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SECOND ORDER APPROXIMATIONS FOR SEQUENTIAL
POINT AND INTERVAL ESTIMATION!

BY MICHAEL WOODROOFE
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Several stopping times which arise from problems of sequential esti-
mation may be written in the form ¢, = inf {n = m: S < cn2L(n)} where
Su, n 2 1, are the partial sums of i.i.d. positive random variables, « > 1,
L(n) is a convergent sequence, and c is a positive parameter which is often
allowed to approach zero. In this paper we find the asymptotic distri-
bution of the excess R. = ct,* — S, as ¢ — 0 and use it to obtain sharp
estimates for E{t;}. We then apply our results to obtain second order
approximations to the expected sample size and risk of some sequential
procedures for estimation.

1. Introduction. Several stopping times which arise from problems in se-
quential point and interval estimation may be written in the form

(1.1) " t,=inf{n = m: S, < cn*L(n)},

where S,, n > 1, are the partial sums of i.i.d. positive random variables X,
Xy oo+, L(n) is a convergent sequence, a« > 1, m > 1, and c is a positive pa-
rameter (which is often allowed to approach zero). In particular, the stopping
times for the sequential procedures proposed by Robbins (1959), Chow and
Robbins (1965), Starr (1966a, 1966 b), Starr and Woodroofe (1972), and Ghosh
et al. (1976) are all of this form.

The analyses of these and related sequential procedures often use the inequality

ot — 1)L(t, — 1) £ 8, < ct,2L(t,) ,

which is valid on 7, > m, to estimate the risk function and/or expected sample
size (see, in particular, [10], [14] and [15]). In this paper we will find the
asymptotic distribution of the difference

(1.2) R, = et L(t) — S,

as ¢ — 0, under some modest conditions on L and the distribution of X,. This
asymptotic distribution is then used to refine some of the approximations
mentioned above.

In Section 2 we find and study the asymptotic distribution of R, and use it
to compute E{t,} up to terms which are o(1) as ¢ — 0. In Sections 3 and 4 we
apply the results of Section 2 to some specific problems in sequential point
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and interval estimation. Here is one of the applications. Let Y,,Y,, ... be
independent normally distributed random variables with unknown mean 6 and
unknown variance ¢°. We suppose that we may observe as many of Y., Y,, - .-
as we please,Athat at some time we must stop observing the process and report
an estimate 6 of 6, andA that if we stop at time »n and report the estimate 6 we
incur the loss L, = A0 — 6)* + n. If o were known, it would be optimal
(best invariant) to take n, = o A* observations and to estimate # by ¥, in which
case our expected loss is E{L,,o} = 2n,. For the case of unknown ¢%, Robbins
(1959) proposed the following sequential procedure: let

N=inf{fn = m:n > 6,44},

where m > 2 and é,’ denotes the unbiased sample variance, take N observations
and estimate 6 by ¥,. We show that if m > 4, then

(1.3) E[N}=ny+ {07 — § 4 o(1) and E{Ly} = 2n, + 4 + o(1)
as A — oo, where v is a constant whose computation is discussed in Section 2.
The terms of order n, in (1.3) were known, as was the fact that E{N — n} and

E{L,} — 2n, are bounded. However, the evaluation of the O(1) terms is (to the
best of our knowledge) new. :

2. Preliminaries. In this section X, X,, - - - will denote i.i.d. positive random
variables. We suppose that the mean ; = E{X,} and the variance 7> = E{X*} —
¢ are both finite and positive. We suppose also that X, has a density f which
is continuous a.e. and that some power of the characteristic function of X, is
integrable. Finally, we suppose that L is a positive continuous function on
[0, oo) for which

(2.1) L(x) =1 4 Lyx™' 4 o(x™Y)
as x — oo, where —oo < L, < oo. These are standing assumptions.
Let 8 = 1/(a« — 1) and 2 = pfc~#; it is known that 2%, — 1 w.p. 1 and that
1= At — 2)

is asymptotically normal with mean 0 and variance B*z*u~* as ¢ — 0 (see, for
example, [2]). Our second order approximations require this result and the
asymptotic distribution of R,. In fact, we give the asymptotic joint distribution
of R, and 1. *.

THEOREM 2.1. R, and t,* are asymptotically independent as ¢ — 0. The asymp-
totic distribution of t,* is normal with mean 0 and variance B*z*n=*, and the asymp-
totic distribution H of R, has density h = H', where

(2:2) h(y) = Bp~'P{S; =< jap — y, forall j = 1}, y>0.

The proof of Theorem 2.1 is similar to that of Theorem 4.3 of [18]. Alterna-
tively, the asymptotic distribution of R, may be deduced from Theorem 1 of
Lai and Siegmund (1975). We omit the details.
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It is possible to derive a useful expression for the characteristic function A of
H. Let X/ = X, — ay and let F, and ¢, denote the distribution function and
characteristic function of X/, respectively. Also let S,’ = X/ + .- + X,/,

n>1, and
M = max{S, : k = 1}.

