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LARGE DEVIATIONS QOF LIKELIHOOD RATIO STATISTICS
WITH APPLICATIONS TO SEQUENTIAL TESTING!

By MICHAEL WOODROOFE
The University of Michigan

We study the tail of the null distribution of the log likelihood ratio
statistic for testing sharp hypotheses about the parameters of an exponential
family. We show that the classical chisquare approximation is of exactly
the right order of magnitude, although it may be off by a constant factor.
We then apply our results and techniques to find the error probabilities of
a sequential version of the likelihood ratio test. The sequential version
rejects if the likelihood ratio statistic crosses a given barrier by a given
time. Our approach uses a local limit theorem which takes account of
large deviations and integrates the local result by using the theory of
Hausdorff measures.

1. Introduction. Let &= {P,: w € Q} denote a p-dimensional exponential
family, say,

Py _ explox — g(o)}

dy xeR, weQ,

with respect to a sigma finite measure ¢ on ZZ(R?). Here’ denotes transpose,
and Q denotes the natural parameter space of the family. We suppose through-
out this paper that Q is an open subset of R? and that ¢ is strictly convex on Q. The
former condition is a minor restriction, but the latter is not since it may always
be achieved by an appropriate reparameterization.

Recall that if X ~ P,, then E (X) = V¢(w) and Cov, (X) = V¥¢)(w), where V
and V2 denote gradient and Hessian, respectively. Let I' = V¢(Q) be the set of
possible expectations of the family and observe that

(1) P(x) = supg 0'x — ¢(w)
is finite for all xe I'. In fact, the supremum in (1) is attained uniquely at @ =
@(x), where V¢(a) = x.

Next let Q, be a g-dimensional, C* submanifold of Q with 0 < ¢ < p and let

@) Bo(x) = supy, @'x — P(o) , xel .
If X,, X,, - -- are i.i.d. with common distribution P, for some unknown o e Q,
then the (logarithm of the inverse of the) likelihood ratio statistic for testing
H,: weQ,is

A, = n[¢(n71S,) — go(n72S,)] s

Received December 1976; revised June 1977.

1 Research supported by the National Institutes of Health under GM 20507.

AMS 1970 subject classifications. Primary 62E20; Secondary 62G10.

Key words and phrases. Large deviations, local limit theorems, Hausdorff measures, ex-
ponential families, sequential tests, conditional probabilities.

72



LARGE DEVIATIONS OF LIKELIHOOD RATIOS 73

where S, = X, + .-+ 4 X,, n = 1. Of course, in order for A, to be meaning-
ful, we need an additional condition. We suppose throughout the paper that for
some integer nyg, n='S, e I' w.p. 1 for alln = n,. Then A, is well defined for all
n = n,.

It is well known that the null distribution of 2A, converges weakly to a chi-
square distribution on r = p — ¢ degrees of freedom. Here we will supplement
this information by finding the exact rate at which P,*{A, = ne¢} tends to zero
as n — oo for fixed ¢ > 0 and for ¢ = ¢, — 0 with ne, — co when we Q,. In
fact, we shall prove the following (under conditions which are detailed in
Section 2): if w € Q,, then for sufficiently small ¢ > 0,

(3) P,~{A, = ne} ~ c(ne)tr—le—n

as n — oo, where r = p — g and ¢ = ¢(w, ¢) is a positive constant which is de-
fined in Section 3. The conditions require the existence and uniqueness of the
maximum likelihood estimator under the assumption that H, is true and the
applicability of the local limit theorem.

It is of interest to compare (3) with the estimate suggested by the asymptotic
distribution of A,, namely

P31, = e} ~ D(3r) (ne)ir—ie=
as n — co. It is especially interesting that this incorrect estimate tends to zero
at exactly the same rate as the correct one (3), although the constants ¢ and

I'(3r)* may differ. We will also prove (under the same conditions): if ¢ = ¢, —
0 with ne, — oo, then

(4) P, = ne} ~ T(3r)(ne)ir-te=

as n — co. That is, the chi-square approximation is accurate for deviations of
order o(n)!

We shall also consider a sequential version of the likelihood ratio test. Let
m = n, be an integer and let

(5) t=t,=inf{n=m: A, = a}

fora > 0. If N> m is an integer, we may then form a sequential test of H, by
taking ¢ = min {#, N} observations and deciding for H, if, and only if, r > N.
We prove (under slightly more restrictive conditions): if w € Q,, m ~ ad,~?, and
N ~ ad,7?, where 0 < 0, < 0,, then

(6) P,*{t < N} ~ Katre—*

as a — oo, where K = K(w, d,, 0,) is a positive constant which is defined in
Section 4.

We are aware of several related papers. Borovkov and Rogozin (1965) have
developed some general techniques for estimating probabilities of large devi-
ations, and we shall use their results. In the special case that H, is simple, (3)
is an easy consequence of their work. Efron and Truax (1968) have given an
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expression for the power of the likelihood ratio test against nonlocal alternatives,
again in the case of a simple hypothesis; and Brown (1971) has given an expres-
sion for log P,*{A, = ne} in a more general context than the one which we
consider.

