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1. Introduction. We will be concerned with the following dynamic linear
system which finds application in both economics and engineering, for example
Aoki [3] and Griliches [6] have used this model.

(].].) L1 = Aﬁk + Vg, k
(1.2) Yr = Tr + Wk, ) k

In (1.1), the state equation, z; is a p-dimensional column vector which repre-
sents the state of some system at time k; A is a p X p transition matrix; and vy
represents a random disturbance, or noise.

In (1.2), the observation equation, y; represents an observation made on the
system at time %, and w; represents noise. We will assume that vy, v1, - -+ and
wy, We, - -+ are independent sequences of zero mean, independent and identically
distributed random vectors with covariance matrices V and W respectively and
that zo is independent of the v;’s and w,’s and has finite covariance matrix. We
remark, in passing, that the superficially more general model in which (1.2) is
replaced by

=0

1.

1%

Ye = Mxy + v, k=1,

where M is nonsingular, may be reduced to (1.2) by an appropriate change of
bases.

When A, V, W, and the distribution of z, are known, linear least squares pre-
diction and filtering may be done with the Kalman Filter [10], which provides a
method for computing the projections, z: | and y. |, of z; and y. on the Hilbert

subspace spanned by y1, - -+, y& . Specifically,

oo = (I — Ap)AZi—1| 51 + Ays, k=1,
1.3) Tk = A,

Yk = Tiyk, t >k,

where I denotes the p X p identity matrix and oo = E[xo]. The matrix A; ap-
pearing in (1.3) is determined by
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(143') Sk = APk_lA, + vV
(1.4b) Ay = Si(Si + W)*

where ™ denotes pseudo-inverse, ' denotes transpose, and P, is the convariance
matrix of zo.

In practice, however, 4, V, and W will often be unknown, so that two prob-
lems arise in connection with the Kalman Filter. First, the parameters A, V, and
W must be estimated from the y;’s; and second, the effects of replacing A4, V,
and W by estimates in (1.4) should be considered. In this paper we will present
estimates of A, V, and W, and show that they are strongly consistent when the
system (1.1) is stable, that is when p (4 ), the spectral radius of A4, is less than
one. We will then determine the asymptotic behavior as k — o of (1.4) and show
that it is unchanged if A, V, and W are replaced by strongly consistent estimates.
Our results are stated precisely in Section 2 and proved in Sections 3, 4 and 5.
Theorem 2.3 and Section 4 are independent of the remainder of the paper.

Other approaches to the problem of parameter estimation in (1.1) and (1.2)
and/or determining the effect of replacing 4, V, and W by estimates in the
Kalman Filter may be found in [3], [4], [7], [9], and [13]. These authors, however,
have not been primarily concerned with analytical results; in fact, only [2] and
[5] even consider the consistency of their estimates. Somewhat more theoretical
work has been done on parameter estimation in linear-stochastic difference
equations with independent inputs, of which (1.1) and (1.2) are a special case if
W = 0 ([16], [17], and [19]). The presence of a non-zero W in (1.2), however,
introduces major complications in the filtering and prediction problems (taking
W =0in (1.4) yields P, = 0,8 = V,and A, = VV*, &k = 1) as well as some
complications in the parameter estimation problem. The main results of Section
4 on the asymptotic behavior of (1.4) have been proved by Kalman and Bucy
[12] for the continuous case; i.e. when (1.1) is a differential instead of a difference
equation. Theorem 2.3 has been proven via Lyapunov theory by Kalman ([11],
page 371) under somewhat stronger conditions. However, the proof is not given
explicitly for the discrete case, so we have included a proof here by other means.

2. Statement of the theorems. In order to state our results precisely, we will
need the following notation. We will denote by R and ®” respectively the real
linear spaces of p-dimensional column vectors with real components and p X p
matrices with real entries. The topologies in R” and ®” will be determined by the
Euclidian norms.

x| = (x'x)%, z e R?
Gl = Itr (GG, G e @

If G £ ®” is symmetric, then G > 0 and G = 0 mean that G is positive definite
(pd) and positive semi-definite (psd) respectively, and if F, G ¢ ®” are symmetric,
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then F = G iff F — G = 0. Finally, we will need the notion of parallel addition
which is defined for psd matrices F, G by

F:G = F(F + &)*G.

F:@ is called the parallel sum of F and @ and is studied in detail by Anderson
and Duffin [1], [2].
We will estimate the parameter A of (1.1) by

2.1) A, = (D h=s ykyzi_z) (D h=s Ye-yi2)*, nz 3.

The estimate A4, is suggested by the fact that & (s} = AE (Yo_1yns}, & = 3,
and enjoys the following consistency property.

Turorem 2.1. If p(A) < 1,and if A and V are nonsingular, then A, is a strongly
consistent estimate of A, that is, A, — A with probability one asn — .

Theorem 2.1 will be proved in Section 3. Granting its validity for the moment,
we may then estimate V and W as follows. Define

Bi = E{ (g — Ays1) (s — Ays)’}
=V + W+ AWA',
By = E{ (yx — A%Wis) (s — A’yiz)'}
=V + W+ AVA' + A’WAY,
then, if 4 is nonsingular, B, B;, and A uniquely determine V and W by
W =3B+ A7 (Bi — B)A™"}
V=B —W-—AWA'.

Therefore, strongly consistent estimates of 4, By, and B; determine strongly
consistent estimates of V and W.

TrEOREM 2.2. If A, is any strongly consistent estimate of A and if p(4) < 1,
then

(2.2) Bui = 1/n >0 (yr — Ai'yss) (4 — Ai'yns)’, n = 3,

is a strongly conststent estimate of B;, © = 1, 2. In particular if A and V are non-
singular, and if Ay is given by (2.1) then B, is a strongly conststent estimate of B .

