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Stronger Forms of Zipf's Law

It is shown that convergence in probability to Zipf’'s Law follows from
a many family modification of a Bose-Einstein form of the classical
occupancy model with a random number of cells.

1. INTRODUCTION AND SUMMARY

In this article it is shown that an extension of the basic
Bose-Einstein model proposed by Hill [2] yields con-
vergence in probability to the generic-specific form of
Zipf’s Law.

By the generic-specific form of Zipf’s Law is here meant
any system of classification of units such that the propor-
tion of classes with exactly s units is in some specified
sense approximately proportional to s~+® for some
constant e > 0. It is familiar in a variety of empirical
areas, including linguistics, personal income distributions,
the distribution of biological genera and species, and a
great many others, that such a relationship holds to a
surprisingly good approximation [4, 5, 6, 7]. For con-
creteness and vividness, the situation will here be de-
scribed in terms of the distribution of biological genera
and species. Lest there be any misunderstanding, we
wish to make it clear that we do not mean to imply that
our assumptions hold literally for this situation. Rather,
they should be viewed as being tentatively entertained,
and of interest because they do yield, under a simple
probabilistic model, Zipf’s Law, a law for which there is
substantial evidence in regard to the distribution of
biological genera and species [6, 7].

The model proposed in [2] is as follows. Suppose that
N species are to be distributed to M nonempty genera.
Let L; be the number of species allocated to genus 7,
and let G(s) be the resulting number of genera with
exactly s species. Suppose that the allocation of species to
genera is of the Bose-Einstein form

N — 1\!
<M — 1> ’

forall 1 = (1y, --+,1y) such that 1, > 1, ¥, 1, = N.
Suppose further that given N, M has a conditional dis-
tribution such that Pr {M /N < z|N} converges properly
to a distribution function F(x) with F(0) = 0. Then it
was shown in [2] that G'(s)/M, the proportion of genera
with s species, is, in the limit as N — 0, distributed like
O (1 — B)* ', where O denotes a random variable having
distribution F. If ® has the beta distribution B(a, b),

Pr{L = 1|M, N}
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i.e., if F has density function
F'(z) = T(a+ b)[T (@) ()] e (1 — 2)>

where T is the gamma function, 0 < z < 1, and a > 0,
b > 0, then

E{®(1 — ©)* '} ~ al'(a + b)[T'(b) ] 's—0+a

as s — o, where the symbol ““~’’ indicates that the ratio
of the two sides tends to unity. In fact, the approxima-
tion is generally good even for small s. For example, if
© has the uniform distribution on the unit interval, then

E{®@1 — 0)Y} = [s(s+ D],

which is a simple and important form of Zipf’s Law fitting
approximately a great variety of data [7].

However, under the above model, a realization of
G(s)/M would be of very nearly geometric form
Oo(1 — By)*7Y, for sufficiently large N, where ©, could
be interpreted as a realization of the random variable ©.
Thus, this model yields a very weak form of Zipf’s Law
in which only the expectations are of the appropriate
form. Since some data, e.g., the lizards analyzed in [2]
and reconsidered here, seem to call for a stronger form
of Zipf’s Law, namely one in which G(s)/M itself tends
to be very nearly proportional to s—+® it is natural to
consider ways of achieving the result G (s)/M converging
in probability to p(s), where p(s) > 0, 3,2, p(s) = 1,
and p(s) ~ Cs~+® for some constant C. In this article
it is shown that a simple and natural modification of the
original model does indeed lead to such a result under
quite general conditions. The modification involves a
twofold classification of species, first into families, and
then into genera within families. Such a modification,
proposed in [37], was there shown also to yield the rank-
frequency form of Zipf’s Law, i.e., if L is the number
of species in the rth largest genus, or if L is the popula-
tion of the rth largest city in a country, then L is ap-
proximately proportional to r—(+® for some a > 0.

In Section 2 the model is formulated and the con-
vergence of G(s)/M to p(s) is proven. In Section 3 some
examples are given which are relevant to the analysis of
the reptile data discussed in Section 4.

