often has the goal of better understanding the physical
(biological, social, etc.) mechanism underlying the relationship between
X and Y (but keep in mind that with observational data, causal inferences
are difficult or impossible to make).



Examples:

e An empirical model for the weather 48 hours from now based on cur-
rent satellite data, historical patterns, etc. would primarily be of interest
for prediction, rather than inference. Such a model would have a lot of
practical value (if it were actually predictive), but would not necessar-
ily provide a lot of insight into the atmospheric processes that underly
changes in the weather.

e A study of the relationship between childhood lead exposure and subse-
quent behavioral problems would primarily be of interest for inference,
rather than prediction. Such a model could be used to assess whether
there is a risk due to lead exposure, and to estimate for a large population
how many children are adversely affected. The effect of lead exposure
on an individual child is probably too small in relation to numerous other
risk factors for such a model to be of predictive value at the individual
level.



Statistical interpretations of the regression function

The most common way of putting curve fitting into a statistical framework
is to define f as the conditional expectation

F(X) = B(Y|X).

Much less commonly (but occasionally usefully) the regression function is
defined as a conditional quantile, such as the median

f(X) = median(Y|X)

or even some other quantile f(X) = Q,(Y|X).



The conditional expectation function

The conditional expectation function E(Y|X) can be viewed in two ways:

1. As a deterministic function of X, essentially what we would get if we
sampled a large number of X,Y pairs from their joint distribution, and
took the average of the Y values that are coupled with a specific X value.
If there are densities we can write:

E(Y|X) = /Yf(Y|X)dY.

2. As a scalar random variable. A realization is obtained by sampling X from
its marginal distribution, then plugging this value into the deterministic
function described in 1 above.



Least Squares Fitting

In a linear model, one postulates that the independent variables are related
to Y via a linear relationship

p
Y = Zﬁinj = 5’ X;.
=1

In this case, to estimate f we need to estimate the 3;,. One approach to
doing this is to minimize the following function of 3:

L(ﬁ)—Z(Y ZBJ Xij)? = Z(Y B'Xi)?



A special case is “simple linear regression,” when there is p = 1 covariate.
L(a,B8) =) (Yi—a-BX;)?
)
Here we can differentiate with respect to o and g:

OL /0«
oL/0p3

=25 ,(Yi —a— BX;)
—2 ZZ(Y; —a— BX;)X;

2R
—23" R X;

Ri=Y,—a—pX;

is the “working residual” (requires working values for o and 3).



Setting

OL/8a = OL/9B = 0

and solving for a and (3 yields

a=Y - pBX

S >YiXi/n—-YX
T Y X?/n- X2

where Y =Y Y;/n and X =Y X;/n are the sample mean values (averages).

The “hat” notation () distinguishes the least-squares optimal values of « and
B from an arbitrary pair of values.



Two important identities:
ZXZQ/n — X2 = Z(XZ - X)?/n
7

d ViXin-YX =) Vi(Xi—X)/n=>) (Vi-¥V)(X;—X)/n.
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Note that
Z(X,- — X)?/n and Z(Y - (X — X)/n.

are essentially the sampIeAvariance of X1,...,X,, and the sample covariance of
the (X;,Y;) pairs. Since (3 is their ratio, we can replace n in the denominator

with n — 1 so that

cov(Y, X)
var(X)

B =

where cov and var are the usual unbiased estimates of variance and covariance.
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Review of norms

The Euclidean norm on vectors (the main norm we will use in this class) is:
IVl = ‘/Z V2.

IV + W2 =[V|*+ W[ +2V'W

Some useful identities:

IV =W =[V|*+ W[?* - 2V'W

12



Review of convexity

A map Q : R* — R is convex if for any v,w € R?,

Qv+ (1 —MNw) <AQ() + (1 - A)Q(w),

for 0 < X < 1. If the inequality is strict for 0 < A < 1 and all v # w, then @ is
strictly convex.
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A key property of strictly convex functions is that they have a unique global
minimizer. That is, there exists v € R? such that Q(v) < Q(w) for all w €
RIN\ v.

The proof is simple. Suppose there exists v # w such that

Q(v) = Q(w) = infuer:Q(u).

If @ is strictly convex and A = 1/2, then

Q(/24+w/2) < (Q(v) + Q(w))/2 = infuer:Q(u),

Thus z = (v+w)/2 has the property that Q(z) < inf,cr:@Q(w), @ contradiction.
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Convexity for quadratic functions

A general quadratic function can be written

Q(v) =1 Av+bv+ec

where A is a d x d matrix, b is a vector in R%, and c is a scalar.

Note that

/ 2 : / § :
VA = ’Ui’Uinj bv = bj’Uj.
1,3 J
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Convexity for quadratic functions

If b € col(A), we can complete the square to get

Qv) = (v—fYA(w—f) +s.

where f is any vector satisfying Af = —b/2, and s =c— f'Af.

If A is invertible, we can take f = —A~1b/2.
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Convexity for quadratic functions

Since the property of being convex is invariant to translations in both the
domain and range, without loss of generality we can assume f =0 and s =20
for purposes of analyzing the convexity of Q.

We will also need the following definition: a square matrix A is positive definite
if v Av > 0 for all vectors v = 0. The matrix is positive semidefinite if v/Av > 0

for all v.
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We will now show that the quadratic function Q(v) = v'Awv is strictly convex
if and only if A is positive definite (without loss of generality, A is symmetric,
since otherwise (A + A")/2 gives the same quadratic form).

M+ (1 =NDw)ADwv + (1 — NDw)
A2 Av 4+ (1 = N2 Aw 4 2X(1 — M) Aw.

