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0. Summary. The present paper gives sufficient conditions on a linear process
{X,} and its spectral density f( -) for the following limit relation to hold:

(0.1) W™ (N/2my log my)! max_. g [Ifx(N) — FONI/FN)] — 1
in probability as N — <« where fy(-) is the usual windowed sample spectral

density, myW (my-) is the (varying) window, and my T « as N — o« at a suit-
able rate. Under the same conditions it is shown that

(0.2)  P(ay '[N'my [|W]l. ™" max;s cmy [fx(AF.0) — SO, I/FON2)]
— by] < z) > exp(—exp (—1x))

as N — o for —0 < © < © where\y,:, ar, and by are defined by (2.1) and
(2.2).

Observe that the difference between the maximum deviation and the deviation
at a single N point [5] manifests itself in the factor (logm ») % Thus in practice a
confidence band for all X is O( (logmy)?) times that for a finite set.

1. Introduction. In this paper we will study spectral estimation in the case of
a real-valued, discrete parameter, linear stochastic process { X;:¢ = 0, £1, -+ -} —
i.e., a process for which

(1.1) Xo = D i i

where --- £, &, &, - - - are independent, identically distributed random vari-
ables, and ) |ax| < «. In this case {X,} has the spectral density

(1.2) FN) = (2m) 7 | i ae™™

so that

(1.3) R(v) = B{X: Xy} = [Zo e ™f(N) A\,

The most commonly used spectral density estimates, fx(\), are those obtained
by weighting the periodogram,

(1.4) Iv(\) = (2eN) 7| X X ™,
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in the following manner [5]:
(1.5) Ix(N) = my J‘fw W(my(u — N))Ix(u) du

where {my} is a sequence of positive integers increasing to « with N at a suitable
rate and W(-) is a suitable non-negative, even, weight function. It will be as-
sumed that W(-) has a Fourier representation,

(1.6) W) = 2m)7" 26 ™ w(v) do

so that, since W( ) is non-negative,

(1.7) w(v) = [, e W(N) d.

We will also require w(0) = 1. Then (1.5) can be written

(1.8) Iv(\) = (2m)7 20 v € M Ruy(v)w(vma )

where Ry( - ) is the covariance estimate,

(1.9) Ry(v) = N7 g XXy = Ry(—v), v = 0.

If w(-) has compact support (i.e., for some V, w(v) = 0if [s] > V), fx(-) will
be called a truncated spectral estimate.

Our main theorems, Theorems 2.1 and 2.2, describe the asymptotic behavior as
N — o« of the maximum deviation of fx(-) from both f(-) and E(fx(-)) where
fx(+) is a truncated estimate of f(-). (0.1) and (0.2) are particular cases. The
proof of the theorems is divided into two major parts. First, they are proved for
the pure white noise process itself (Section 3). The second part of the proof
(Section 4) involves reducing the linear process case to the pure white noise case.
Section 2 contains a statement of the theorems together with some preliminary
material.

There are some related results in the literature. Similar problems in the case of
the periodogram itself are discussed in [7], and the maximum of trigonometric
polynomials with random coefficients is studied in [9]. [3], Chapter 6, contains a
version of our Theorem 2.2 in which first N — « with m fixed and then m — .
See also [4].

2. The main theorems. Since our theorems hold under varying combinations
of assumptions, it is convenient to label the more common ones:

(A1) ---,&4,%&, &, - are independent and identically distributed with
E(Et) = 0, E Iftlz = 1, and E létls < «,

(A;) X, has the representation (1.1), and |a;| = O(k™"*?), ask — «, where
B> % :
(As) f(-) is everywhere positive and satisfies a uniform Lipschitz condition.

(As') f(-) is everywhere positive and has a bounded second derivative.

(As) fa(-) is truncated, and my = O(N®) as N — o, a < 2.

(As) W(-) is a non-negative, even, bounded, integrable function satisfying
(1.6) and (1.7). w(0) = 1, and w” (0) exists.
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In addition, we will need the following notation: for N so large that my = 2,
say N = N, let

(2.1) Moo= =il /my, i= —my, -, my,
(22) ax = (2log (2my))",
by = (2log (2mx)) — 1(2log (2my)) *{loglog (2my) + log 27}.