2. MODEL AND CONVERGENCE

We consider N species which are divided into k£ (non-
empty) families with N; species in the 7th family. The N;
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species in the 7th family are divided into M; (nonempty)
genera according to Bose-Einstein statistics, as in the
introduction. Let G;(s) be the number of genera in the
sth family with exactly s species, let G(s) = Gi(s)
+ -+ Gir(s), and let M =M, + --- + M, The
proportion of genera with exactly s species is G (s)/M,
which is the weighted average

w00 =2 GG

In effect, Hill [2] considers only a single family, say the
first, and shows Gi(s)/M; = 0:(1 — O)*' + by, as
N,— o, where ©; = M;/N, and &y, converges in
probability to 0. In the present model G;(s)/M,
= 0,(1 — ©;)*!' 4 by, for each 7, and it is reasonable
to hope that some form of the law of large numbers will
imply that the weighted average G(s)/M converges to a
constant p(s). This is, in fact, the case under modest
assumptions to be listed shortly. We shall show in
Theorem 1 that this holds with

1

pe) = [0 — =an

0

for s > 1, where H is an appropriate distribution func-
tion. We shall show in Theorem 2 that p(s) ~ Cs~(+®
as s — « for a large class of possible H. Thus, under the
present model, individual realizations of G(s)/M may
be expected to follow a Zipf’s Law, approximately. The
lizard data analyzed earlier comprise 21 families, so the
present model is more appropriate.

The proofs of the theorems will be given in terms of
triangular arrays of random variables. Those readers
uninterested in the mathematics may wish to skip the
remainder of this section, and go on to Section 3 where
examples are discussed.

We now introduce notation, state assumptions, and
prove a series of lemmas leading to the first theorem. We
suppose throughout that for each k =1, 2, ---, the
bivariate vectors (M1, Nr1), -+, (Mik, Nix), form a
triangular array, where M;; and N; are the numbers of
genera and species, respectively, in the ¢th family, when
the total number of families is k. We shall let £ — «, and
view a particular set of data, e.g., the lizards, as forming
a row of the array. If k is sufficiently large for such data,
then the limiting behavior as k — o will be useful as a
guide in analyzing that data.

Let

k

ari = Mii/E(Myi), Gi(s) = 2 Gri(s), Oxi = Mii/Nui,
i=1
k

Bri = Nii/ E(N i), My= 3 M, pe = E(M 1),
i=1

where G;(s) is the number of genera with s species in
the 7th family when there are k families.
If x) and y;, are jointly distributed random vectors, for
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each k =1, 2, ---, then we shall say that z; and y, are
asymptotically independent as k — o« if the following is
true: z; and y; are stochastically bounded as k — o« ;
moreover, if k;, 7 > 1, is any subsequence of the integers
for which (xx,, y&,) converges in distribution to a random
vector (z, y), then 2 and y are independent.

It is an easy consequence of the Helly-Bray Lemma
that if x; and y; are stochastically bounded, then xz, and
yr are asymptotically independent if and only if

lim Cov {g(x), h(yx)} =0

k>0

for all bounded continuous functions ¢ and A.
We shall assume:

Al: For each k, given (M1, Ni1), - -+, (M, Nii), the alloca-
tion of species to genera within each of the k families is of
the Bose-Einstein form, with the allocations within the
families mutually independent.

A2: Foreach k, (M1, Niy), - -+, (Mkk, Nii) are exchangeable.

A3: The vectors (axi, Br1) and (axs, Br2) are asymptotically

independent as k — .

Cov (ak1, arz) — 0 as k — «. Moreover,

Cov {ar10k1(1 — Or1)*™! , ap2@ra(l — Opa)* 1} — 0

as k — « foreverys =1,2, ---

ari, k > 1, are uniformly integrable.
E(ar)? = o(k) ask — .

ur < oo forall k, and ur — © as k — «.

A3’

A4:
A4
A5:
We shall say that assumptions A are satisfied if either
Al, A2, A3, A4, and A5 are satisfied or 41, A2, A3,
A4, and A5 are satisfied.

Theorem 1. Let assumptions A be satisfied. Define
H.(t) = Efayl:(t)}, where I,(f) is the indicator of the
event that O <t, 0 <t < 1. If H) converges weakly
to a distribution function H, then G:(s)/M converges
in probability to

1

(s) = / {1 — £)—'dH (1) 2.1)

0

fors=1,2, ---.
We divide the proof into several lemmas.

Lemma 1. Let zr1, -+, Tx be a triangular array of
nonnegative random variables which are exchangeable
in each row, and define uy = E(xr1). Suppose that xs,
k > 1, are uniformly integrable, and that u = lim u
exists as k— . Suppose also that ., and x,. are
asymptotically independent as k — . Then

T = @i+ + Tee)/k— u
in probability as k — .

