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A CRAMER VON-MISES TYPE STATISTIC FOR
TESTING SYMMETRY

By E. D. ROTHMAN AND MICHAEL WOODROOFE
University of Michigan

A Cramér von-Mises type statistic is proposed for testing the symmetry
of a continuous distribution function. Its asymptotic null distribution is
found explicity, and its asymptotic distribution under a sequence of local
alternatives is described. A Monte Carlo study indicates that the asymptotic
formulae are accurate for sample sizes as small as twenty.

1. Introduction. Let X, --.., X, denote a random sample from a continuous
distribution function F and consider the problem of testing F for symmetry about
zero. This problem, of course, has not suffered from lack of attention and may,
in particular, be treated with any of a multitude of rank tests (e.g., [3], Chapter 3).

Smirnov ([6] and [7]) once proposed a test based on the statistic

Bn = Sup250 'Qn(x)l ’

Qu(x) = ni[F,(x) + F,(—x) — 1]
for x € R with F, equal to the sample distribution function. This statistic has
also been considered in [2]. The exact and asymptotic null distributions of B,
are known. Moreover, tests which reject for large values of B, are known to be
consistent against all non-symmetric alternatives, whereas some rank tests are not.
Here we consider a related statistic—namely,

(1) R, = n§2. [F,/(x) + F,'(—x) — 1]"dF,(x),
where 2F,'(x) = F,(x + 0) + F,(x — 0) for xe R. We use F,’ instead of F, in
order to make R, invariant under multiplication of the data by —1. For com-
putational purposes R, may more conveniently be written
/ 2

) R, = Y1, [F”'(_Xj') - 21;21;1] ,

2n
where X/, ..., X, denote the ordered values of X,, - - -, X,. We shall show that
our test too is consistent against all non-symmetric alternatives, give its asympto-
tic null distribution and percentiles explicitly, and describe its asymptotic non-
null distribution under a sequence of local alternatives. We shall also present

the results of a Monte Carlo study which indicate that the asymptotic null distri-
bution provides an adequate approximation for sample sizes as small as twenty.

where

2. Distribution theory. We begin with two theorems which describe the
asymptotic distribution of R, under both the null hypothesis and a sequence of
local alternatives. In the statement of these theorems, all distribution functions
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