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ASYMPTOTIC LOCAL MINIMAXITY IN SEQUENTIAL
POINT ESTIMATION

By MICHAEL WOODROOFE!
The University of Michigan

Let X, Xo, - - - be i.i.d. random variables with mean 6 and finite, positive
variance o2, depending on unknown parameters € Q. The problem addressed
is that of finding a stopping time t for which the risk Ru(t, w) =
E.{Av}(w)(X. — 6)% + t} is as small as possible (in a suitable sense), where A
> 0, vo is a positive function on @, and X, = (X, + - -+ + X,)/t. For fixed
(nonrandom) sample sizes, 2JA (vo0) is a lower bound for Ro(n, w), n = 1;
and the regret of a stopping time ¢ is defined to be ra(t, @) = Ra(t, w) —
2vA (v00). The main results determine an asymptotic lower bound, as A —
oo, for the minimax regret M, (o) = inf, sup.eq,ra(t, @) for neighborhoods 2,
of arbitrary parameter points wo € Q. The bound is obtained for multipa-
rameter exponential families and the nonparametric case. The bound is
attained asymptotically by an intuitive procedure in several special cases.

1. Introduction. LetF,, w € Q, denote a family of probability distributions
in R = (—, ), each of which has a finite mean and variance

0=f xdF,(x) and 0’2=f x2dF,(x) — 6%

The dependence of § and ¢2 on w is suppressed in the notation. Next, let X;, X»,
-++ be independent random variables with common distribution F, for some
unknown w € Q. Suppose that X;, X,, - -+ may be observed sequentially, that
one must cease to observe the process at some (possibly random) time n, and
that if observation is terminated at time n, then one incurs the loss

(1) La(n, ) = Av§(@)(X. — 0)* + n,

where A > 0, v, is a positive function on @, and X, = (X; + - -+ + X,)/n. Thus,
the formulation assumes that the population mean 6 is to be estimated by the
sample mean X, in which case the only remaining problem is to select an
appropriate sample size n. This might be appropriate if F,, v € Q, were the
family of all nondegenerate normal distributions, the family of all distributions
with a finite mean and variance, or a one-parameter exponential family with its
natural parameters, since X, is the maximum likelihood estimator of 6 in each
of these cases. The loss (1) has been so normalized that each observation costs
one unit. The factor Ay3(w) determines the importance of estimation error
relative to the cost of a single observation. The main results, Theorems 1 and 2,
require A — oo,
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Recall that a stopping time ¢ is a positive integer or +o valued random variable
for which the event {t = n} is determined (measurably) by X;, - -, X, for each
n=1,2, ....Iftis any stopping time, then the risk incurred by using ¢ is defined
to be y

(2) RA(t, (.0) = Ew{LA(t, w)}: w€E Q’ A > 0:

where E, denotes the expectation when X;, X,, --- are ii.d. with common
distribution F,. If ¢ is a fixed (nonrandom) sample size, say t = n, then the risk
is

(3) Ra(n, 0) = (A/n)v3(w)o® + n = 2VAY(w)

where v (w) = vo{w)o. Moreover, there is equality in (3) iff n = s/Zy(w), which
is unknown in many examples. The regret of a stopping time ¢ is defined to be
the additional risk incurred by using t instead of the best fixed sample size,
namely

(4) ra(t, @) = Ra(t, w) — 2VAy(w), wE€Q, A>0.

For the case of unknown v, Robbins (1959) suggested sequential procedures
of the form

(5) T=TA=inf{n2m:n>‘/g‘?n}

where v, = yn(Xy, + -+, X,), n = 1, is a consistent sequence of positive estimators
of ¥ = y(w) and m = 1 is an initial sample size. This suggestion has prompted
substantial interest in comparing the risk of v with 2vVA+y(w), the risk of the
best fixed sample size procedure. For example, when F,, w € ©, is the family of
all nondegenerate normal distributions, vo = 1, and 62, n = 2, is the sequence of
maximum likelihood estimators, Starr (1966) shows that R,(r, w)/2VAc — 1 as
A — o for all w € Q iff m = 3, and Woodroofe (1977) shows that ry(r, w) —> %4
as A — o for all w € Q, if m = 6. Recently, Martinsek (1983a) shows that
ra(r, ) has a limit c¢(w) in the nonparametric case (under some additional,
technical conditions) and notes that ¢(w) may have arbitrarily large negative
values for some values of w. The latter two papers contain many additional
references.

While there is substantial research which compares 7 to the best fixed sample
size procedure, there is less which compares 7 to other sequential procedures;
and much of this work compares Bayesian analogues of 7 to optimal Bayesian
procedures. Woodroofe (1981) and Rehalia (1983) provide examples of such
comparisons and may be consulted for further references. Bickel and Yahav
(1968), Cabilio (1977), and Vardi (1979a) combine Bayesian and frequentist ideas
in their comparisons. Wald and Wolfowitz (1951) derive minimax procedures,
including 7, under strong regularity conditions.

