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SECOND ORDER APPROXIMATIONS FOR SEQUENTIAL
POINT AND INTERVAL ESTIMATION!

BY MICHAEL WOODROOFE
The University of Michigan

Several stopping times which arise from problems of sequential esti-
mation may be written in the form ¢, = inf {n = m: S < cn2L(n)} where
Su, n 2 1, are the partial sums of i.i.d. positive random variables, « > 1,
L(n) is a convergent sequence, and c is a positive parameter which is often
allowed to approach zero. In this paper we find the asymptotic distri-
bution of the excess R. = ct,* — S, as ¢ — 0 and use it to obtain sharp
estimates for E{t;}. We then apply our results to obtain second order
approximations to the expected sample size and risk of some sequential
procedures for estimation.

1. Introduction. Several stopping times which arise from problems in se-
quential point and interval estimation may be written in the form

(1.1) " t,=inf{n = m: S, < cn*L(n)},

where S,, n > 1, are the partial sums of i.i.d. positive random variables X,
Xy oo+, L(n) is a convergent sequence, a« > 1, m > 1, and c is a positive pa-
rameter (which is often allowed to approach zero). In particular, the stopping
times for the sequential procedures proposed by Robbins (1959), Chow and
Robbins (1965), Starr (1966a, 1966 b), Starr and Woodroofe (1972), and Ghosh
et al. (1976) are all of this form.

The analyses of these and related sequential procedures often use the inequality

ot — 1)L(t, — 1) £ 8, < ct,2L(t,) ,

which is valid on 7, > m, to estimate the risk function and/or expected sample
size (see, in particular, [10], [14] and [15]). In this paper we will find the
asymptotic distribution of the difference

(1.2) R, = et L(t) — S,

as ¢ — 0, under some modest conditions on L and the distribution of X,. This
asymptotic distribution is then used to refine some of the approximations
mentioned above.

In Section 2 we find and study the asymptotic distribution of R, and use it
to compute E{t,} up to terms which are o(1) as ¢ — 0. In Sections 3 and 4 we
apply the results of Section 2 to some specific problems in sequential point
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