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Abstract

A Zipf’s law is a probability distribution on the positive integers which
decays algebraically. Such laws describe (approximately) a large class of
phenomena. We formulate a model for such phenomena and, in terms of
our model, give necessary and sufficient conditions for a Zipf’s law to hold.

CLASSICAL OCCUPANCY PROBLEM; LAWS OF LARGE NUMBERS: WEAK CONVERGENCE
REGULARLY VARYING FUNCTIONS

1. Introduction

By a Zipf’s law with exponent o, « > 0, we mean a probability distribution
P1, P2, -+ on the positive integers for which p, ~ c/s'** as s — co. Such laws
describe (approximately) a wide variety of phenomena. In particular, the following
application was observed by Willis (1922). Consider N biological species which
are classified into M (non-empty) genera, and for s = 1, let G(s) be the number
of genera which contain exactly s species; then, in many cases, the relative frequen-
cies G(s)/M are nearly proportional to 1/s!+% Data which support this statement
are also considered by Hill (1970) and by Hill and Woodroofe (1975). Zipf (1949)
gave extensive empirical evidence that Zipf’s laws describe (approximately)
many other phenomena, including such diverse ones as the frequency of word
usage, the distribution of city sizes and the distribution of incomes. Theoretical
models which predict Zipf’s law have been considered by Yule (1924), Hill (1970)
and (1974), Hill and Woodroofe (1975), and Simon (1955).

Hill (1970) introduced the following model which, in the context of biological
species and genera, may be described as follows. Suppose that N species are
allocated to M (non-empty) genera according to the Bose-Einstein form of the
classical occupancy problem. Then G(s) is determined as a random variable.
Suppose also that M is a random variable whose distribution depends on N and
that the distribution function Fy of § = M/N converges weakly to a distribution
function F for which F(0) = 0 as N — oo. It was then shown that

1) lim E{M~'G(s)} = f lt(1 — 1) \dF(1)
0
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