Qv+ (1 —Mw)

M1 =NV Av + w' Aw — 2w’ Av)
A1 =N (v—w)A(v —w)
0

AQ(w) + (1 = N)Q(w) — QA + (1 = ANw)

AV

This is a strict inequality for all v # w, 0 < A < 1 if and only if A is positive
definite.
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When A is symmetric, the Hessian of Q(v) = v'Av is 2A. To see this, write
’U’A’U = Z UZ-QAZ'Z' —|— 2 Z vivinj
i i<j
and differentiate with respect to v;, then v;.

It follows that any quadratic function is strictly convex iff its Hessian is positive
definite.
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Properties of the simple least squares fit

e The least squares solution &, 5 is unique as long as var(X) (the sample
variance of the covariate) is positive. To see this, note that the Hessian
(second derivative matrix) of L(«, 3) is

o= 0°L/8a? O°L/0adB \ _ ([ 2n  2X
— \ 0%L/oadp O?L/03% ) T\ 2X. 2> X?
where X. =) X;.

If var(X) > 0 then this is a positive definite matrix since all the principle
submatrices have non-negative determinants:

2n| = 0

o2n  2X.
2X. 2% X2

4ny X7 — 4(X)?
= 4n(n — 1)var(X)
20



e T he “fitted line"” is

Y =a+ 6X.

Substituting X = X yields Y. Thus the fitted line aways passes through
the “center” of the data (X,Y).

e T he fitted slope can be written

_ SD(Y)
— Y, X >
B = cor(Y, )SD(X)

so the fitted slope has the same sign as the Pearson correlation coefficient
between Y and X.
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e [ he residuals

ri =Y; - Yi.

are the vertical differences between the observed responses Y; and the
fitted values

=
I
Q)
+
XRX
~

By direct calculation,

Zri = Y —na-—BX.

1

Y. — (Y. - BX.) — BX.
0.
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e If X and Y are reversed, the slope is

. _ Cov(Y,X) _ Sy X)§5(X)
T var(y) " SD(Y)

If the data fall exactly on a line, then cor(Y,X) =1, so B, = 1/3, which
iIs consistent with algebraically rearranging

Y = a+ 8X

to

X =-a/8+Y/B.

But if the data do not fit a line exactly, this consistency does not hold.
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Fitting multiple regression models

For multiple regression (p > 1), the covariate data define the “design matrix:"

( 1 X111 X2 le\
1 Xo1 Xoo Xop
X =
\ 1 an Xn2 an/

Note that in some situations the first column of 1’s (the intercept) will not
be included.

24



The linear model coefficients are written as a vector

/6 — (/807/817"'7619)/

where (g is the intercept and 3y is the slope corresponding to the kt" covariate.
For a given working covariate vector 3, the vector of fitted values is given by
the matrix-vector product

YV = X5,
which is an n-dimensional vector.

The vector of residuals Y — X3 is also an n-dimensional vector.
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The goal for least-squares estimation is to minimize the sum of squared
differences between the fitted and observed values.

L(B) =) (Yi-¥)? =y —Xg|].
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T he multivariate chain rule

Suppose g(-) is a map from R™ to R"™ and f(-) is a scalar-valued function on
R™ If h= fog, ie. h(z) = f(g(z)). Let fj(x) =9f(x)/0x;, let

Vi) = (fi(@), -, falz))
denote the gradient of f, and let J denote the Jacobian of g
Jii(z) = 09i(z)/0z;.
Then

Oh(z)/0z; = Zfi(g(z))agi(z)/azj
= [J()'Vf(g())];
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Thus we can write the gradient of h as a matrix-vector product between the
(transposed) Jacobian of g and the gradient of f:

Vh=JVf

where J is evaluated at z and Vf is evaluated at g(z).



For the least squares problem, the gradient of L(3) with respect to S is

OL/0B = —2X'(Y — X 3).
This can be seen by differentiating
b
L(B)=> (Yi—Bo— Y Xip))°
i j=1

element-wise, or by differentiating

Iy —Xp|°

using the multivariate chain rule, letting ¢(8) =Y — X3 and f(x) = szJQ
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Setting 0L/08 = 0 yields the “normal equations:”

X'X3 =X'Y

Thus calculating the least squares estimate of 5 reduces to solving a system
of p 4 1 linear equations. Algebraically we can write

/= (X'X) X,

which is often useful for deriving analytical results. However this expression
should not be used to numerically calculate the coefficients.
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The most standard numerical approach is to calculate the QR decomposition
of

X = QR

where Q) is a n x p+ 1 orthogonal matrix (i.e. Q'Q =1) and Risap+1xp+1
upper triangular matrix.

The QR decomposition can be calculated rapidly, and highly precisely. Once
it is obtained, the normal equations become

RB = QY,

which is an easily solved p+ 1 x p 4 1 triangular system.
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Mathematical properties of the multiple regression fit

e The multiple least square solution is unique as long as the columns of X
are linearly independent. Here is the proof:

1. The Hessian of L(B3) is 2X'X.

2. For v # 0, v (X'X)v = (Xv)'Xv = || Xv||? > 0, since the columns of X are
linearly independent. Therefore the Hessian of L is positive definite.

3. Since L(B) is quadratic with a positive definite Hessian matrix, it is convex
and hence has a unique global minimizer.
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Review of projections

Suppose S is a subspace of R4, and V is a vector in R% The projection
operator P maps V to the vector in S that is closest to V:

Ps(V) = argmin, ||V — n||*.
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Review of projections (continued)

Property 1: (V — Ps(V))'s =0 for all s € S. To see this, let s € S. Without
loss of generality ||s|| =1 and (V — Ps(V))'s < 0. Let A > 0, and write

[V = PsV 4+ 2s]? = ||V =PsV|>+ X+ 2XV = Pg(V))'s.

