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A RENEWAL THEOREM FOR CURVED BOUNDARIES
AND MOMENTS OF FIRST PASSAGE TIMES!

By MiIcHAEL WOODROOFE
University of Michigan

Let Xi, Xz, - - - be i.i.d. with a finite positive mean x and a finite positive
variance ¢2 and let S, = X3 + ++- + Xy, n=1. Further, let 0= a < 1
and ¢, be the first » = 1 for which S» > cn* and let W.(a) = 1o, P{t. > n,
c(n + 1)* — S, < a}. Under some additional conditions on the distribution
of X; we show that W, converges weakly to a limit W, where W(a) =
By tP{Sk = (k + 1)ap — a, for all k = 0}, with 8 = 1/(1 — @). We then find
the asymptotic distribution of the excess R, = S;, — ct.* and show that R,
is asymptotically independent of #.* = (£, — E(t:))/E(ts)%, and we compute
E(t;) up to terms which are o (1) as ¢ — 0.

1. Introduction. Let X, X,,- - denote independent and identically distributed
random variables which have a finite positive mean g, let S, = 0, and let S, =
X, + .-+ 4+ X, for n > 1. Further, let V' be a positive function on (0, co) for
which V(x) = o(x) as x — oo, and let

t,=inf{n = 1: 5, > cV(n)}

for ¢ > 0, where inf ® = co. Observe that ¢, is finite w.p. 1. If ¥(x) = 1 for
all x > 0, Pr {X; > 0} = 1, and the distribution of X, is nonarithmetic, then the
renewal theorem (Feller (1966), page 347) asserts that U(c) = E{z,} is finite for
every ¢ > 0 and that

(1.1) lim U(c) — U(c — a) = ap!

as ¢ — oo for every a > 0.

In this paper we will extend (1.1) to a wider class of boundaries ¥ and to
distributions which are not concentrated on (0, o), although we will impose
some additional conditions on the distribution of X,.

We will assume throughout this paper that ¥ is a positive, continuous, even-
tually concave function on (0, co) for which ¥(x) = x*L(x) for x > 0, where
0<a<l1,and

Lix+y)., +_ 1
(1.2) 1= o(_x_>

as x — oo for every y > 0. Equation (1.2) is more restrictive than requiring that
L vary slowly at oo, but includes all functions of the form L(x) = log“(1 + x),
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