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SUMMARY

Let X, X,, ... denote independent random variables which are normally distributed with
unknown mean 6 and unit variance. We consider sequential tests of the hypothesis
H,:0 < — & versus H;:0 > 6. The tests which we consider were shown by Schwarz (1962) to
approximate the optimal Bayesian tests with respect to a general loss structure and any
prior density which is everywhere positive. Their continuation regions are bounded subsets
of the (n, 8,) plane, where S, is the cumulative sum. We give both inequalities and asymp-
totic expressions for the power function and the expected sample size. We also give com-
parisons of the properties of the approximate Bayesian test, the sequential probability ratio
test, and the fixed sample size test.

Some key words: Approximate and asymptotic efficiency; Bayesian sequential analysis; Error prob-
ability; Excess over boundary; Expected sample size.

1. INTRODUCTION

Let X, X,, ... denote independent random variables which are normally distributed with
unknown mean § and unit variance. We consider sequential tests of the hypotheses

Hy:0< -0 versus H:0 =6,

where & > 01is specified and the interval (— 4, §) is regarded as an indifference region (Wald,
1947, pp. 28-31). The test we consider was derived by Schwarz (1962) and shown by him to
approximate the optimal Bayesian test with respect to a generalloss structure and any prior
density which is everywhere positive. The test is as follows: let

t =inf{n > 1:|8,| > ¢, —nd},

where S, = X, +...+ X, and ¢ = 2a(r+n) with @ > 0 and r > 0; we take ¢ observations
and decide in favour of H, if and only if S; > 0. The constants @ > 0 and » > 0 are design
parameters. In Schwarz’s Bayesian formulation, ¢ was taken to be (log ¢)~1, where ¢ was the
cost of a single observation, and r was taken to be zero. Other criteria for selecting a and r
will emerge from estimates of the error probabilities and expected sample size to be given
below.

The continuation region for this test is bounded above and below by curves in the (n, S,)

plane, namely
U:s=c,—nd; L:s= —c,+nd.

These curves meet at the point (m,, 0), where
my = ad~2{1 + (1 4 2rd2a~1)}}

is the solution to the equation ¢, = né. Thus, the sample size ¢ is bounded by a nonrandom



102 MicHAEL WOODROOFE

constant ny, = [m,]+ 1, where [.] denotes the greatest integer function. That boundedness
is a highly desirable property for sequential sampling plans to possess is argued by Armitage
(1957).

Our study of the approximate Bayesian test will concentrate on its frequentist proper-
ties. That is, we will study its power function () = pr (S, > 0) and its expected sample
size K(t). In §§2 and 3, we give inequalities for #(0) and E(t), and in §§5 and 6, we study
their asymptotic properties as a—>co. In §7 we compare numerically an approximate
Bajyesian test, the sequential probability ratio test, and the fixed sample size test.

Frequentist properties of asymptotically optimal Bayesian tests have been discussed by
Wong (1968) and Lorden (1973) in the context of one-parameter exponential families. Our
results are sharper, but limited to the normal case.

2. INEQUALITIES FOR THE POWER FUNCTION

First we study the power function £(0) = pr (S, > 0). Now S is a continuous, strictly
increasing function on R and f(—0) = 1—f(6) for 0 R. The symmetry is clear and the
continuity follows from Scheffé’s (1947) theorem, since ¢ is bounded. The proof of mono-
tonicity is similar to the argument given by Lehmann (1959, pp. 101-2), and will be omitted.

If 0 <60 <9, then ¢, —k(6—0) > vyc;, for k= 1,...,n,, where v, = 1—nymg*(1—0/9).
Indeed, ket < noCml = nof(my) (k = 1,...,m,), so that

cr— k(0 —0) = ;{1 — ke (6 —0)} > vycy.

Of course, v, = 001 if m, is an integer. In the remainder of this section, we observe the
convention v; = 1.
This remark is the basis for two inequalities for £. The first is the trivial one,

1=f(0) < 3 priSe—k < —cy+ KO—0)} < mo®{—o,(20)} (2:1)

for 0 < @ < &, where @ denotes the standard normal distribution function.
If r > 1, then the bound of (2-1) may be improved. The improvement uses the fact that
ifr>0,thenfork > 1

Zy, = {r[(ke+ 1)} exp {§(S,— k)| (k+7)}

defines a martingale for which £(Z,) = 1 (Robbins, 1970).
The improvement of (2-1) may be stated: if » > 0 and 0 < 6 < 6, then

1-4(0) < ¥{(no+7)[r}t exp (—avj). (2:2)

To see this first let ¢; = ¢;—jd and observe that
J

1—,3(0)=k§=_‘:1pr(—c;- <8;<c) j<k S< —cp)

< 3 pr(|8;—j0| < ¢ +j6, j < k, S— k0 < —cj,—kO)
k=1

= 1pr(|S,— k0| > c;,+ k0, for some k < n,).
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But ¢, + k0 = ¢, — k(6 —0) > vyc, for k = 1,...,n,, so that 1 — $(6) does not exceed
$pr(Z;, > {r/(k+r)} exp (v§a), for some k < no] < 3{(no+7)/r}texp (~vja),

by the martingale inequality.
As a corollary, we obtain

B(=8) = 1-B(8) < H(ng+r)[r}ee. (2-3)

For later reference, note that the right-hand side of (2-3) is asymptotically k*,/ae-¢ as

a—>00, where
k* = k¥(r,8) = 0-1(2r)L. (2:4)

In §5 we show that this is the correct order of magnitude, but that the constant k* is too
large.

