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ON MODEL SELECTION AND THE ARC SINE LAWS!

By MicHAEL WOODROOFE
University of Michigan

Generalizations of the arc sine laws are shown to provide insight into the
operating characteristics of certain techniques for selecting models to fit a
given data set, when the available models are nested. As a corollary, one sees
that a popular technique may be expected to include about one superfluous
parameter, even if the sample size is large.

1. Introduction. There are several techniques which may be used to select an
appropriate model from a class of available models to fit a given data set. In particular,
Mallows’s (1964, 1973) C, criterion and Akaike’s (1974) entropy maximization criterion
have been recommended for use in model selection. Assuming that one of the available
models is correct, one may inquire about such operating characteristics as the probability
of finding the smallest correct model and the distribution of the number of superfluous
parameters in the model selected. Here these operating characteristics are studied in the
special case that the models are nested—as, for example, in polynomial regression and
moving average models for time series. In this case there is a natural relation between the
operating characteristics and certain generalizations of the arc sine law, as described by
Feller (1966, Chapter 12), for example. Briefly, the selection techniques choose the model
for which a criterion is maximum; and the generalized arc sine laws determine the
distribution of the index for which sums of i.i.d. random variables attain a maximum. So,
if the model selection criteria form sums of i.i.d. random variables, the arc sine laws may
be used to determine the distribution of the index of the model selected.

In Section 2 the relation between the operating characteristics of Akaike’s technique
and the generalized arc sine laws is indicated in the simplest case—when the data are
independent, normally distributed random variables with unknown means and unit vari-
ances. Then the generalized arc sine laws are reviewed in Section 3, and applied to the
normal case in Section 4. A natural extension then yields the operating characteristics for
Mallows’ C, in Section 5. In Sections 6 and 7, the simple normal example is shown to
provide an asymptotic distribution for the number of superfluous parameters for models
with a well-behaved likelihood function and a large sample size. As a corollary, it is noted
that Akaike’s technique is inconsistent in large samples. The same is true of Mallows’ C,,
but not of Schwarz’s (1978) Bayesian criterion. These remarks are detailed in Section 8.

There are several related articles. The formulation of the problem as one of selecting
from multiple hypotheses is similar to that in Anderson’s (1962) determination of the
degree to use in polynomial regression. Anderson developed optimal procedures. The
emphasis here is on the properties of suboptimal, though closely related, procedures. That
Akaike’s technique is inconsistent in large samples was shown by Shibata (1976) for
autoregressive processes and more generally by Hinkley (1976) in an unpublished manu-
script. Much of the present Section 6 was anticipated in the latter. Recently, Shibata (1980,
1981) has studied model selection techniques under a different limiting operation. Under
this operation, Akaike’s technique and Mallows’s C, are asymptotically efficient.

2. Akaike’s Criterion. This technique starts with a large model which is assumed
to be correct, but possibly redundant, and eliminates parameters which appear to be
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superfluous. Thus, let X = (Xj, - -+, X,.)’ denote a random column vector having a density
f(.;0), where 8 = (6, - - -, )" is a vector of unknown parameters taking values in an open
subset Q C R* forj =0, --- , k, let

Q,={0€:0,=0,i=7+1, - ---,k};

and let H;: § € Q; be the assertion that the smaller model, with £ replaced by £;, contains
the true distribution of X. Thus, the models are assumed to be nested, as in polynomial
regression or moving average models for time series. Next, let

A j = supyeq, log f(X; 0)

be the maximum value of the log likelihood, assuming Q,, j = 0, - .., k. Then Akaike’s
technique selects the model for which
AIC(j) = A, — j = max.

Now let 8° denote the true value of the parameter. That is, suppose that X has density
f(+; 8%. Then Akaike’s technique selects the model for which

AIC*(j) = A} —j = max,
where A} = supyeq, log f(X; 8) — log f(X; 6°)

is the log likelihood ratio statistic for testing § = §° vs. § € Q,,j =0, .-, k. Thus, the
index of the model selected is

(1) Jr = min[j: AIC(j) = maxo<;<r AIC(D)];

and AIC may be replaced by AIC*.

