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Let X,, X;, ..+ be iid. random variables whose common distribution
function F is in the domain of attraction of a nonnormal stable distribution.
A simple, probabilistic proof of the convergence of the normalized partial
sums to the stable distribution is given. The proof makes use of an elementary
property of order statistics and clarifies the manner in which the largest few
summands determine the limiting distribution. The method is applied to
determine the limiting distribution of self-norming sums and deduce a repre-
sentation for the limiting distribution. The representation affords an expla-
nation of the infinite discontinuities of the limiting densities which occur in
some cases. Application of the technique to prove weak convergence in a
separable Hilbert space is explored.

1. Introduction. Let X denote a random variable; let F' denote its distribution
function; and let 1 — G denote the distribution function of ¥ = |X|, so that G(y) =
P{(Y >y} =F(—=y —) +1— F(y), y > 0. It is well known that X is in the domain of
attraction of a stable law with index a, 0 < a < 2, if and only if there is a function L which
varies slowly at « and a p, 0 < p < 1, for which

(1) G(y) =P{Y >y} = yL(y), y >0,
and
(2) [1-F(»]/G(y)>p and F(-y)/G(y) > q, as y— o,

where ¢ = 1 — p. That is, if X, Xi, Xo, --- are iid., then (1) and (2) are necessary and
sufficient for the existence of normalizing constants @, > 0, n = 1, and b,, n = 1, for which
the normalized partial sums

St=a;"X1+ --- +X,) or S¥r=a;"Xi+ .-+ + X, — nb,)

converge in distribution to a stable law with index . In this case, the normalizing constants
are determined by

(3) nG(a,y) = y°, as n— o, y>0,
and
4) b, = j xdF(x),

-a, n=1.

Classical proofs of these assertions are analytical, using either semigroups of convolution
operators or characteristic functions. See, for example, Feller (1966, Sections 9.6 and 17.5).
Recently, Simon and Stout (1978) have given a probabilistic proof of sufficiency.
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