TuaeoreMm 2.1. Assume (A1)—(As); if NlogN = o(my’) as N — o, vy < 4,
then

(2.3)  maxp<» (N/2mylogma)t [fx(N) — EFxOO)|/|W]2fON) — 1

in probability as N — o, and (0.1) holds if v < 3. If, in addition, (As') is satis-
fied, then (2.3) is true provided v < 8, and (0.1) s true provided v < 5.

THEOREM 2.2. Assume (A1)—(As);if NlogN = o(my")yy < 4,as N — o,
then

lim yaw P(ay [Nimy ™ | W]

(24) “maxi gmy ([fy(Av.0) — B )I/FOF.)] — ba] = 2)
= exp (—exp (—z))

for —eo < & < w;and (0.2) holds if v < 3. If, in addition, (As') holds then (2.4)
18 true provided v £ 8, and (0.2) ¢s true provided v £ 5.
We conclude this section with a lemma which will be used in the next.
LemMa 2.1. Let p(A) = D_5__; o, exp (1)) be a trigonometric polynomial. Then

maxy [p'(N)| = (2k + 1) maxy [p(N)]

where p’(+) denotes the derivative of p(-).
COROLLARY 2.1. Let \; = =-(i/rk), |i| = rk. Then

maxpy <+ [P(N)] £ maxys < [p(Ne) /(1 — 3777)].
Lemma, 2.1 is proved in [12]; the corollary then follows from

maxp <~ [PN)] £ maxy < [pN:)| + (7/7k) maxp<x [p' (V).

3. The pure white noise case. In this section we consider the special case in
which X; = £ for all {. In this case we will denote the spectral density estimate by
gx(+). Theorem 3.1 (below) says that (N/mx)*(2rgx(\) — 1) is equal for fixed
\ to a sum of independent, identically distributed random variables plus an error
term which is uniformly negligible as N — «. We remind the reader that
Yv = op(ay) as N — o iffay 'Yy — 0 in probability as N — «. A sufficient
condition for this is E |V s* = o(ay’) as N — «. Throughout this section and
the next B will denote a positive real number which is independent of N and N
and may change from one usage to the next.

- THEOREM 3.1. Assume (A1), (As), and (As), and let Uy(-) be defined by (3.6).
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Then as N — o
maxocx<r [(N/mu) (2rgn(N) — 1) — Us(\)| = op([log mal™).

Proor. Since m = my = o(N®) as N — o iff em does for every constant c,
we may assume that w(u) = 0 for |u| = 1. Thus from (1.8) and (1.9) we find
that

(3.1) (N/m)*(2mgn(N\) — 1) = Zx(\) + ra(\) + 7v
where for0 SAN=71=Z¢t<N,andN =12, ---
(32a) Zy(\) = N 200 Zy(N),
Zny(N) = 2m7 2000 Efaw(om ™) cos (0N),

(32b)  rv(N) = 2(Nm) ™} D v miz Dvn—epr Eeow(vm ™) cos (0N),

re = (Nm)™ 200 (&7 — 1).
Since for N = 1,2, ---

Efmax, [rx(\)[} £ 2(Nm) ™ D r B |2 t-nes Ekerl,
(3.3) EIZJtV=N—v L] S v S m, v=1,---,m, and

Elrsf* = mTE & — 1],

we havemaxy [ry(\) + ry| = 0,([log m]™) as N — «, and it suffices to consider
the stochastic processes Zy(A),0 SN = 1,N = 1,2, - -- defined by (3.2a) and

(3.2b).
LemMA 3.1. Assume (A1) and (As); then the random variables Zyi(N), - -+,

Z w,n(N) have zero means and covariances
Cov (Zxi(N), Zxa(N)) = (4/m) 2_ vz w(vm™)*(cos vh1)(cos vhg)

forO =N Eme=1,2,and N =1,2,--- . Ifty <ta <t <lyand0 =\; = m,
1 =1,---,4,then

E(Zye,(M)Zx,(N)) =0 = E(JTia Zn,.;(N)).
M oreover, there exists a constant B for which
IE{]]iqt Zn,n(M)}| < B if =1t and t3 =t
SBm™ i b=t Al A

IIA

foro =N =mi=1,---,4andN =1,2,---.