If (V—-Pg(V))'s # 0, then for sufficiently small A > 0, A2+2X(V —Pg(V))'s < 0.
This means that Pg(V) — As is closer to V than Pg(V), contradicting the
definition of Ps(V).

33



Review of projections (continued)

Property 2: Given a subspace S of R%, any vector V € R? can be written
uniquely in the form V = Vg + Vs., where Vg € S and s'Vg. = 0 for all s € S.
To prove uniqueness, suppose

V =Vs+ V. = Vg + Vs,

Then

O — ||VS_‘:/S+VSL_VSL|LQ _ _
Vs — YSH2 + |[Vs: — ‘fs*l||2 + 2(Vs — Vg)'(Vgr — Vgr)
Vs — Vs||? + || Var — Vaul?.

which is only possible if Vg = Vg and Vg. —Vs.. Existence follows from Property
1, with Vg = Py,(S) and Vg. =V — Py (S).
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Review of projections (continued)

Property 3: The projection Ps(V) is unique.

This follows from properties 1 and 2.

35



Review of projections (continued)

Property 4: Ps(Ps(V)) = Ps(V). The proof of this is simple, since Ps(V) € S,
and any element of S has zero distance to itself.

A matrix or linear map with this property is called “idempotent.”
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Review of projections (continued)
Property 5: Pg is a linear operator.

Let A, B be vectors with 64 = Ps(A) and g = Ps(B). Then we can write

A+B=044+0p+(A+B—04—05),

where 84 + 0p € S, and

s(A+ B —04—0p) =5(A—04)+s(B—-0g)=0

for all s € S. By Property 2 above, this representation is unique, so 64+ 0 =
Ps(A+ B).
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Property 6

Suppose Pgs is the projection operator onto a subspace S. Then I — Pg, where
I is the identity matrix, is the projection operator onto the subspace

St ={uec RYu's=0forallse S}

To prove this, write

V=U-Ps)V+ PsV,

and note that (I —Ps)V)'s=0forallse S, so (I—-Ps)V € S+, and v'PsV =0
for all w € S+. By property 2 this decomposition is unique, and therefore I — Pg
is the projection operator onto S-+.
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Review of projections (continued)

Property 7: Since Ps(V) is linear, it can be represented in the form Pg(V) =
Ps -V for a suitable square matrix Pg. Suppose S is spanned by the columns
of a non-singular matrix X. Then

Py = X(X'X)~1X'.

To prove this, let Q = X(X'X)1X/

<
I

QV + (V -QV)
X(X'X) X'V 4+ (I - X(X'X)" X"V

and note that the first summand is in S.
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To show that the second summand is in S+, take s € S+ and write s = Xb.
Then

VX'(I — X(X'X) X"V
0.

$'(I - X(X'X) X"V

Therefore this is the unique decomposition from Property 2, above, so Py
must be the projection.
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Property 7 (continued)

An alternate approach to property 7 is constructive. Let § = X~, and suppose
we wish to minimize the distance between 6 and V. Using calculus, we
differentiate with respect to v and solve for the stationary point:

OlV — X~[|? /v O(V'V — 2V'Xy + +'X'Xy) /0y
_2X'V + 2X'X~y

0.

The solution is

vy = (X'X)" X'V

SO

6 = X(X'X)"1X'V.
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Review of projections (continued)

Property 8

Ps o Pgi. = Pgi o P = 0. This can be shown by direct calculation using the
representations of Pg and Pg. given above.
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Least squares and projections

The least squares problem of minimizing

Iy — xg|°

is equivalent to minimizing ||Y — n||? over n € col(X).
Therefore the minimizing value 7 is the projection of Y onto col(X).

If the columns of X are linearly independent, there is a unique vector B such
that X3 = 1.
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Properties of the least squares solution

e The fitted regression surface passes through the mean point (X,Y). To
see this note that the fitted surface at X (the vector of column-wise means)
IS

X' (1'X/n)p
1'X(X'X)" XY /n,

where 1 is a column vector of 1's. Since 1 € col(X), it follows that

X(X'X)"1X'1 =1,

which gives the result, since Y = 1'Y/n.
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Properties of the least squares solution

e The multiple regression residuals sum to zero. The multiple regression
residuals are

R = Y-Y
= Y — PgY
= (I —-Fs)Y
pr— PSLY,

where S = col(X). The sum of residuals can be written

1'(I — X(X'X)~1X"YY,

where 1 is a vector of 1's. If X includes an intercept, Psl = 1, so

1'T=1X(X'X)"X" =1,
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SO

1'(I — X(X'X)"1X') = 0.



Orthogonal matrices
An orthogonal matrix X satisfies X'X = I.
If X is square, then X’ = X! and also XX' =1.

If X is orthogonal then the projection onto col(X) simplifies to
X(X'X)"1X' = XX’

If X is orthogonal and the first column of X is constant, it follows that the
remaining columns of X are centered and have sample variance 1/(n —1).
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e If X is orthogonal, the slopes obtained by using multiple regression of Y
on X = (Xi,...,X,) are the same as the slopes obtained by carrying out p
simple linear regressions of Y on each covariate separately.

