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1. Some Inequalities—Throughout this section 2,2, . . . will be independent,
identically distributed (i.i.d.) random variables with finite expectation Exz;. Put

Ty = i"xy)/n, n > 1, and let {cn} be any sequence of constants and m any
positive integer. A stopping time of the sequence 1,2, . . . is defined by

N = smallest n > m such that z, < ¢,
= = if no such n exists, i.e., if &, > ¢, forevery m < n < o,

We assume that P(N < «) = 1, so that Zn is well defined.

TuroREM 1. If EXy exists, then EZy < Eu.

Proof: We may and shall assume that Kz, = 0. Tor any n > m and any
7 = 1,2,..., n, we therefore have

Sivom dP = o faf e oo f2 0 JE 2 dF (@) dF () . . .
dF(xl + 1)dF(.’L‘1 — 1) e dF(xl) Z 0,

where 4 denotes the set of values of 3, . . ., ;— 1 for which N > ¢ — 1 and
k
a = max{lcck - > xy i<k< n}
=1, 7#1

It follows that

f T, dP >0 (n>m),
(N>n)

and since z, is independent of the event N > n — 1,

-1
f T dP = (=1 Tp — 1 dP Sf Ty —1dP  (n>m).
(N>n=1) n (N>n—1) (N>n—1)
Hence for every n > m
n—1
f TydP = 3 Z.dP + Z,dP — Z,dP
(N <n}) i=m J (N=1) (N>n—1) (N>n)
n—1
< X z,dP + Z,dP
i=m o (N=1) (N>n-1)
n—1
< X AP + Tp 1 dP
i=md (N=1) (N>n—1)

n—2

= > f ZdP + Zy —1dP
i=md (N = 1) (N>n—-2)

... < Li’mdP -+ T + 1 dP S ffmdp = Kz, = 0.
(N=m) (N>m)
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