Proor. The first assertion is obvious. The second follows from the fact that if
t < tifor i # 1, then E{]]; £ubt,00:) = E{£} - E{Et401 L Lir £tiftitos} in each
of the multiple sums which compose its left and right-hand sides. The final as-
sertion involves a rather tedious consideration of cases the details of which will be

omitted.
LEmMA 3.2. Assume (As); if W(N) = mAy — 0 and 0 S Ay < mas N — o,
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then
(i) (2/m) D v= w(om™")? cos Ay = O(h(N)™)

as N — o ; and of im infy,, h(N) = 1, then
(ii) lm supwaw (2/m)| 2 vt w(vm™)* cos vhy| < || ]2 .
Proor. Routine Fourier analysis yields

Y s w(om ™) cos Ay
= [T [sin(m — 3)(y + M) Wa(y)/sin (3)(y + Mv)ldy
where Wy(y) = D 2. W W(my + 2kmn), % denotes convolution in
Ly(— o, «), and the sum converges in L;( —, 7). Since for A\y < ,
Jon s Isim (m — ) + X)/sin (1) (y + M) Wa(y) dy

< |sin |7 [Z. Wa(y) dy < 20/h(N),
and

Jaizaw Isin (m = 3)(y + M) /sin 3y + )| Wa(y) dy
= 2m [apizm-nen Wa(y) dy = o(h(N)™),

the first assertion of the lemma, follows. To establish the second, consider a subse-
quence {N;} for which the left side of (ii) is approached and h(N;) — h,
1=2h =2 xwasj— . If h = oo, then (ii) follows from (i). If » < «, then as
j— ®
(2/m)| 2= w(vm™)® cos vk,

— 12 [w(u)® cos (hu) du| < 2 [3w(u)’ du = |[W||2"

COROLLARY 3.1. Let ox°(N) = Var (Zy,(N\)), 0 ENZm, N =1,2, - ; then
ox’(N) is uniformly bounded and

on'(A) = [[W]l" as N — w

uniformly on [m™" log m, =].
CorOLLARY 3.2. Let rx(A1, No) be the correlation coefficient of Zwi(\) and
Zn,l()\g), 0 é )\1 é T, 7= 1, 2; then

SUDm x| 2 (logmy? [F¥(A1, No)| = O([log m] ™),
lim SUPNow SUPp Ay 2wt [Fe(AN, Ae)| < 1.
The corollaries follow directly from the preceding lemma. For example, if Ay is
chosen to maximize |ox"(N) — ||[W]|s| for m " logm <\ £ , then
oxn(Ay) = (2/m) 2wt wlvm™)® + (2/m) 2_vs wvm™)® cos (20 ).

When N — o the first sum clearly tends to | W]|," ; the second is O([log m]™) by
Lemma 3.2,
The random variables Zxy1(N), - -+ , Zy,v(A),0 SN =7, N =1,2, --- have
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the desirable property of m-dependence, which we will now exploit. Let
k = ky = [m(log m)*] where [-] denotes the greatest integer function. We may

then write N = nk + r where0 < r < k. Fori=1,---,n,0 S\ =< = and
N é No 5 let L=

(3.4a) Un,iN) = K ZxcopnN) + -+ + Zy,am(N)),

(3.4b) VaiN) = m(Zwi-ma(N) + - + Zwa(\),

VroN) = Zymea(N) + -+ + Zyw(N).
Then clearly
(35)  Zx(\) = (nk/N)*(Ux(\) + (m/k)Vx(\) 4+ NV, o(N)
where *
(36a) Ux(\) =02 UxiN), O0=X=m N zN,,
(3.6b) Vi\) =nF T Vaid), 0 =\ = Ns.