Proof. For each n, let ¢, be a continuous function on
[0, ») for which ¢.(z) =z for 0 <z < n, ¢a(x) =0
fort >n+ 1, and 0 < ¢.(z) < z for all z. Let (yx™)
= ¢.(2r) and observe that lim E{zi — (yu™} =0
uniformly in k as n — « by uniform integrability.

Let € > 0 and 6 > 0 be given. Then there are integers
m and ko for which E{zx — (yu™)} < /8 for all £ and
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|ur — u| < ¢/4 for k > ko. Thus, for k > ko

Pr (|Zx — u| = € < Pr (@i — (§x™) > €/4)
+ Pr (| (@x™) — pmi| = €/4) ,

where unir = E(yr™) and

@™ = (Y™ +- -+ W) /k .

By Markov’s inequality and choice of m, Pr (Z, — (§:™)
> e/4) < 4e'E{x, — (gx™)} < 6/2 for all k.
By Chebyshev’s inequality

€ 16
PP<|(Z7k"‘) = pmr| = ~> < — Var (§x™)
4 €2
16 16(k — 1)
= o Var () + (2 ) Cov (@), (™)
ke? ke?
(2.2)
The second term on the right side of (2.2) tends to zero
as k — « by asymptotic independence. The first is less

than or equal to 16(m + 1)ui/ke?, which tends to zero as
k — . Thus, we may make

Pr (| (7x™) — wmi| > €/4) < 8/2
by taking k sufficiently large.

Lemma 1'. Let xx1, -+, xxx be a triangular array of
random variables which are exchangeable in each row.
If u = lim E(xx1) exists as k — « and if

(1/k)E(x11)!— 0 and Cov (x4, Th2) — 0
as k — o, then & — u in probability as k — .

Proof. We have

1 k—1
Var (x';c) = EVar (xkl) + (T) Cov (xkl, xk2)

< By + (Y
=z ((xr1)® + <T> oV (Tk1, Tra)

which tends to zero as k — «. Lemma 1’ now follows
from Chebyshev’s inequality.

Let H: be as in the statement of Theorem 1. If H,
converges weakly to a distribution function H, and if ¢
is any continuous function on the unit interval, then

Blap(Om)} = [WOUH.0) — [v0iH

0 0

as k — o by the Helly-Bray Lemma. (The first equality
is immediate if ¢ is the indicator function of an interval
(@, b], 0 <a <b<1;and any continuous ¢ may be
approximated by a linear combination of such indicator
functions.) It follows (from either Lemma 1 or 1’) that
if Assumptions A are satisfied, then

ar = (x4 + axn)/k— 1
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in probability, and

1k
E 2 akiBki(1 — Ot — p(s) (2.3)
i=1

in probability as k — « for every s = 1,2, --- .

Lemma 2. Let A1 be satisfied. Define

pe(m, m) = B{Gu(s) [ Ma = m, Na = n} ,
and
ai¥(m, n) = Var {Gx1(8) [ My = m, Ny = n} .
There exists a constant C such that
[ur(m, n) — mBu (1 — B) 1| < C

and

ai2(m, n) < CmOy, for all m, n, where ®,, = m/n .

Proof. It is straightforward but tedious to employ
Equations (3.1) and (3.2) of [2] for uix(m, n), and
ai2(m, n), and perform an induction on s.

We now prove

Lemma 3. Let assumptions A be satisfied. Then
k k Gri(s)
(X ar)™! I:Z [ 3% <L — 01 — ®ki)s_1>]
=1 =1 Mki
converges in probability to 0 as k — o,
Proof.

& &
|32 Gri(s) — X MiiOrp:(1 — Oy) 1

=1 =1

k k
S |Z Gui(s) — Z ue(Mys, Nii) |
i=1

i=1

k k
+ 12X weMyiy Nii) — £ MriOri(1 — Ori)* 1|

=1 =1

k
< (Gri(s) — ue(Myiy Nii))| + kC
=1
by Lemma 2.
Let

Ry =

i

[Gri(s) — ua(Mriy Nii)] -

LM =

Then

E{(R1)*} = E{E((R)*|Miy, Niy, -+ -, Mk, Nii)}
= kE{o2(Mw, No)} < kCE(Mu) = kCh ,

by Lemma 2 again. By Lemma 1 or 1/, M /ku. converges
in probability to 1 as k — «, while by A5, ux — . Since

k k
| ¥ Gri(s) — £ MriOri(l — Ori)* | /My < (|Ri| + kC)/Mi
i-1 i=1

it follows that the left side converges in probability to 0
as k — o, which completes the proof of Lemma 3.


















