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MAXIMUM LIKELIHOOD ESTIMATION OF A TRANSLATION
PARAMETER OF A TRUNCATED DISTRIBUTION:

By MICHAEL WOODROOFE
University of Michigan

Let fo(x) = f(x — 0), 0, x€ R, where f(x) = 0 for x < 0 and let 4, be
the maximum likelihood estimate (MLE) of ¢ based on a sample of size
n. If @ = lim f’(x) exists as x —» 0, and 0 < a < co, then under some
regularity conditions, it is shown that ax(9» — 6) has an asymptotic stand-
ard normal distribution where 2a,% = anlog n and that if 4 is regarded
as a random variable with a prior density, then the posterior distribution

of an(f — 0.) converges to normality in probability.

1. Introduction. Let f be a uniformly continuous density which vanishes on
(—o0, 0] and consider the one parameter family of densities f;, 6 € R, defined by

(1.1) Jo(x) = flx — 06), xeR.
If X;, ---, X, is a random sample from f; for some unknown value of ¢, then
the likelihood function

L,(1) = [T fX)) teR,
will attain its maximum at some point interior to the interval (— oo, M, ) where
M, = min(X,, --., X,). Thus, MLE’s exist. That is, there is a random vari-
able 4, = 0,(X,, - - -, X,) for which L,(0,) = max, L(1) w.p. 1. Moreover, if

the entropy

i —log f(x) - f(x) dx
is finite, then it follows easily from the result of Wald [11] that §, is a con-
sistent estimate of ¢. Since the support of f, depends on 6, the classical results
on asymptotic normality of MLE’s (e.g., [1] or [10]) do not apply in our
case, however.

Recently, LeCam [7] has obtained a general theorem (Proposition 6) from
which the following result may be deduced (Lemma 4.3 of [5] or its generali-
zation Proposition 7 of [7] are useful in checking the conditions imposed by
Proposition 6).

ProposITION 1.1. Let f be absolutely continuous with derivative f' and let the
Fisher Information

1.2 o = 3 (L) ax
(1.2) 55 (L
be finite. If 8, is any consistent sequence of MLE’s then nig(0, — 6) has an asymp-
totic standard normal distribution.
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