To see this, note that the multiple regression slope estimate for the ith co-
variate is

Bm,i — X/ZY

where X.; is column ¢ of X. Since X'X = I it follows that each covariate has
zero sample mean, and sample variance equal to 1/(n — 1). Thus the simple
linear regression slope for covariate 7 is

Bi = cov(X.;, Y) /var(X.;) = XY = B
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e T he signs of the multiple regression slopes need not agree with the signs
of the corresponding simple regression slopes. For example, suppose there
are two covariates, both with mean zero and variance 1, and for simplicity
assume that Y has mean zero and variance 1. Let ri» be the correlation
between the two covariates, and let r1, and rp, be the correlations between
each covariate and the response. It follows that

n/(n—1) 0 O

X'X/(n—1) = 0 1 7o
0] r1o 1
0
XY/(n—1)=| ryy
T2y
So we can write
1 0

B=XX/(n-1)'XY/(n-1)) =

1y — 71272y

1 — 72
12 T2y — T127T1y
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Thus, for example, if roy = cryy for ¢ > 1, and ryy, ray, 712 > 0, then if r12 > 1/c,
(1 has opposite signs in single and multiple regression. Note that the sign of
the covariate that is more strongly correlated with Y cannot be reversed.
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Regression model formulations and parameterizations

A very general regression model is

Y = f(X,e€)

where € is unobserved “error” with expected value zero.
A more restrictive “additive error’” model is:

Y = f(X)+e
Under this model,

E(Y|X) E(f(X)|X) + E(e|X)

f(X) + E(e] X).

If we assume that E(e|X) = 0 (which would follow if (i) EFe = 0 and (ii) ¢ and
X are independent random variables), then E(Y|X) = f(X).
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A parametric regression model is:

Y = f(X;0) e

where 6 is finite dimensional and the mapping X — f(X;0) is determined by
0.

Examples:
1. The linear response surface model f(X;0) =60'X
2. The quadratic response surface model f(X;0) = 01 + 0>X + 63X?
3. The Gompertz curve f(X;0) = 01exp(brexp(63X)) 6»,03 <O0.

Models 1 and 2 are both “linear models” because they are linear in 6 (although
2 is not linear in X). The Gompertz curve is a “non-linear’ model because
it is not linear in 6.
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Basic Inference for Least Squares Fits

This section deals with statistical properties of least square fits that can be
derived under minimal modeling assumptions.

Specifically, we will assume that Y = X3 + ¢, where:
I E(e|]X)=0
Il var(e|X) exists and is constant

il the e random variables are uncorrelated across cases. We will not assume
here that € follows a particular parametric distribution, e.g. a Gaussian
distribution.
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Note about the meaning of E(e|X) and var(e|X).

When X is not a random variable, E(e|X) means “the expected value of e
for a given value of X,” and similarly var(e|X) means “the variance of e for a

given value of X.”

When X is a random variable, the condition that
E(e|X) =0

for all X implies that cor(X,e¢) = 0. This follows from the double expectation
theorem:
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cov(X,e) EXe— EX - Fe
EXe
ExE(eX|X)
ExXE(e|X)
ExX -0

0.

Note that cor(X,e) = 0 and Fe = 0 do not imply that E(¢/|X) = 0 in general.
For example, if X € {—1,0,1} and e € {—1,1}, with joint distribution

-1 1
1 1/12 3712
0| 4/12 0
1|1/12 3/12

then Ee = 0 and cor(X,e) = 0, but E(e|X) is not identically zero. When € and
X are jointly Gaussian, cor(e, X) = 0 implies that ¢ and X are independent,
which in turn implies that E(e|X) = Ee = 0.
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To be able to interpret the results of a regression analysis, it is very important
to consider how the data were sampled. In particular, it important to consider
whether X and/or Y and/or the pair X,Y should be considered as random
draws from a population. here are some typical situations:

e Designed experiment: We are studying the effect of temperature on
reaction yield in a chemical synthesis. The temperatures (X) is controlled
by the experimenter. In this case it doesn't make sense to consider the
X value to be a random variable.

e Observational study: We are interested in the relationship between choles-
terol level (X), and blood pressure (Y). Suppose we sample people at
random from a well defined population (e.g. all registered nurses in the
state of Michigan) and measure their blood pressure and cholesterol lev-
els. In this case X and Y are both random variables.
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e Case/control study: Again suppose we are interested in the relationship
between cholesterol level (X), and blood pressure (Y). But now suppose
we have an exhaustive list of blood pressure measurements for all nurses in
the state of Michigan. We wish to select a practical number of individuals
(say 500) to contact for acquiring cholesterol measures, and it is decided
that studying the 250 nurses with greatest blood pressure together with
the 250 nurses with least blood pressure will be most informative. In
this case both X is randomly sampled conditionally on Y, but Y is not
randomly sampled.

Summary: Regression models are formulated in terms of the conditional
distribution of Y given X. The statistical properties of 3 are easiest to
calculate and interpret as being conditional on X. The way that the data
were sampled affects our interpretation of the results.
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Basic inference for simple least squares

Above we showed that the slope and intercept estimates are

cov(y, X)  >.Yi(X;—X)

= var(X) (X - X)?’

a=Y - 3X.

Note that we are using the useful fact that

1

1

Y-V -X) =D VX - X) =D (V- )X,
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First we will calculate the sampling means of a and B. A useful identity is
that

XD
|

Y (a+BXi+e)(Xi— X)/ D (X — X)?

B+ a(Xi— X)) (Xi— X)2

From this identity it is clear that ES = 3. Thus (3 is unbiased (a parameter
estimate is unbiased if its sampling mean is the same as the population value
of the parameter).

Continuing with the intercept:

Ea = EY -3X)
= a+pBX + Ee— EBX
= o

Thus a is also unbiased.
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Next we will calculate the sampling variances and covariance of & and f.
These capture the variability of the parameter estimates over replicated stud-
ies or experiments from the same population.