3. INEQUALITIES FOR THE EXPECTED SAMPLE SIZE

We now derive bounds for the expected sample size E(t). For 7 = 0, 1, let
¢, =inf{n > 1:(—1)!8, > ¢, —né},

where the infimum of the empty set is defined to be infinite, so that ¢ = min (£y,¢,). We will,
in fact, derive bounds for E(¢;).

We need the following auxiliary result which is quite easily proved: if ® denotes the
standard normal distribution function, then

w(@) = {1- 0@} [ w-2)d0w) (31)
x
is a decreasing function on R and w(z) < 2|x| +4/(271) for < 0.
Let R, = S;, —c;, + 0t, denote the excess over the boundary. Then
E(R,) < w(—0) (3-2)

for all 6 > 0. Indeed, a simple conditioning argument shows that

E(R) =3 f w(Zyy—0)dp g,

k=1J {ti=k}
with Z;, = ¢, —kd — S;_;, which is positive on {f, = k}. Equation (3-2) now follows.
In the main result of this section, let 4 = 6+ ¢ and

B(a, 0) = }a[1+{1+2rp?a~1+ 2uw(—0) a~ 1}
It is easily seen that B(a,0) < 2a+ 2ru?+ 2uw( — 0). Further for 6 > 0,
E(y+r) < B(a,0)u2. (3-3)
For by definition of £,, Wald’s Lemma, and Schwarz’s inequality, we have that
1E(ty) = B[{2a(ty+7)} 1+ B(R,) < JE{2a(ty+7)}+w(—0).
Thus, letting 2? = E(¢,+r), we have the inequality
pua— . (2ax) < rp+w(—0). (3-4)

If (3-4) isreplaced by equality, the resulting equation is easily seen to have two real solutions,
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x* and z~ say, and it follows from (3-4) that 2~ < # < a*. The result (3-3) now follows by
squaring the inequality # < z*.
As a corollary, we obtain for 8 > 0

E(t) < 20p~2+2pw(—0) +7. (3-5)

4. Two LEMMAS

In this section we develop the tools which are necessary to study the asymptotic properties
of K(t) and fB(6) as a—co. Both results concern the stopping time #,. Let 6 > 0 and write
0 +6 = p. Observe that

ty=inf{n > 1:8;, > ¢,},

where X; = X;+0 are N(u,1) (¢ > 1). Let S; = S;—jk %S, (j = 1,..., k—1). Therefore
8y1s ++» Sy, z—1 are independent of S, for each k& > 1. Thus

Prty>k—1|8 =y) = pr(Sy; < ¢;—jky, 1 <j < k—1) = by (a,y),
say, does not depend on 6 for & > 1.

LemmA 4-1. If k— o0 and y— o0 as a—co in such a way that k ~ 2ax and y = ¢;,+2z+o(1),
then lim hy,(a,y) = h(z,2), where
h(z,2) = pr(8;—j6 < 1j/\Jx—z, for all j > 1). (4-1)
Proof. Let 03 = k7j(k—j) denote the variance of S; (j = 1,...,k—1). If y = ¢, +2+0(1),
then
o5 (05— Jylk) > {2ak|(k+r)E{(k+r)E —(j+r)E}/(k—j)t —|2| - 1 (4-2)
2

Hle—jfap=lz] -1
for j < k—m and a sufficiently large. Thus

pr(8Sy; = ¢;—jky, for some j < k—m) < % 1—®{L(j/x)t — |2| — 1},

I=m
which is independent of @ and tends to zero as m—co. By symmetry,
pr(Sy; < ¢;—jk~y, k—m <j < k—1) = pr{Sy; < =k k—j)y, 1 <j < m},
and by Taylor’s theorem
Cp—j— (k=) 7Yy = }jlJz—z+o0(1)

as a—> oo for each fixed j. Because the distribution of (S, ...,8,,) converges to that of
8;—0,...,8,—mb as a—c0,

limpr (Sy; < ¢;—jyfk, k—m <j < k—1) =pr(8;—jb < }j/Jx—2, 1 <j<m) (43)
for each m. The lemma now follows by letting m— o0 in (4:2) and (4-3).

Lemma 4-2. Let 8§ = p(2a)~2(ty— 2ap—2). Then t¥ and R, are asymptotically independent as
a—>00. The asymptotic distribution of t& is N(0, 72), where 12 = 4u~2, and the asymptotic
distribution of R, has density for 0 < z

H;(2) = 2h(u2,2) .
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Proof. The asymptotic normality of #§ is known. See, for example, Siegmund (1969). The
remainder lemma may be deduced from Theorem 4-3 of Woodroofe (1976). However, a simple
direct argument is also possible and we sketch it.

