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Abstract.—We consider utilizing a sequential experiment for estimating the
mean of a normal distribution when the variance of the distribution is un-
known. For a suitable choice of the design constants of the experiment and
for loss structures of practical interest, it is shown that the difference in the ex-
pected loss with optional stopping and the expected loss which would be incurred
if ¢ were known is a bounded function of .

1. Introduction.—H. Robbins! considered the problem of estimating the
mean of a normal distribution and suggested a sequential procedure that
Starr? subsequently studied in some detail. Since this procedure is easy
to use in practice and applies to a rather frequently encountered statistical prob-
lem, results relating to its performance should have considerable practical im-
portance.

2. The Problem.—The results of this section are given in reference 2, and
we refer the reader to that paper for proofs. Let x5, . . . be independent
N (u,0?) random variables; and, for given s > 0, suppose the loss incurred when we
estimate u by &, = 1/n Y x, on the basis of a sample of size n > 0 is defined by

n=1
Ly = Al&, —ul*+n  (4>0).

For fixed n the resulting risk is
2
Vn('f) = E(Ln) = ? Ko'n—2 + n, (1)

where the constant K = 2¢-D/2 AT(s 4 1/2)7~'2 depends on the choice of
A,s only. Define the constant 8 = K?%*; then, treating n > 0 as a continuous
variable, the risk (1) is minimized by taking n to be n,, where by definition

n = (BT (0< o< @) 2)

Replacing this optimal choice of 7 in (1), the minimum risk is easily seen to be

v(e) = vplo) = (—g— + 1> No. 3)
8

When o is unknown, a poor choice of » in relation to ¢ in advance of experi-
mentation will magnify (1). Consequently, we consider, as in references 1 and
2, determining a random sample size N by means of the following sequential
procedure. Define

$2=1/n— 13 (x; — %)% n > 2

i=1
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and let
N = least integer n > m for which n > (8s,2)*/®*?,

where the starting sample size m > 2 is a given integer.

The risk ¥ when the sample size N is sequentially determined can be shown to
be

. 2
7(0) = B(Lx) = —n“ T2 E(N~*) 4+ EN. 4)
s
As possible measures of the usefulness of this procedure, we define for each o,

0 < o < =, the risk efficiency

»(o)

(o) =

and the regret

w(o) = 5(o) — v(a).
It is known? that

S
1 h
wenm>s+2—|—1
. s?
limny(e) = ( 1+¢ m=8+2+1, (5)
82
® 1
m<s+2—|—

where the constant ¢ > 0 depends on 4,s. Thus the procedure is asymptotically
risk-efficient, provided that the starting sample size m is chosen so that m >
s?/(s +2) + 1.

Moreover, Robbins’ computations' suggest that the procedure should be
satisfactory for all . We shall here support that thesis by proving that the
regret suffered in using the sequential procedure in ignorance of ¢ is uniformly
bounded, provided that m > s + 1.

3. Results.—We begin by stating two useful lemmas.

LemMa 1. P(N = m) = O0,(c™ ™), where O, denotes exact order.

Lemma 2. For fized 6,0 < 6 < 1,

Pm < N <6ng) = 0(c™™).

CoroLrarY 1. P(N < 6ng) = O(c™ ™). Thelemmas were proved by Starr?
and have been rederived by G. Simons? for a related problem.
THEOREM. AS o —> o,

w(s) = 0(1) (6)
if and only if
m > s+ 1. (7)
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Proof: For simplicity in what follows, we let ¢ with or without affixes denote
a positive constant that does not depend on ¢ and is not necessarily the same

from one usage to the next.
From (3) and (4)

2 9
w(o) = " TVEEW T = ng™) + BN = no). ®

For fixed ¢ > 0

¢ tt + 1) (N — ny)?
Nt — ny—t = —W(N—‘no)‘l‘ ( 9 )( nlt+20)? (9)

where 7, is an intermediate value of no,N. Setting ¢t = s/2, we obtain from (8)

Mﬂ=<y23anﬂE%*“WWV—mW

= 0.(c")E[m~ CH2 (N — ny)?].
Since it can be verified from (9) that on the event { N = m}
m < eneCt (ne > m),
the necessity of (7) for (6) follows from Lemma 1 by

(m = m)

w(e) 2 0(s) “POV = m) = 0,7,

0

Moreover, for fixed 6, 0 < 6 < 1, we can obtain from (9) that on the event

n 2 cn04/(4+‘) (no 2 m)

Thus,
w<0) — Oe(as) [f nl—(s+4)/2(N _ no)2dP + ,nl-—(s+4)/2(N _ no)’dP]
N <bn N>6no
—_ 2
< Oe(zrs){cP(N < ony) + 0<a—S)E[@—n—~@—]}
0
= O(o,s+1—m) + ¢ E[(N‘“no)z:l
Mo )

Hence, the sufficiency of (7) follows from
LEMMA 3. Asoc—

E{M} = 0(1). (10)

Mo

Proof of the lemma: It suffices to consider no > 10. Integrating by parts, we
have
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_ 2 Ve —
E{j(w]y__;r@.] <1+ 2]; AP(N —np< — A \/’no)dx
0

I f1 NPV = mo > A /) (11)

The first integral in (9) does not exceed the sum of n,P(N < 1/2n,) and

1/2m — —\(s+2) /s
2 f1 xp{skz < (no — A ‘;"0) ;o> 1/2n0}d7\

< 2,f1 AP {skz —er < =0 :;32 (1/200)%° (N Ving); k> 1/2n0}d)\

L 4
<2 f1 x(%\ﬁ) ne™ ¢ Bls, 2 — o4,

where we have let ny be the greatest integer less than or equal to 1/2n,, a =
s/(s + 2), and have used a martingale inequality* ° in the last step. Now for
m > s+ 1, neP(N < 1/2n,) is bounded by Corollary 1, while

no—-(8/s+2) Elsmz — ‘72I L < cn[)—(s/s-l-‘z) ne~2a® < crn0~(8/s+4) o® = ¢"g~88 = ¢”

is bounded in any case. Thus, we have shown that the first integral in (11)
is bounded if m > s + 1, and a similar (somewhat simpler) argument will estab-
lish the boundedness of the second, proving (10).

Remark: Robbins’ computations! suggest that O(1) in (6) is small, and use-
ful estimates of this constant depending on m,e could perhaps be found by re-
fining the argument given above.
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