We use a result of Spitzer (1960) which asserts that the characteristic function
of M+ = max {M, 0} is

w(t) = exp{ L. 07t 7 (e — 1) dF **(x)}, teR,
where * denotes convolution. (See also Feller (1966), page 576.)

THEOREM 2.2. The characteristic function and mean of H are given by

(2.3) A1) = (L) 191 — 1w(—) £ 0
1t
(2.4) v = EB;T [(x = 17 + ] = 5 nE((S, — nau)*}.

Proor. Let G denote the distribution function of M- = max {—M, 0}. Then
h(y) = Bu~[1 — G(y)] for y > 0, so that

A(t) = <l_ﬁ?) E{et™ — 1}, t+0,

by an integration by parts. Since M = X/ 4 M,*, where M, is independent of
X, and has the same distribution as M, we find
Efe"™ — 1) = E[e™ — e~} = [$(—1) — 1w(—1).
This establishes (2.3), and (2.4) then follows by differentiation.
ExampLE. If X, has the gamma distribution, say
flx) = T'(a)~b°x*—teb=, x>0,

where @ > 0 and b > 0, then it is possible to relate v to the incomplete gamma

function
G(a; x) = {gy*levady, x>0.

Let us write v,(a, b) for v in (2.4). Then v,(a, b) = b~'y,(a, 1). Moreover, when
b=1, g =a, t* = a, and

E{(S, — nap)*} = T'(na)~Y{(naa)*e-"** — na(a — 1)G(na; naa)} .

TABLE 2.1
Values of va(a, 1)
ala 2.0 2.5 3.0 4.0
) .410 .520 .634 .864
1.0 .147 .963 1.187 1.647

2.9 1.343 1.777 2.229 3.163
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Thus, v,(a, 1) may be computed to any desired degree of accuracy from tables
of the incomplete gamma function. We include some typical values.

We will now develop an asymptotic expression for E{t,}. We need some
auxiliary results on uniform integrability.

LemMa 2.1. If E{X"} < oo, where r = 2, then (2-'t,)"*~V and R, are domi-
nated.

ProoF. On {t,>m}, we have ct,*~' < Be(t,— 1)*-'L(t,— 1) < Bsup {n~'S,: n>1}
for all ¢ > O for some constant B. The first assertion now follows from the fact
that n=1S,, is a backward martingale and the maximal inequality (Doob (1953),
pages 317-318). The second assertion then follows from R, < ct,°L(t,) —
c(t, — 1)*L(t, — 1) < Bet,~* on {t, > m} for some (possibly new) constant B and
all ¢ > 0.

LEMMA 2.2. Suppose that E{X,"} < oo, where r = 2. Then for y = 2,
Plt, > Ay} <y o(1o¥),
where o(2~%") is uniform in y.

Proor. Let k be the greatest integer in dy. Then ¢, > 1y implies that S, —
kp = ck*L(k) — kp. It is easily seen that ck*L(k) — kp = Lkp[y*—* — 1] for
¥ = 2 and c sufficiently small. Thus, letting S,* = (S, — ky)/ck?, we have

e

Plt, > 2y} £ P{S,* = jpr—ki[y=—* — 1]} < B(k?t - y*Y)~" § 4, S aP,

where A, denotes the event that |S,*| > Lur~%?#[2*-' — 1]. The lemma now
follows from the uniform integrability of |S,*|, which may be deduced from
Theorem 2 of [17].

Let F denote the distribution function of X;. In our next results we will
impose the condition

(2.5) F(x) < Bx*, forall x>0,

for some B > 0 and a > 0. Of course, if (2.5) holds for all sufficiently small
x, then it holds for all x with a possibly new B but the same a.

LemMMA 2.3. Suppose that E{X,"} < oo, where r = 2, and that (2.5) holds. Then
for 0 < 49, y < 1, we have P{t, < 64} = O(c™) + O(A~"""*) as ¢ — 0.

THEOREM 2.3. Suppose that E{X,"} < oo, where r = 2, and that (2.5) holds. If
(2.6) 0 < s <min{r, 12a — 1)r} and ma > 18s,
then [t *|° are uniformly integrable.

The proofs of Lemma 2.3 and Theorem 2.3 are technical. They will be given
in Section 5.

THEOREM 2.4. Suppose that (2.5) holds and that E{X,"} < oo for some r > 2.
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If rQa — 1) > 4 and ma > f, then
Eft) = A+ By — pL, — pafept + o(1)
as ¢ — 0, where v is as in (2.4).
Proor. By Wald’s lemma and some simple algebra, we have
(2.7) pE{t} = cE{t,"L(t,) — R} = cE{t,"} + pL, — v + o(1) .