Let I and J = [, #] be finite intervals. Then

1
prifel, Bued) = % | Iul@.y) jopsexp {1y —kw)/kydy,

k*elJ Ly
where L;, = [¢;+a,c;+ f]. Since hy(a,y) < hy(a, ¢, +a) for ye L, and since k ~ 2au~2 for
k*el,
limsuppr (t§el,Re J) < OI[7)(B—a)h(12, ).
A similar lower bound with &(x~2, #) replacing h(x~2, «) is easily obtained, and the lemma
then follows from the monotonicity of h(x2,.).
The mean of H, can be computed as

WO) =1+~ 3 kb du), (+4)
" k=1

where () = ¢(x) —2{1 — @(x)} for 2 > 0. Moreover, it can be shown that R, and ¢}2 are
uniformly integrable. We refer the reader to Woodroofe (1976) for details.

5. AsymproTIics: THE POWER FUNCTION

In this section we derive asymptotic expressions for f( — &) as @ —co. We begin by showing
that as a o0

B(—8)=1—B(8) ~ k(r,8) Jac 2, (51)

k(r,8) = ifaﬂfwlh(x 2) exp(—i - 1—) dz dx
’ NrJo Jo 27 Jr o 2
and his as in (4-1).
To establish (5-1), let & (a,y) = pr (t > k—1|S;, = y); then k¥ (a,.) < hy(a, . ), so that for
0<b< oo,

where

p-0= % [ @oanmsuiby

Mo [cktd Ny ck+b
<2 [T menanpsupa E -0 (%)
= 5,(5) +5,(0),

say. Let s; = s;(a,b) denote the kth summand in S, (b). If £ ~ 2az as a— o0, then

_ 1 b Lo, 2
S = :/_(—2?16—)‘[0 hk(az,ck+z)ex1g){—§c (ch+2c,2+2 )} dz

;e—a bk(x ) (_Z "\a
2./(max) 0o #)exp W %
so that
. e® 1 (oo 1 -z r
hm%Sa ) = %fo fo Txh(x, z)exp (792 - %) dz,
which approaches k(r, §) as b—co. A similar, somewhat simpler, argument will show that

e? -b r

lim\/_a () =«717;f:—2exp(7§—%) dx,
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which approaches zero as b—>o0. By letting a— 00 and b-> o, in that order, it now follows
easily that lim sup a—%e?8( — &) < k(r, 8). A corresponding lower bound may be established as
follows. One first observes that for y > ¢,

i (a,y) 2 by (a,y) —pr (Sy; > ¢;+cyjfk—2j9, for some j < k). (5-2)
One then shows that the second term in (5-2) tends to zero as @ oo uniformly in k < an,
for any « < 1. Letting 85 (b) = s,(a,b) + ... +5,,, (a,b), one then has
a~te?B(—0) > a—1eaS. (b) +o(1)

as a—>o0 for any b > 0 and « < 1. The lower bound may now be established by letting
a->00, b—o0 and - 1, in that order.

The expression for k(r,d) may be simplified to a form that is amenable to numerical
computation. To see this let

J(z) = f:k(x, z)exp (—z[Jz)dz (x > 0),

so that k(r, &) is the integral of z~3J(z) exp (— }r/x). We will show that

7@) = Jaexp| -2 £ 110{~ }(tjo)h] (5:3)

for > 0.

The proof of (5-3) uses Spitzer’s (1960) identity; see also Feller (1966), pp. 575-6). For
notational simplicity let Z,, Z,, ... denote independent standard normal random variables
and let 7, = Z, +... 4+ Z,. Further, for @ > 0, let M = sup {7}, —na:n > 1} and let G(. ;)
denote the distribution function of M. Then h(z,z) = G(—2z;3x1) for z > 0. For s > 0, the
following identity may be established by integration by parts:

© 0
f e~G(—2z;0)dz = g—j (1—e®)G(dz;) = —::E(l —e™sM7),
0 — 00
where + denote positive and negative parts; for example M/~ = max (0, — M). Moreover,
if E{exp (sM+)} < oo, then
B4 —1) = B(e - o) = (g, (s) - 1} E(e™"), (54)

where ¢, denotes the moment generating function of Z, —«. The second equality in (5-4)
follows from the fact that M = (Z;—a)+ M7, where M is independent of Z; and has the
same distribution as M+,

Finally, when specialized to the N(—a, 1) distribution, Spitzer’s identity asserts that

log E(esM*) = 121 k*lf: (e — l)ﬁexp{—;}(x+ka)2} dx

= S, 6 O(s—) B} — O~ b

for s < 0. It then follows from considerations of analyticity that the identity continues to
hold for 0 < s < 2a. In the latter range, 0 < ¢,(s) < 1, so that

E(esM*) = I?;S_(_s) exp ( — k§1 k[ @(— e \JE) + Df(oc — 8) |/ K} ¢a(s)’°]) .

Equation (5-1) now follows by letting s 2 and setting o = %,/2.
The evaluation of &(r, 8) is now straightforward; see Table 5-1.















