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ON THE EXPANSION FOR EXPECTED SAMPLE SIZE
IN NON-LINEAR RENEWAL THEORY

By CHARLES HAGW0OD AND MICHAEL WOODROOFE'

Dartmouth College and University of Michigan

An asymptotic expansion for the expected sample size in the non-linear
renewal theorem is shown to hold under an alternative set of regularity
conditions. The alternative set requires fewer moments than existing condi-
tions in an important special case, but is more restrictive in other ways.

Let Xi, X5, - - - be i.i.d. random variables with finite, positive mean and variance 0 < g,
6% < o, and let S,,, n = 0, denote the random walk S, =0and S, =X, + -+ + X,, n = 1.
Further, let &, &, - - - be random variables for which £, is independent of the sequence X,

k > n, for every n = 1, and consider the process

Zn =8, + &n, n=1
Let

T =inf{n=1:8,> a},

te=inf{n=1:Z, > a},
and

R.=2Z,,—a, on ({t,<oo}, a=0,

where the infimum of the empty set is o, by convention. Observe that T = 7, is the first
strict ascending ladder epoch, in the terminology of Feller (1966). It is well known that if

X, does not have an arithmetic distribution, then S,, — a has an asymptotic distribution
H as a — o, where

(1) H{dr} = (1/E(S;)) P{S, > r} dr, r>0.

See, for example, Feller (1966, pages 354-355). Similarly, if X, has an arithmetic distribution
with span d, then S, — a has a limiting distribution as a through multiple of d. In this case
the limiting distribution H is discrete and assigns mass H{kd} = (d/E(S,)) P{S, = kd}
to the points &d, & = 1.

Recently, Lai and Siegmund (1977), Hagwood (1980), and Lalley (1980) have given
conditions under which R, has a limiting distribution. The main result of Lai and Siegmund
is stated for reference.

THEOREM 1. Suppose that there is an a, 2 < a < 1 for which
a
(2) a"'(ta - —) —,0, as a— o,
I

and the following condition holds: for every e > 0 there is a § > 0 for which
@) P{maxo<i=sne|&nsr — &n| =€} <&

for all sufficiently large n. If X does not have an arithmetic distribution, then R, has the
limiting distribution (1) as a — .
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