Moreover, for N sufficiently large Ux(N) and V(\) are sums of independent,
identically distributed random variables. Finally, we note that by Lemma 3.1

(3.7) E|VyM[*= B, E|Uy\)|* =< Bkm™.
This fact will be used repeatedly below. Let
UniN) = UniN): it |UnN)| = N

v v

= 0: if Ui\ > N
VaiN) = VaiN): if [Va\)| = N
= 0: if |VwN)| > N3,

UriN)" = [UniN) — E(Uxn,N)))/Var (Un:i(N));
VN = VaiN)' — E(Vw: )]/ Var (VuiN));

and let Ux(N)', Va(N)’, Ux(N)”, Va(N)” be n”? times their respective sums. (For
example, Uy(\)' is defined exactly as was Ux(N) with U x.{\) replacing Ux,:(\)

fors = 1, --- ,n.) Then in view of Lemma 2.1 and our choice of k, Theorem 3.1
would follow from

(3.8a) maxor<1 |Vao(A)| = 0,(N*(logm)™),

(3.8b) P(Vy(\w.;) # Va(\y;), forsome j)—0,

(3.8¢) max; [Va(hw.,)" — V(hw3)"| < O(1) max; [Va(hws)"| + o(1),

(3.8d) max; [Va(Ar.i)"| = op(logm),

as}V—>  where\y,; = m-j/[mlogm],j = 0, -- -, [m log m]. (3.8a) follows easily
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from

IA

E{max, |[Va,oN)|} £ 20m) 7 203 B | 2w Ederal,
ED Nt bbeo S N —nk =7 < k.
(3.8b) follows from (3.7) since by Markov’s inequality
P(Vy'(Awj) #= Va(Ay,;) forsome j) < 2 .2 N *°E|VyAy,)|' < BN,
and (3.8¢) follows similarly from (3.7). Finally, since for ¢ > 0
P(max; |[Vy(Ay;)"| Z elogm) = 2 P(|[Vy(Ar.i)"| 2 2(2logm)?)

if N is sufficiently large, (3.8d) is an easy consequence of Lemma 3.3 part (i)
(below). In Lemma 3.3 we have used ®( - ) to denote the standardized, univariate
normal distribution function and ¢,( -, -) to denote the standardized, bivariate
normal density with parameter r.

Lemma 3.3. Assume (A1), (Ag), and (A;5). If 0 < 2y — © and zy = o(logm)
as N — o, thenas N — «

(i) P(|[Vs(N)"| = 2x) ~ 2(1 — &(2zx)) uniformly on [0, «], and

(i) P(£Ux(M)" 2 2n, £Ux(N)" Z 2x)

~ [ v emonan(£yr, £2) dyr dys

uniformly on Sy = {M,N):0 =N, £ m ¢ = 1,2and [\, — No| = m™'}. More-
over, forp = 1,2, ---

(iii) P(EUxN\)" Z2x,i=1,---,p) ~[(1 — ®(zx))”
uniformly on Sy, = (M, -, Ap): 0 S N, £ 7,4 = 1,---, p and
ming; Ni — N = m™ (logm)*.

(iv) P(xUx(\)" Zen,i=1,---,p)

~ (1 — &(zx)" " [oy [iv ervonnn (01, 1) dipndys
undformly on Syp = {(\, +++, A)ihe = M = w7, N — Niy = m [log m,
i=3,--,pl

Proor. We will prove (ii) in the case that both the signs are 4 ; the other cases
are proved similarly. Since Uy(-) is continuous wp one, we may choose
A = (MY, NY) to maximize

Py =11 — P(UXN)" 2z 2w, i = 1, 2)[[oy [ow emounn (W1, ¥2) dys dya] ']

fora = \,N) €Sy . Let ry = ry(\Y, N\Y); then we may select a subsequence
{N;} for which Ry, approaches its limit superior and

pn; = Cov (UNj<)\1Nj)”7 UN,»(MNJ')”) —p
as j — . Moreover, p < 1 by Corollary 3.2 since by (3.7)
(3.9) |Cov(Uni(\), UviNe)) — Cov (Una(M), Una(N))| < N™*Bkm™!


