Here we also use Theorem 2.2 and Lemma 2.1 to estimate E{R,} and Lemma
2.1 to estimate E{ct,*~'}. Subtracting x4 from both sides of (2.7) and expanding
t,% in a Taylor series about 4%, we now find that

pEjt, — 2} = cE{t,* — 2} + pLo — v + o(1)
— apE{t, — 2} + ya(a — 1)eERAt, — 2} + pLo — v + o(1) »
where [, — 2| < |t, — 4. Let W = cp=a,5-%(t, — 2)* = (4,4-Y)*—%*. Then W
converges in distribution to (8%%¢~%)y,?, and
Eft, — 2} = Bu~'y — BL, — aE(W} + o(1),

so it will suffice to show that lim E{W} = fr,n~%.

Suppose first that « > 2 and let 4 be the event that 7, < 24. Then
lim E{W1,} = p*z*p~* by Theorem 2.3, since 2,4-! is bounded on A4 and #,** is
uniformly integrable. Moreover, on A’ we have W < 2'-“¢,%, so that

o WAP < 2§y, 5 (A7) dP,

which tends to zero as ¢ — 0 by Lemma 2.2.
For the case & < 2, we show that (4, - 2-%)*-? is bounded. Let A be the event
that t, > 4. Then (4, - 2-%)*~* < 4*-% on 4; and on A4,

0=1t"— 2= al*Y(t, — 2) + ta(a — D)A*72(t, — A)?
> —ad® 4 fa(a — 1)2,°72- 22,
or (4, - 271)** < 88. That lim E{W} = f%*y~? now follows from the uniform
integrability of ¢,**.
3. Sequential point estimation.
3.1. The normal case. LetY,, Y,, --- be i.i.d. normally distributed random
p-vectors with unknown mean 6 € R? and unknown, nonsingular covariance

matrix X. We suppose that we may observe as many of Y, Y,, ... as we please
and that if we stop with Y, then we incur the loss

L, = A7, — 6] +n,

where denotes the Euclidean norm and 4 > 0. It is easily seen that
E{L,} = An~'tr (£) 4+ n is minimized by letting n = n, = (4 tr (£))* in which
case E{L,} = 2n,. For the case of unknown X Robbins (1959) suggested the
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following sequential procedure. Let

I L DIV A AL A "

and

v
[\S)

n—1

N=inf{n=m:n> k(Adtr ()1},

where m > 2 is the initial sample size and k, — 1 as n — oo.
The random variable N may be written in the form 7, 4 1, where ¢, is as in
(1.1). To see this, let

v

(3.2) W= (T8 Y, — KN}, k=1,

(k(k + 1)t
so that W, W,, ... are independent random variables which are normally dis-
tributed with mean 0 and covariance matrix X, and observe that (n — 1)2, =
wWWwy + .- + W, W,_ forn=2. LetX, =|W,]?for k= 1. Then
m—DtrE)=X 4+ -+ X,_,=S,_,, say.

Thus, letting ¢ = 1/4 and L(n) = (n + 1)¥r’k%,,, we find that N =1, + 1,
where t, = inf{n = m — 1: S, < cn®L(n)}. We observe that the distribution of
X, satisfies the standing assumptions of Section 2. It also satisfies (2.5) with
a = 4p. This is clear if p = 1. For the general case, let C be an orthogonal
matrix for which CXC’ is diagonal and let Z = CW,. Then X, = ||Z|]’ =
Z*+ - + Z2 sothat P{X, < x} < T[7, P{Z < x}. Relation (2.5) follows
easily.

In the following, denote the mean and variance of X, by

¢ = tr (Z) and 2 = 21tr (22) .

THEOREM 3.1. Suppose that k, =1 + An~' 4 o(n")as n—oco. If m > 14
p~l, then

(3.3) E{N}=ny+ A + Lp~v — 3p~2* + o(1)
as A — oo, where v is as in (2.4). Moreover, if m > 1 4 2p~', then, as A — oo,
3.4) E{Ly} = 2n, 4+ %pc* + 0(1) .

Proor. (3.3) is an immediate consequence of Theorem 2.4. Indeed, since X;
has moments of all orders, the relevant condition is Jp(m — 1) > g = 1, and
this is equivalent to m > 1 + p~%.

To establish (3.4) we use the fact that Nand N J.*(Y — 0) are independent (see
[13], page 1175). It follows that

E{Ly} = E{AN-'tr (£) + N} = 2n, + E{N-N — n,)*} .
A simple application of Lemma 2.2 and Theorem 2.3 (with s = 2) then yields

lim E{N-Y(N — ny)’} = 7°/4,* as A — oo, to complete the proof.
Equation (3.4) asserts that the asymptotic regret of the sequential procedure





