First we will need the following result:

cov(B,e) = Zcov(ei,g)(Xi—X)/Z(Xi—X)Q

= 0,

since cov(e;, €) = 0?/n does not depend on i.
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To derive the sampling variances and covariance, start with the “useful iden-
tity” above.

var(B) = 0%/ (Xi—X)?
= o2/ ((n—1)var(X)).
var(a) var(Y — 8X)

var(a + 8X + € — 5X)
var(€) + X?var(B) — 2Xcov(g, )
o2 /n 4+ X%62%/((n — 1)var(X)).

cov(a, B) cov(Y, ) — Xvar(B)

—02X /((n — 1)var(X)).
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When X > 0, it's easy to see what the expression for cov(&,B) is telling us:

T T T T T Z

Underestimate slope, overestimate intercept s

s . . .
P Overestimate slope, underestimate intercept

-0.5 0.0 0.5 1.0 1.5 2.0 2.5
X
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Some observations:
e All variances scale with sample size like 1/n.
e (3 does not depend on X.
e var(a) is minimized if X = 0.

e & and (8 are uncorrelated if X = 0.
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Some properties of residuals

Start with the following useful expression:

R;

ok

~ 8%,
N

*<| Q>

(Xi — X).

Since

V-V =8(X;i—X)+e—¢

it follows that

R = B-BHXi—-X) + € — €

2

estimation error -+ observation error.
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e T he "estimation error’ and "“observation error” have mean zero, therefore
FR; = 0. Note that this is a distinct property from the fact that Zi R, =0,
which requires no statistical assumptions about the model.
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The “estimation error’” and “observation error’ are negatively correlated:

cov ((B—B)(Xi—X),ei—€) = —(Xi—X)cov(B,e)
= —0'2(Xi - X)Q/Z(Xj - X)Q’
J

thus the “estimation error” and “observation error’” partially cancel egch other
out, particularly for the cases with relatively larger values of (X; — X)2.
Moreover, ¢; — € tends to be smaller than ¢;, since

var(e;) + var(e) — 2cov(e;, €)

o2 4+ 0°/n — 20°%/n
o2(n —1)/n.

var(e; — €)

These are symptoms of overfitting — the residuals R; tend to be smaller than
the actual errors g;.
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Overfitting is also reflected in the variance of the residuals:

var(R;)) = var((B—-06)(X;—X)+ € —©)
(Xi — X)?var(B) + var(e; — &) — 20°(X; — X)?/ Y (X; — X)?

(n—1)o?/n —o?(X; — X)?/ ) (X; - X)2.
J
Note the following identity, which ensures that this expression is non-negative:

(Xi— %)/ ) (X; = X)? < (n—1)/n.
J
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Since ER; = 0 it follows that var(R;) = ER?. Therefore the expected value
of Y. R? is

(n—1)02 — 0% = (n — 2)0?

since the (X; — X)?/>°,(X; — X)? sum to one.
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Estimating o2 = var(Y|X) = var(e)

Since
EY R?=(n-2)o’
it follows that

Z R?/(n - 2)

is an unbiased estimate of 2.
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Basic inference for multiple least squares

We have the following useful identity for the multiple least squares fit:

(X'X)"1X'Y
(X'X)'X'(XB+€)
B4 (X' X)) 1X'e.

B

Letting
n=(X'X)"1X'e

we see that E(n|X) = 0 and

var(n|X) = var(3|X) (X' X) 1 X'var(e| X)X (X'X) !

o2(X'X) !

e var(e|X) = o2l by the assumptions that (i) the ¢ are uncorrelated and (ii)
the ¢; have constant variance given X.
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The residual sum of squares

The residual sum of squares (RSS) is the squared norm of the residual vector:

RSS Y —Y|°

Y — PY|?

(I — P)Y|?

Y'(I — P)(I — P)Y

Y'(I — P)Y,

where P is the projection matrix onto col(X). The last equivalence follows
from the fact that I — P is a projection and hence is idempotent.
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The expected value of the RSS

The expression RSS = Y'/(I — P)Y is a quadratic form in Y, and we can write

Y'(I-P)Y =tr(Y(I-P)Y)=tr((I - P)YY'),

where the second equality uses the circulant property of the trace. For three
factors, the circulent property means that

tr(ABC) = tr(CAB) = tr(BCA).
By linearity we have
Etr (I -P)YY')=tr(I-P) EYY'),

and
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EYY' EXBA'X' + EXBe + Eef' X' + Fee
XB6' X' + Eee

X838 X"+ o°1.

Since PX = X and hence (I — P)X =0,

(I — P)EYY' = o2(I — P).

Therefore the expected value of the RSS is

ERSS = ¢°tr(I — P).
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Four more properties of projection matrices

Property 9: A projection matrix P is symmetric. One way to show this is to
let V1,...,V, be an orthonormal basis for S, where P is the projection onto S.
Then complete the V; with V,44,...,V,; to get a basis. By direct calculation,

q
(P =) ViV)DVi=0

j=1

for all k, hence P =Y"%__ V.V which is symmetric.
J=1"J"]
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Four more properties of projection matrices (continued)

Property 10: A projection matrix is positive semidefinite. Let V be an
arbitrary vector and write V. = V7 + V5, where V53 € S and Vo € S+. Then

(1 +W)'P(Vi 4+ Vo) =V{Vi > 0.
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Four more properties of projection matrices (continued)

Property 11: The eigenvalues of a projection matrix P must be zero or one.

Suppose \,v is an eigenvalue/eigenvector pair:

Pv = .

If P is the projection onto a subspace S, this implies that \v is the closest
element of S to v. But if A\v € S then v € S, and is strictly closer to v than
Av, unless A =1 or v = 0. Therefore only O and 1 can be eigenvalues of P.
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Four more properties of projection matrices (continued)

Property 12: The trace of a projection matrix is its rank.

