The Annals of Statistics
1985, Vol. 13, No. 2, 676-688

ASYMPTOTIC LOCAL MINIMAXITY IN SEQUENTIAL
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Let X, Xo, - - - be i.i.d. random variables with mean 6 and finite, positive
variance o2, depending on unknown parameters € Q. The problem addressed
is that of finding a stopping time t for which the risk Ru(t, w) =
E.{Av}(w)(X. — 6)% + t} is as small as possible (in a suitable sense), where A
> 0, vo is a positive function on @, and X, = (X, + - -+ + X,)/t. For fixed
(nonrandom) sample sizes, 2JA (vo0) is a lower bound for Ro(n, w), n = 1;
and the regret of a stopping time ¢ is defined to be ra(t, @) = Ra(t, w) —
2vA (v00). The main results determine an asymptotic lower bound, as A —
oo, for the minimax regret M, (o) = inf, sup.eq,ra(t, @) for neighborhoods 2,
of arbitrary parameter points wo € Q. The bound is obtained for multipa-
rameter exponential families and the nonparametric case. The bound is
attained asymptotically by an intuitive procedure in several special cases.

1. Introduction. LetF,, w € Q, denote a family of probability distributions
in R = (—, ), each of which has a finite mean and variance

0=f xdF,(x) and 0’2=f x2dF,(x) — 6%

The dependence of § and ¢2 on w is suppressed in the notation. Next, let X;, X»,
-++ be independent random variables with common distribution F, for some
unknown w € Q. Suppose that X;, X,, - -+ may be observed sequentially, that
one must cease to observe the process at some (possibly random) time n, and
that if observation is terminated at time n, then one incurs the loss

(1) La(n, ) = Av§(@)(X. — 0)* + n,

where A > 0, v, is a positive function on @, and X, = (X; + - -+ + X,)/n. Thus,
the formulation assumes that the population mean 6 is to be estimated by the
sample mean X, in which case the only remaining problem is to select an
appropriate sample size n. This might be appropriate if F,, v € Q, were the
family of all nondegenerate normal distributions, the family of all distributions
with a finite mean and variance, or a one-parameter exponential family with its
natural parameters, since X, is the maximum likelihood estimator of 6 in each
of these cases. The loss (1) has been so normalized that each observation costs
one unit. The factor Ay3(w) determines the importance of estimation error
relative to the cost of a single observation. The main results, Theorems 1 and 2,
require A — oo,
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