The form of the stopping time ¢ = 7, was inspired by the papers of Armitage
(1957) and Schwarz (1962, 1968). We include an example which shows how
our results may be used to approximate the error probabilities of Schwarz’
approximation to optimal Bayesian sequential tests. Analogues of relation (6)
have been developed by Woodroofe (1976) and Berk (1976) in the context of a
normal distribution with unknown mean and known variance and by Lai and
Siegmund (1977) in the context of a one-parameter exponential family.

2. Preliminaries. Our main results (3), (4), and (6) require the computation
of probabilities for fixed, but arbitrary, o € Q,, say w = «°. Some simplification
may be obtained by supposing

(7 =0, Vp0) =0, and ¢0)=0.

Moreover, there is no loss of generality in making this assumption, since it may
be achieved by a simple reparameterization. Hence, we suppose throughout that
(7) holds.

Equation (7) and the italicized assumptions in the introduction are standing
assumptions. They will not be repeated in the statements of our lemmas and
theorems. In addition, it will be convenient to have names for two optional
assumptions.

M: for all xe ', the supremum in (2) is attained uniquely at a point &, =
dy(x) e Q, n Q. Here ~ denotes closure in R?.

L: for some integer n, S, has a bounded continuous density f,* with respect
to Lebesgue measure on Z(R?).

In condition M, it is easy to see that the uniqueness of @ and @, imply their
continuity.

If condition L is satisfied and if n, denotes the minimum value of n for which
S, has a bounded continuous density, then S, has a bounded continuous density
for all n > n,. The result of Borovkov and Rogozin (1965) may now be stated.

ProrosITION 1. If conditional L is satisfied, then as n — oo
(8) fir(nx) ~ (2an)=¥#|X(x)[ e,
where X(x) = V*¢[@(x)]. The limit in (8) is attained uniformly on compact subsets
of T.

We will need some properties of the Hausdorff measures H,", 0 < r < p, in
R?. For G C R, let |G| denote the diameter of G and for B C R” let

H,"(B) = lim,_, 27"A, inf {3172, |G,|": B C Ui, G, |Gy < e, i = 1},
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where A, = I'(3)'T'(4r 4 1)~ denotes the volume of the unit ball in R". Then
H," is an outer measure and all Borel sets are H,-measurable. H ' is counting
measure and H,? is Lebesgue measure L?.

The following result is specialized from Federer (1969, Theorems 3.2.5 and
3.2.22). Let p,q =1, let We &%(R?), and let g: R* — R’ be continuously dif-
ferentiable on a neighborhood of W. Further, let

Do) =[ 37 4% p).
and
Jo(x) = |Dg(x)Dg(x)|: g = p
= |Dg(x)’Dg(x)|: ¢ = p -
Finally, let n(g, y) = cardinality {x e W: g(x) = y} for y e R.

PROPOSITION 2. Let g be as above. If p < q and if f: g(W) — R' is a bounded
measurable function, then

©) Vwfog - Jydl? = §, f(y)n(9, ) dH7(y) -
If p=r=gqandif f W— R is a nonnegative measurable function, then
(10) Swf o JydHy = Sy [$o-100 (%) dH,0(x)] dL(y) -

It follows from (9) that if § < R¢ is a nice p-dimensional surface in R?, then
H *(S) is just the p-dimensional surface areas of S as defined, for example, by
Edwards (1973), pages 330-344.

We may now state the following corollary.

COROLLARY 1. Suppose that condition L is satisfied and let u be a positive bounded
measurable function on T'. If 0 < ¢, —¢ = 0 and ne, — oo, then for any 6 > 0

(1 1) SAann u(n_lsn) dPOOO

- (”2*% cemmnn {530 1 (s L) e 1+ 0()] + o)}

n
as n — oo, where
(12) I(e, 8) = §ymcrapyus ¥(X)J(X) 7 dH PN (x)
(13) Jx) = [Z)PFlle)]] -
This is effectively Theorem 2 of Borovkov and Rogozin (1965), except that
the Jacobian term J,(x) = ||@(x)|| was apparently omitted there. The corollary

may be formally verified by combining (8) and (10) and making an appropriate
change of variables.

3. Large deviations. In this section we give precise statements of (3) and (4).
The definition of ¢ and the quantification of “sufficiently small” in (3) require
some preliminary notation.
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We first suppose that Q, is a g-dimensional, C* submanifold of Q with 0 <
g9 < p- We may then choose local coordinates a: ® — Q, with a(0) = 0. Here
0O is an open subset of R? and « is a one-to-one, twice continuously differentiable
function on © for which Da(6) is of full rank for all ¢ ®, if ¢ > 1. If g =0,
then O is a singleton.

Suppose now that condition M is satisfied and let T', = {xeT': @y(x) € a(0)}.
Then T', is open in R? and 0 e I',. Moreover, for xe T, wo(x) = a[f(x)], where
6(x) is the (unique) point in © at which g(x, ) = xX'a() — ¢ o a(6) attains its
maximum. If ¢ > 1, let Q(x, ) = —V,%(x, 6), so

0(x, 0) = Da(Oy V{a(@))Da(t) — Tty {x — 35 [a(O)]} Ver 0

for xeT', and 6 € ©; and let T', be the set of x e I, for which Q(x, 0) is positive
definite. If ¢ =0, let ', = T',. In either case, T, is open in R? and 0 e T',.