The rank of a matrix is the number of nonzero eigenvalues. The trace of
a matrix is the sum of all eigenvalues. Since the nonzero eigenvalues of a
projection matrix are all 1, the rank and the trace must be identical.
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The expected value of the RSS (continued)

We know that ERSS = ¢?tr(I—P). Since I—P is the projection onto col(X)+,
I — P has rank n—rank(X) =n—p—1. Thus

ERSS =o¢%(n—p—1),

SO

RSS/(n—p—1)

is an unbiased estimate of 2.
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Covariance matrix of residuals

Since EB = 3, it follows that EY = X3 = EY. Therefore we can derive the
following simple expression for the covariance matrix of the residuals.

cov(Y —Y) E(Y -Y)(Y -Y)
(I - P)EYY'(I — P)
(I - P)(XBB'X'+o*I)(I — P)

a?(I — P)
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Variance and distribution of the RSS

The RSS can be written

RSS

tr (I — P)YY')
tr ((I — P)ee/)

Therefore, the distribution of the RSS does not depend on . It also depends
on X only through col(X).

If the distribution of € is invariant under orthogonal transforms, i.e.

d
€ = Qe

when (@ is a square orthogonal matrix, then we can make the stronger state-
ment that the distribution of the RSS only depends on X through its rank.
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To see this, construct a square orthogonal matrix @Q so that Q'({ — P)Q is
the projection onto a fixed subspace S of dimension n —p —1 (so Q' maps
col(I — P) to S§). Then

tr ((I — P)ee’) tr (I — P)Qe(Qe)’)

tr (Q/(I — P)Qee’)

Note that since @ is square we have QQ' = Q'Q = 1I.
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Optimality

For a given design matrix X, there are many linear estimators that are unbi-
ased for 3. That is, there are many matrices M € RP+1x” such that

EMY = 8

for all 3. The Gauss-Markov theorem states that among these, the least
squares estimate is “best,” in the sense that its covariance matrix is ‘‘small-
est.”

Here we are using the definition that a matrix A is “smaller” than a matrix
B if

is positive definite.
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Letting g* = MY Dbe any linear unbiased estimator of 3, when

cov < covi*,

this implies that for any fixed vector 0,

var(6'B) < var(6'8*).

The Gauss-Markov theorem implies that the least squares estimate 3 is the
“BLUE" (best linear unbiased estimator) for the least squares model.
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The idea of the proof is to show that for any linear unbiased estimate §* of
B, 8 — [ and 3 are uncorrelated. It follows that

cov(f) = cov(f*-B+5)
= cov(f" =) + cov(p)
> cov(p).

To prove the theorem note that

EB = M(EY)= MXB =4
for all 8, and let B = (X'X)~1X’, so that

EB=BXpB =0

for all 3, so

(M - B)X =0.
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T herefore

cov(B* —fB,B) = E(M - B)Y(BY —3)
= (M- B)(XBB'X'+o°I)B' — (M — B)XB0'
= o%(M — B)B
= 0.

Note that we have an explicit expression for the gap between cov(B) and

cov(B*):

cov(B* — ) = o?(M — B)(M — B)'.
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Regression inference with Gaussian errors
T he multivariate normal distribution

The random vector X = (Xi,...,X,)" has a p-dimensional standard multi-
variate normal distribution if its components are independent and standard
normal.

The density of X is the product of p standard normal densities:

p(X) = (2m) "2 exp(~ 3_ X7) = (2m) 7/ exp(~ X'X).
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If we transform

Z =p+ AX,

we get a random variable satisfying

EZ
cov(Z)

U
Acov(X)A' = AA = 3.



The density of Z can be obtained using the change of variables formula:

p(2) (2m) P2|A7 exp (—%(Z —p)ATTATN(Z - u))

(2m) P2|5 | M2 exp (—%(Z sz - m)

This distribution is denoted N(u, Z). The log-density is

1 1 .
—5log|x| - S(Z - w'E NZ - p),

with the constant term dropped.
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The joint log-density for an iid sample of size n is

n 1 n n
—log|Z|—= ) (X — )1 (Xi—p) = —=log |Z| — —tr (SpX 1
2109131 = 52 (Ko = =X =y = 5 log =] = St (S )

where

Szz = Z(Xz — ) (Xi — ) /n.
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The Cholesky decomposition

If > is a non-singular covariance matrix, there is a lower triangular matrix A
with positive diagonal elements such that

AA' =X

This matrix can be denoted >!/2, and is called the “Cholesky square root.”

89



Properties of the multivariate normal distribution:

e A linear function of a multivariate normal random vector is also multivariate
normal. Specifically, if

X ~ N(p, %)

IS p-variate normal, and 6 is a ¢ x p matrix with ¢ < p, then Y ~ 06X has a
N(Ou, 00"

distribution.

To prove this fact, write
X=u+ AZ

where AA’ = X is the Cholesky decomposition.
90



Next, extend 6 to a square invertible matrix

9:(?)

where 6* € RP~9%P,

The matrix 0 can be chosen such that

00" = 0,

by the Gram-Schmidt procedure. Let

o (Y \_ [ 6u+06AzZ
Y= X_(Y*)_<9*M+H*AZ>'
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Therefore

o 036’ 0
COV(Y) — ( 0 9*>_9* > )

and

COV(Y)_:L — ( (ezg/)_l (0*22*/)—1 ) ’

Using the change of variables formula, and the structure of the multivariate
normal density, it follows that

p(Y) = p(Y)p(Y™).

This implies that Y and Y* are independent, and by inspecting the form of
their densities, both are seen to be multivariate normal.
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e A consequence of the above argument is that in general, uncorrelated
components of a multivariate normal vector are independent.

e If X is a standard multivariate normal vector, and @ is a square orthogonal
matrix, then QX is also standard multivariate normal. This follows directly

from the fact that QQ' = I.

93



The x? distribution

If z is a standard normal random variable, the density of z2 can be calculated
directly as

p(z) =z Y2 exp(—2z/2) /v 2.