RemARk. We have used A rather than 4, in (2.2) in order to make the com-
putation of B,,; Markovian. It will be clear from the proof of Theorem 2.2 how-
ever, that B,,; would still be strongly consistent if Ay, were replaced by 4, in
(2.2). ,

Given any strongly consistent estimates 4., V., and W, of A, V, and W
respectively it is natural to approximate the Kalman Filter by

S, = AP A + TV
(2.3) A = Se(Sk + W)t
Py = (I - A5

v
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(24) Se1e = (1 — Ae)Autrr) i1 + A, kz1,

where I denotes the p X p identity matrix and Py may be any psd matrix. A
natural object of interest is then the asymptotic behavior of A, — A and
T % — %)% as k — . Our analysis of this behavior requires knowledge of the
asymptotic behavior of S; as k¥ — o, which, of course, is of interest in its own
right.

TuEOREM 2.3. Let V be >0 and let W be =0; define ¢ on the set $ of pd matrices
by

(2.5) 6(S) = AS:wHA' + V, Ses.

Then Sy = ¢(Sea), & = 2. Moreover, ¢ has a unique positive definite fixed point
So, and ¢ (S) — So uniformly on 8 as n — «, where ¢p".denotes the nth iterate of ¢.

CorOLLARY 2.1. Let V. > 0, then Sy — So, Ay — Ao = So(Se + W), and
Py, — Py = 8y — 8o(So + W) Soask — .

COROLLARY 2.2. For A e ®*, W = 0, and V > 0, define So(4, V, W) to be the
unique positive definite fixed point of the function ¢ defined by (2.5);then So(4,V, W)
depends continuously on (4, V, W).

ReMARK. Theorem 2.3 and its corollaries have applications in the study of
asymptotic properties of certain classes of optimal control problems via the dual-
ity theorem of Kalman [10].

The proofs of Theorem 2.3 and Corollary 2.2 will be presented in Section 4
together with an example illustrating some difficulties which may arise if V is not
pd. Corollary 2.1 is an obvious consequence of Theorem 2.3. We now consider
the asymptotic behavior of 8 and £ | % . Theorems 2.4 and 2.5 (below) will be
proved in Section 5; their corollaries are obvious.

TaeorREM 2.4. If V > 0, and if A,, V., and W, are strongly consistent esti-
mates of A, V, and W for which V, > 0 and W, = 0 for all n = 1, then Sy — So
with probability one as k — .

CoROLLARY 2.3. If the hypotheses of Theorem 2.4 are satisfied, then A, — Ao
with probability one as k — .

TaEOREM 2.5. If V > 0,1f p(4) < 1, and 1f - A, , V., W, are strongly consistent
estimates of A, V, and W for which V, > 0 and W, = 0 for allm = 1, then

liMpoew 7" D s |k 15 — &2 18 = O with probability one.
COROLLARY 2.4. If the hypotheses of Theorem 2.5 are satisfied, then
liMpae 7" D ey [@rir 18— A% 1 = 0 with probability one.
foranyr = 1.

3. Consistency of the estimates. In this section we will establish Theorems
2.1 and 2.2; accordingly we assume throughout that p(4) < 1. Define

v

2 = Wy + v — AWer = Y — AYr—, k

R, (Z;:;:«; zkyli——z) (21:;3 yk_1y£_2)+

2
3.

IIV
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To prove Theorem 2.1, we will show that, with probability one,
(31) n_l Zi‘:g zkyli—d — 0
(3-2) n_l ZI:L=3 yk—lylz—2 — Y

where ¢ is nonsingular. It then follows that for large n the left side of (3.2) is
nonsingular, and thus for large n, by a simple computation, that 4, = A + R..
Thus, (3.1) and (3.2) suffice to prove Theorem 2.1.

To establish (3.1) we need first a bound on the covariance matrix of y. . We
have from (1.1) and (1.2)

(3.3) Yo = wp + D om0 Av i1 + Ao
from which it follows that
(3.4a) E(y) = A"E (%)
I = Cov (yx)
(3.4b) =W + D53 4°VA"7 + A* Cov (x)A™*

W+ D20 AVA? = 3 say,

as k — . Here we have used the fact that lim,.., [|[A"|n™ = p(4) < 1 ([15],
page 75). Define

Sn,l = le;a kﬁlwky;;z

Spa = ZI:L=3 K (o — Awk_l)y;ﬁ_z , n = 3,
and forn = 3 let &, be the smallest o algebra with respect to which a, v, -+ , vn,
Wy, -+ , W, are measurable. If a, b & R? it is easily seen that {a'S,, 1b; Fn;n = 3}

and {a'Snsb; Fno1;m = 3} are martingales, ¢ = 1, 2; for example
E(d'Sni1ab | Fn) — @'Suth = 0 + 1)70'E (Wnsayyn | Fu)b
(n + 1) E Wn41)ynsd = 0.

Moreover, by the mutual independence of wy, ws, - - -, and the independence of
Wy, W1, =, fromM 41, * -, Y1, we find

E{ (@/8a1d)"} = Xk b "E{ (a/wigesh)’}
= 2 (@ Wa)b B yesyio}b
and (similarly)
E{(a'Snsb)

%
are bounded for » = 3 by (3.4). The martingale convergence theorem ([5],
page 319) therefore asserts that lim,.., a’S»,:b exists and is finite with probability

= 20 K7 (V + AWA")alb B{y sy o}b
