To see the relation between Akaike’s Criterion and the generalized arc sine laws,
consider the simple special case in which n = &, X, --., X, are independently, normally
distributed random variables with unknown means #,, ... , 8, and unit variances, and §°
= (0, --.,0). Then,

1. . 1
AIC*(])=§ L Xi— =YY", <§X?—1>=S,-, say,

for j =0, -+, k. Observe that S;, - .., S, form an initial segment of a random walk with
negative drift, since E(% X? — 1) = =%,i=1, --., k. Thus,
(2) Jr = min{j: S; = max<i<x Si};

and o/ is the number of superfluous parameters included, since §° = 0. The distribution of
random variables of the form J, have been studied extensively in the context of general
random walks S;, S, - - - . Some of the relevant results are reviewed in the next section.

3. The generalized arc sine laws. Let Y;, Y,, .- be any sequence of i.i.d. random
variables, and let S, j = 0, denote the associated random walk, Sy =0and S;=Y, + ...
+ Y,,j = 1. Further, let po = go = 1,

pj=P{Sl>O,"',Sj>O}

and

q;=P{8=<0,...,5,<0}, j=1
Then
(3) P{J.=j} =piqr-j, forO0<j=k k=1,

where J,, k = 1, are defined by (2). The quantities p,, j = 0, and ¢;, j = 0, may be
determined from the generating functions
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4) P(s)=Y7op;s’ and Q(s) =Y7og;s/, 0<s<l,
in view of the following, remarkable identities. Let

a,=P{S,>0}, n=1;

then

(5a) P(s) = exp{z;ﬁ;l % a,.s"} , 0<s<1,
and

(5b) 7 Q(s) = exp{Z;‘Ll % 1- an)s"} , 0<s<l1.

For example, if Y, has a continuous, symmetric distribution, then a, = % for all n = 1, so
-1 -1

that P(s) = Q(s) = 1/¥(1 — 5),0 <s < 1,and P{Js = j} = (—1)’*( /2 2 _/2].) for0=<j
< k and £ = 1. That is, J; has the classical, discrete arc sine distribution as described by
Feller (1968, Chapter 3), for example. The results of this paragraph are taken directly from
Feller (1966, Chapter 12).

The mean and variance of J, may be computed easily from (3). In fact, E(Jz) =
S % 0Jp ;qr-;is the coefficient of s*~' in the expansion of P’(s)@Q(s); and the latter is easily
seen to be a; + - -+ + ax. So,

(6) E(Jy)=a1+ - +ar, k=1

and D(Jk) = Zf=1jl1j - Ez a;a;, k= 1,
I=i<j<k

by a similar argument.

There is natural interest in the distribution of </, when £ is large; and, if E(Y;) <0, then
the latter is easily determined. In fact, if E (Y;) <0, then the series Y &_; n'a, is convergent
and

1
7 limy_,o g = limg: {(1 — 8)Q(s)} = eXp<— Yn=1 - a,.) = ¢., say;

so, P{Jr=J} > q=pj,
as k — o for all j = 0.

4. Normal case. Now reconsider the simple normal case in which X;, ..., X, are
independent normally distributed random variables with means 6, --., 6, and unit
variances. If §, = 0 for all i < &, then AIC*(j) =Y, + --- + Yjforl1 =j <k with Y¥; =
1% X? — 1 for 1 < i < k; and the generalized arc sine laws may be applied directly to find the
distribution of J;, with ‘

a,=P(x}>2), 1=j=<k

For example, the limiting distribution of J; as £ — o is lim Py {J; = j} = qu.p; for j = 0,
where p;, j = 0, are determined from (5) and ¢ is as in (7).

Table 1 lists the exact distribution of ¢/, for £ = 5, 10 and the limiting distribution as &
— o, Observe that the probabilities approach their limits quite quickly, but that the
convergence of E (J}) is slower. Observe also that the limiting distribution assigns slightly
more than 1% of its mass to integers j > 10. Two of the numbers in Tables 1 and 2 are of
special interest. If § = 0 and & is large, then the probability of correctly determining that
0 = 0 is approximately 0.712, but the expected number of superfluous parameters included
is approximately 0.946.