This is the X% distribution. The X% distribution is defined to be the distribution
of

2
sz

j=1
where z1,..., 2, are iid standard normal random variables.

94



By direct calculation, if F ~ x?,

EF =1 var(F) = 2.

Therefore the mean of the Xf; distribution is p and the variance is 2p.
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The x2 density is

1
r(p/2)2r/2

p(x) = 2P/?~ L exp(—x/2).

To prove this by induction, assume that the xi_l density is

1

(p—1)/2-1 _
F((p — 1)/2)2-D72" exp(=w/2).

The x2 density is the density of the sum of a x§_1 random variable and a x?%
random variable, which can be written
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1
F((p—1)/2)T(1/2)20/2

/x sP1/2= L exp(—s/2)(z — s) "2 exp(—(z — s)/2)ds
0

1
F((p—1)/2)r(1/2)2r/2

1 1
—x gjp/ - ’U,p/ -3/ _w)” / ”
F((p—1)/2)r(1/2)2¢/2 exp(—x/2)aP’? 1/0 2-3/2(1 _ )" 1/24

exp(—az/Q)/ s(P=D/2=1 (5 &)~1/2gg
0

where u = s/x.

The density for X% can now be obtained by applying the identities

r(1/2) = v
1
/O (1 —w) ldu = F(@)F(B8)/M(a+ 8).
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The x? distribution and the RSS

Let P be a projection matrix and Z be a iid vector of standard normal values.
For any square orthogonal matrix Q,

Z'PZ = (QZ)'QrQ(QZ).

Since Q7 is equal in distribution to Z, Z'PZ is equal in distribution to

7Z'QPQ'Z.

If the rank of P is k, we can choose (Q so that QPQ’ is the projection onto
the first k canonical basis vectors.
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I'his gives us
y k
A _ 2
Z'P7Z = 7'QPQ'Z = E Z;

which follows a x3 distribution.

It follows that
nP=lse v - pyy/o?
= (e/o)'(I—P)(e/o)

2
Xn—p—l‘

2
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Thus when the errors are Gaussian, we have

204

var(6?) = .
n—p—1
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The t distribution

Suppose Z is standard normal, V ~ Xg, and V is independent of Z. Then

T = \/pZ/VV

has a “t distribution with p degrees of freedom.”

Note that by the law of large numbers, V/p converges almost surely to 1.
Therefore T converges in distribution to a standard normal distribution.

To derive the t density apply the change of variables formula. Let

(8)-(4)
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The Jacobian is

J— | YVV =Z)2vER e 12
0 1 '

Since the joint density of Z and V is
p(Z,V) oc exp(—22/2)VP1> T exp(-V/2),

it follows that the joint density of U and W is

p(U,W) o« exp(—=U?W/2)WP/27 12 exp(—W/2)
= exp(—W(U?+1)/2)Wr/2~1/2,
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Therefore

p(U) = / p(U, W)dW

ox /exp(—W(U2 + 1) /2)Wwr/2-12qw

(U? + 1)_p/2_1/2/exp(—Y/Q)Yp/Q_l/QdY

X (U2_|_ 1)—p/2—1/2.

where

Y = W(U? 4+ 1).

Finally, write T'= ,/pU to get that

p(T) o (T?/p + 1)~ tD/2
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Confidence intervals

The linear model residuals are

R=Y-Y={U-P)Y

and the estimated coefficients are

8= (X'X)"1XY.
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Recalling that (I — P)X =0, and E(Y —Y) = 0, it follows that

cov(Y — Y, B) E(Y -Y)B
E(I-P)YY'X(X'X) !
(I — P)(XB8X' +o°I)X(X'X)?

0.

Therefore every estimated coefficient is uncorrelated with every residual. If ¢
is Gaussian, they are also independent.

Since 52 is a function of the residuals, it follows that if € is Gaussian, then 3
and &2 are independent.
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Confidence interval for a regression coefficient

Let

Vi = [(X'X) 1w

so that

varB, = o2V}

If the € are multivariate Gaussian N(0,02%I), then
(Br. — Br)/o/ Vi ~ N(O, 1).
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Therefore

(n—p—1)6°/0% ~ Xx7_,_1

and using the fact that 8 and 2 are independent, it follows that

has a t-distribution with n — p — 1 degrees of freedom.
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Therefore if Qr(q,k) is the ¢t" quantile of the t-distribution with k degrees of
freedom, then for 0 < a<1,and ¢ =Qr(1 — (1 —a)/2,n—p—1),

P (—qa < (B — Br)/ V32V, < qa) = .

Rearranging terms we get the confidence interval

P (Bk — V/62Viga < B < B + aQqua) S

which has coverage probability «.
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Confidence interval for the expected response

Let x* be any point in RPTL. The expected response at X = z* is
E(Y|X =z*) = pf'z*.
A point estimate for this value is
Bx",
which is unbiased since 3 is unbiased, and has variance
var(f'z*) = 0%z (X' X) "1z = 02V..
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As above we have that

B/x* . B/x*

has a t-distribution with n — p — 1 degrees of freedom.

T herefore

P(B'z* — quV 6%V, < Blz* < B'z* + quV52Vy) = o

defines a CI for E(Y|X = x*) with coverage probability «a.
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Prediction intervals

Suppose Y* is a new observation at X = z*, independent of the data used
to estimate B and 2. If the errors are Gaussian, then Y* — 3'z* is Gaussian,

with the following mean and variance:
E(Y* _B,CU*) :B/m* _Blm* — O
and

var(Y* — f'z*) = o%(1 + V),
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It follows that

Y+ — B/x*

has a t-distribution with n —p — 1 degrees of freedom. Therefore a prediction
interval at =* with coverage probability a is defined by

P (B’x* — qa\/82(1 4+ V) <Y*< B2+ qa\/82(1 + Vy)) = a.
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The F distribution

IfU ~ xg and V ~ x§, then

U/p
V/q

has an “F-distribution with p,q degrees of freedom,” denoted Fj,.