To quantify “sufficiently small,” let B, = {x e I': ¢(x) < ¢} for ¢ > 0 and ob-
serve that each B, is a compact neighborhood of 0 ¢ R?. Next let

& = sup {@(x) : dy(x) = 0}, e, =supf{e: B, c Iy}, and

€ = min {e, ¢,} .
Then, 0 < ¢, < oo and for 0 < ¢ < ¢,
(14) M, = {xeT:ad(x) =0, ¢(x) = ¢}
is an (r — 1)-dimensional submanifold of I, where r = p — 4.

THEOREM 1. Suppose that Q, is a g-dimensional, C* submanifold of Q, where
0 < g < p, and that conditions M and L are satisfied. If u is a positive, bounded,
continuous function on I and 0 < ¢ < ¢,, then as n — oo,

(15) SAnzne u(n_lsn) dPOOO ~ C(ll, 8)(”6)*"%'“ s

where
c(u, ¢) = (27t)_*re_5'+1 SME u(x)k(x)j(x)—l de'_l(x)
with
k(x) = |Q(x, 0)[*| Da(0)' Dar(0)|*

ifg=1and k(x) = 1if g =0. Here jisasin (13). Moreover, the limit in (15)
is attained uniformly on compact subintervals of (0, &).

REMARKS. 1. Of course, (15) contains (3) as a special case with ¢ = (1, ¢).

2. If ¢ > ¢, then the left side of (15) is of exponentially smaller order than
e ". For then ¢ — ¢, > ¢ implies ¢ = ¢’ for some ¢’ > ¢, so the result follows
by applying Theorem 1 to H,: = 0, or directly from Theorem 2 of [3].

3. The definition of ¢, depends on the local coordinates a through a(©). It
is desirable to choose a in such a manner that a(®) is as large as possible.

4. If Q, is a linear hypothesis, say Q, = {40: 6 c O}, where © is an open
subset of R? and A is of full rank, then Q(x, §) = A'V*)[ A0]A is positive definite
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forallxeI'and all 6 € ©. It follows that I', = I', = T and that ¢, = sup {¢(x):
@(x) = 0}. Moreover, it is easily seen that @,(x) = 0 if, and only if, 4'x = 0,
so that ¢, = oo if I' N null space (4’) is unbounded.

THEOREM 2. Suppose Q, is a q-dimensional, C* submanifold of Q with 0 < ¢ <
p and that conditions M and L are satisfied. If ¢ = ¢, — 0 with ne, — oo, then as

n— oo,
(16) , P{A, = ne} ~ T(4r)~(ne)tr-1e= .

The main steps in the proof of Theorem 1 are outlined in the appendix. The
proof of Theorem 2 is similar and will be omitted.

EXAMPLE 1. Suppose that Y = (Y7, Y?) where Y* and Y? are independent
exponentially distributed random variables with means 1/6, and 1/6, for some
unknown values of 6, > 0 and 6, > 0 and that we wish to test H,: §, = 6,. In
this case the null distribution of A, is independent of the common mean. We
study it when ¢° = (1, 1. The transformation x* = y* — 1 and w, = 1 — 8,
i =1, 2, then reduces the problem to one in which (7) is satisfied with I' =
(=1, 0)* and Q = (—oo, 1) Tt is easy to check that conditions M and L are
satisfied and that ¢, = co. Moreover, simple calculations yield

o(1,¢) = fre (1 — e*)(2 — e~)}~.

Fore < 2, ¢(1, ¢) is remarkably close to ¢(1, 0) = z~*. The ratio ¢(1, e)/c(1, 0)
decreases to a minimum of .9547 + near ¢ = .46 and then increases. At e — 2,
its value is only 1.1138. Of course, ¢(1, ¢) — co as ¢ — oo.

4. A sequential likelihood ratio test. Letg = ¢ — ¢, sothat A, = ng(n=1S,),
and let

(17) t =1, =inf{n = m: ng(n='S,) = a}

for a > 0, where m > n,. Further, let N > m be an integer. Then we may
form a sequential test of H, by taking ¢ = min {z, N} observations and deciding
in favor of H, if, and only if, r > N. We will study the probability of a type 1

error, 3 = Py*{t < N} as a — co under the assumption that m ~ ad,”* and N ~

ad,™', where 0 < 9, < 0, < ¢,. We suppose throughout this section that condition
L is satisfied. '

To motivate our approach, we observe that
(18) P>{t = n} = (4 0 Uy o(n7'S,) dPy
where

Upo(y) = P{t >n—1|n7'S, = y}.

The right side of equation (18) is of the same form as the left side of equation
(15) with u = u, , and ne = a. Thus we need an estimate for the conditional
probability u,, ,.

Recall that S, has a bounded continuous density f;* for n > n,. Let hbe any
