The exact computations for the special case § = 0 provide bounds for the general case.
To see how, let
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TABLE 1
The Distribution of J for k = 5, 10, .
J k=5 k=10 k=o
0 .736 718 712
1 117 113 112
2 .061 .058 .057
3 .038 .035 .035
4 .027 .023 .023
5 .022 .016 .016
6 .012 011
7 .0088 .0083
8 .0067 .0061
9 .0054 .0046
10 .0047 .0035
> 10 0115
E(J2) 571 791 946

The computations were done on an Apple II microcomputer, using formula
(24.4.6) of Abramowitz and Stegun (1970) to compute the Chi squared distribu-
tion function. E(J,) was computed from (6).

8 Y (J; 0) = Po(Jr > ),

forj=0,..-,k,k=1,and 0 ER* If € Q, — Q,_,, where 1 = r < k, then v, (r + j; 6) is
the probability that the criterion includes more than j superfluous parameters in the model
forj=0,.--,k—r—1

THEOREM 1. Forl=r<kandO<j<k-r,

supseg,-o,1 Y& (r +J; 0) = va--(j; 0).

ProOF. LetSo;=0and S;=Y,+ ... + Y;for1<j=<k ThenJ,>r +jiff S,s; >

max(Sy, +++, Sy+;) forsomei<k—r. If0 € Q. — Q,_,, then
Py(Jr>r+j) = Pe{Srvi >max(So, -+, Sr+;), i<k —r}
9 = Pe{Sr+i— S, >max(S, - S, ---,S+;—S,), i<k —r}

= Po{S; > max(Sy, ---,S;),i<k —r} =vy—(J; 0).
Moreover, the difference between the first and second lines in (9) is at most
Py{max(0, Sy, ---, S;4j) >max(S,, ---,S+;),dj=<k—r} = Py{S, <max(0, ---, S,)}

which tends to zero as 8, — .

5. Mallows’s criterion. Now consider a linear model
X=MB+¢,

where M is an n X k matrix of full rank 2 < n and ¢ = (g1, -- -, € ) has the n-variate
normal distribution with mean vector 0 and covariance matrix ¢2I,. Here the unknown
parameters are 8 € R* and ¢ > 0; and the nested models are

Q;i={BERB:=0,i=j+1,---,k)}), 0=<j=<EFk.

Let SSE ; denote the error sum of squares when the model H;: B € Q ;, 0 < ¢ < w is fit; and
let > = SSE,/(n — k) denote the unbiased estimator of ¢2 when all k regression parameters
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are fit. Then
C,=6%8SE, + (2p — n)

has been suggested as a criterion for judging the adequacy of the models H,, 0 < p < k.
See Mallows (1964, 1973) and, for example, Daniel and Wood (1980, pages 86-90). The
distribution of the index

% =min{p: C, = min; <<, C,}

may be found by a natural extension of the techniques of Sections 3 and 4.

Let L, C R* be the linear subspace spanned by the first j columns of M, 1 < j < k; and
let ey, - - - ,.e, be an orthonormal basis for R" for which e, - - - , e, is an orthonormal basis
for L, for 1 =j < k. Then

SSE,=Yr,12% 1<j<k,
where Z,=eY, 1=i=<n,

are independent normally distributed random variables with means §, = e MB for 1 =i <
k, and e;MpB = 0 for k < i < n, and common variance . See, for example, Lehmann (1959,
Section 7.2). It follows that

Co—C,=62Y0,Z - 2p =628},
where Sy=r,(Z}—26%), 1=p=<k
and S =min{j: S} = max;<,<x S/ }.