To derive the kernel of the density, let
X\_[UWV
Y | — |4 '
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The Jacobian of the map is

1)V —U/V?

0 1 =1/Vv

The joint density of U and V is

p(U, V) o UP/? Lexp(—U/2)V¥? Lexp(=V/2).

The joint density of X and Y is

p(X,Y) x XPP7ly 0H0/2= L exp(—Y (X + 1)/2).
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Now let

SO

and hence

Z=Y(X+1),

p(X,2) «x XP27tz0F0/2=1 (x4 1)~ (0HD)/2 exp(—Z/2)

p(X) o Xp/Q_l/(X + 1)ta/2,
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Now if we let

then

p(F) o< FPI?71/(pF/q 4 1)wF0)/2,
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F-tests

Suppose we have two nested design matrices X1 € R™"*Pr and X, € R™*P2, such
that

col(X1) C col(X>2).

Let P; and P be the corresponding projections, and let

y @ PY
PY

=)
N
N
|

be the fitted values.
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Due to the nesting, PP = P; and P1 P> = P;. Therefore

(P, — P1)%2 = P, — Py,

so this is a projection. It projects onto col(X53) — col(X1), the complement of
CO|(X1) in CO|(X2).

Since
(I — P)(P,— P1) =0,
it follows that
cov(Y — Y@ v _y@)y = .

If the linear model errors are Gaussian, Y —Y @ and Y& -7y are independent.
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Since P,X1 = P1 X1 = X1, we have

(I - P)X1=(P>— P)X1 = 0.

Now suppose we take as the null hypothesis that EY € col(X71), so we can
write Y = 0 + ¢, where 6 € col(X1). Therefore under the null hypothesis

Y =Y P2 =tr(] — PR)YY' = tr(I — P>)ee

and

VP —YD|2 =tr(P, — P)YY' = tr(P> — P1)ee.
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Since I — P> and P> — P; are projections onto subspaces of dimension n — p>
and p> — p1, respectively, it follows that

1Y = Y®2/0? = (I - P)Y|?/0” ~ X2,

and under the null hypothesis

IV - YD )2/62 = (P — PO)Y |2 /02 ~ X2,

T herefore

|Y2 — ¥112/(p2 — p1)
112 Nsz—Phn—Pz'
1Y = Y2[2/(n — p2)

Since Y> — Y7 will tend to be large when EY & col(X1), i.e. when the null
hypothesis is false, this quantity can be used as a test-statistic with p-values
determined by the F,,_, »—p, Null distribution.
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Simultaneous confidence intervals

If 60 is a fixed vector, we can cover the value

0'3

with probability a by pivoting on the t,_,_i-distributed quantity

where

Vo =0'(X'X)7 1.
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Now suppose we have a set 7 of vectors 6, and we want to construct a set
of confidence intervals such that

P(all 0’3 covered, 8 € T) = a.

We call this a ‘“simultaneous set of confidence intervals for {6'6;60 € 7}."
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T he Bonferroni approach

The Bonferroni approach can be applied when 7 is a finite set, |7| = k. Let

I; = Z(Cl j covers 0’03)

and

I: = Z(Cl j does not cover 63).
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Then

P(Iy and I ---and I,) 1—P(IyorI, ---orl})

1-Y PU).

Vv

Therefore as long as
1—a>) P(I)),

the intervals cover simultaneously. One way to achieve this is if each interval
individually has probability

o =1-(1-0a)/k

of covering its corresponding true value. To do this, use the same approach
as used to construct single confidence intervals, but with a much larger value
of qa.
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The Scheffé approach

The Scheffé approach can be applied if 7 is a linear subspace of RPT1,

Begin with the pivotal quantity

08— 0'p
V520 (X' X)) 1o’

and postulate that a symmetric interval can be found so that

' __ pn!
P|-M,< o095 < M,forall 0 € T | = a.
V620'(X'X) 10
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Equivalently, we can write

Since

we have

(08 - 6'B)? 2\ _
P (SUPQET&QQ’(X’X)%’ < Mg | = .

B—B=(X'X)""X,

@B—-03)2  0X'X)X'edX(X'X) 0
520'(X'X)-10 520'(X'X)-16
_ Mje€e' My
G2M} My’
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where
My, = X(X'X) 6.
Note that

M e€' My

7 = (e, My /|| Mpl|)? /52,
a.QMéMa (€, My /|| Mg|[)* /5

i.e. it is the squared length of the projection of ¢ onto the line spanned by My
(divided by 52).
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The quantity (e, My/||Mpy||)? is maximized at || Pe|
onto the linear space

2 where P is the projection

(X(X'X) 10| 0cT}={My}.

T herefore

supger (€, Mo/ || Myl|)°/5° = || Pel|? /5%,

and since {My} C col(X), it follows that Pe and 52 are independent.
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Moreover,
| Pe||?/0® ~ xg
where ¢ = dim(7), and as we know,

n—p—1_
02 ~ X?L—p— 1-

0-2

Thus

1Pell?/q

~> ~ Fq,n—p—l-
o
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Let Qr be the o quantile of the F,,_,_1 distribution. Then

'ra __ pn!
P( 08— 65 <5\/qQFfora||9>=a,

VO(X'X) 1o~

SO

P (08 - 5\/aQrVs <08 < 0B +\/aQuVy forall 6) = a
defines a level a simultaneous confidence set for {6/ | 0 € T}, where

Vo =60 (X'X)10.
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