As in Section 4, the distribution of %, in the special case that 8 = 0 provides a bound for
the general case. Let

An,k(j; ﬂ) = Pa,ﬁ(jk >])
for0<j<k,1<k<n,BER"

THEOREM 1. Forls=r<kandO=<j<k-r,

Supgeg,—a.; Ak (r + 5 B) = Dn—ri—r(J; 0).
The proof of Theorem 1’ is similar to that of Theorem 1 and has been omitted.

Suppose now that 8, = 0 for j = 1, ..., k, so that Z;, ..., Z, are ii.d. normally
distributed random variables with common mean 0 and common variance o2 Then, since
Z,, -+, Zy are independent of 6% the conditional distribution of %, given 6% may be found
from the techniques of Sections 3 and 4. Let

a,t)=P(x}>2t), t>0,j=1;

let p,(¢) and g,(t), j = 0, be defined by (4) and (5) with a,, j = 1, replaced by a,(t),j =1,
for each ¢ > 0; and define q..(t) by (7) with a, replaced by a,(t) for ¢ > %. Then

(10) Poo( % =J| 6 = p,(6°/0%)qi—,(6*/c?)

for0<j =<k, 1<k <n,and ¢ > 0; and the unconditional distribution of % may be found
by integrating over the possible values of 6°. In particular, the (unconditional) expectation
Of jk iS

Eoo(A) = X )1 Eoo{a,(6°/0%)} = ¥ )-1 P(#(j,n — k) > 2),

where #(j, n — k) denotes a random variable having the F-distribution on j and n — &
degrees of freedom, 1 <j < k.
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TABLE 2
Expected Values of #

k n
12 24 36 48 96 192 0
6 1.274 .873 .780 739 .683 .657 .633
12 1.762 1.315 1.156 972 .899 .836
18 3.712 1.952 1.526 1.132 1.003 .904
24 3.102 1.995 1.245 1.056 926

The computations were done on an Apple II microcomputer, using formula (26.6.5) of Abramowitz
and Stegun (1970) to compute the F distribution function and formula (26.4.6) to compute the Chi
squared distribution function. The last column gives the values of E( %) from Section 4.

Selected values of E,o( %) are listed in Table 2. Observe that the convergence of
E, (%) to its limit is quite slow as n — o,

If n — k is large, then the distribution of 62/¢? is nearly degenerate at 1, suggesting that
the conditional probabilities in (10) might be expanded in a Taylor series about 1. This
expansion is detailed in Theorem 2. First, the derivatives of pj(t) and g, (t) w.r.t. ¢t are
studied.

LEMMA 1. Forj = 1, the derivatives of p;(t) and q;(t) w.rt. ¢t > 0 are

. 1,
(11) pi(t) =Y H a;(8)pj-i(2)
and
. c1
(12) g(t) ==Yl A ai(t)g;-1(t),
where a;(t) = =iVt P (1, )

denotes the derivative of a;(t) w.r.t. t > 0 for i = 1. Moreover, (12) holds when J = and
t > Y% too.

Proor. Let P(t, s) denote the generat.ing function of p;(¢), 7 =0, for 0 < s < 1 and
¢t > 0. Then p;(¢) is the coefficient of s’ in P (¢, s) = aP(¢, s) /at; and

. 1 )
P(t, s) = { =1 7 d,-(t)s’}P(t, s), 0<s<1,t>0.

Relation (11) follows immediately; and (12), may be established similarly for 1 < j < oo,
Observe that | d.(¢) | + | dz2(¢) | + - - - is convergent uniformly in ¢ = % + ¢ for any ¢ >0,
by Stirling’s Formula. Thus, for ¢ > %,

1
log g (t) = — ¥ 72y 7 a;(t)

may be differentiated term by term. That (12) holds when J = o follows.
When iterated, (11) and (12) yield expressions for the second derivatives of pi(t) and
q;(t),j = 1. For example,

.1
g,(t) ==Y 7 {d.(8)qj-i(t) + ai(2)g;—: ()}

for £ > 0 and j = 1; and, using the uniform convergence of | d;(¢)| + | da2(¢)| + --- and
[@1(¢)| + |d2(¢)| + ---, one finds easily that §;(t) — ¢ (t) uniformly in ¢ on compact
