Here an optimality property called asymptotic local minimax regret is inves-
tigated. Suppose that Q is a metric space and let

(6) M,(t, Q) = supueq,ralt, @)
and

(7 M4 () = infMa(t, Q)
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for stopping times ¢t and subsets Qo C Q. Then a family ¢t = t,, A > 0, of stopping
times is said to have asymptotic local minimax regret iff

(8) limgol,,,olim supA_,w[MA(t, Qo) - MA(Qo)] = O, Vwo € Qo,

in which Qo denote neighborhoods of wo. This definition is similar in spirit to
that of Hajek (1972); but the implementation differs by focusing on regret instead
of risk. The two notions are contrasted below.

When 7 is continuous and M4 (,) is bounded below by o(+/A) for all suffi-
ciently small spheres, as in Theorem 1 below, it is easily seen that a family
t = t4, A > 0, with asymptotic local minimax regret must also have asymptotic
local minimax risk; that is,

limg 4, im sups_.«Sup,ee,Ra(t, w)/infssupwégoRA (s, w)=1

for all wy € Q. The converse fails, however. So, the notion of asymptotic local
minimax regret provides a finer comparison of families t = ¢4, A > 0, than does
asymptotic local minimax risk. Roughly, regret measures the second-order prop-
erties of stopping times, while risk measures their first-order properties. Here it
is relevant that units in (8) are the original ones, the cost of a single observation.

Using (a slightly different notion of) regret in conjunction with the minimax
principle in order to reduce the focus on worst cases has been advocated by
several authors. See, for example, Berger (1980, Section 5.4.5).

The main results of this paper determine an asymptotic lower bound for
M, (Q) for appropriate subsets Q, C Q. This bound is derived in Section 2 for
multiparameter exponential families and in Section 4 for the nonparametric case.
It is hoped that these results provide some insight into the phenomena of negative
regrets, discovered by Martinsek (1983a); in any case, they provide bounds on
the extent of the phenomena. The bounds are shown to be sharp and 7 is shown
to have asymptotic local minimax regret in some special cases in Section 3. No
general result on the asymptotic optimality of 7 or other procedures is included,
but Section 6 outlines some approaches.

2. The parametric case. To determine an asymptotic lower bound for
M4(Q), it is convenient to consider some related Bayesian optimal stopping
problems. If 7 is a prior distribution for which [ yd7r < o, let

C) Fa(t, ) = fn ra(t, ) dw(w)

and
Fa(m) = inf,ra(t, )

for stopping times ¢t and A > 0. Then a simple application of the Minimax
Theorem yields

MA(Qo) = sup{fA(r)z W(Qo) = 1}
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for all A > 0 and all compact Q, C Q. The program is to determine the limit of
Fa(w) as A — o for a large class of prior distributions =. Maximizing with respect
to 7 then provides an asymptotic lower bound for M, (Q) for compact Qo C Q.

Computing 74 (w) for fixed A > 0 and = is an optimal stopping problem. In
fact,

Falt, m) = E"{Av3(0)(0 — X.)? + n — 2VAy(w)}

where E™ denotes expectation with respect to a probability measure P™ under
which w has distribution = and X;, Xs, -« - are conditionally i.i.d. with common
distribution F,, given w. The infimum in (9) is attained by Theorem 4.5’ of
Chow, Robbins, and Siegmund (1971, page 82).

The asymptotic lower bound is first derived when F,, w € Q, is a multipa-
rameter exponential family and v, is a smooth function. Specifically, the following
is assumed: for some k = 1 and some sigma-finite measure H in R,

dF,(x) = expfw: Y(x) — ¢(w)} dH(x)

for —o <x <o and w = (wy, * -, wx) € Q, where Y = (Y3, -+, Y.) is a Borel
measurable transformation from (—, ®) into R*and w- Y =w; Y1 + =+ + @, Y3;
Q is the interior of the natural parameter space;

Yi(x) = x, —00<x < oo
(10)
F(w) = [(0*(0)/dwidw;): i, j =1, «++, k]

is nonsingular for all w € Q; and v, is a twice continuously differentiable, positive
function on Q. These assumptions are made for the remainder of this section and
are not repeated in the statements of the lemmas and theorem. By (10), the mean
and variance of X = Y; are

0 = (8/dw1)¥(w) and o = (8%/dw*)¢¥(w), w E Q;

and X, is the maximum likelihood estimator of 6, whenever one exists.
The following lemma is crucial to the analysis of 74 (7).

LEMMA 1. If © has a twice continuously differentiable density &, with compact
support in Q, and if £4 is defined by
1) £8(w) = [1/£0(w)][0°(v§£0)/0wi].7 {£o(w) > O},
then
E " {y§(w)(0 — X2)* 1 Xa, + -+, Xal
(12 = (1/n)E"{(y2(@)| Xy, *++, Xa} + (I/n)E"{E8(0) | X1, - -+, Xa}

wp.l. (P™) foralln = 1.
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ProOF. Letting C, = C,(X;, *--, X,) denote a normalizing constant, one
has w.p.1.

LHS(12) = Cl L v8(0 — X,)’explnw- Yo — ny(w)]éo(w) dw

n

(13) = [ 2 exptn- %, - g0 ~ Rdtol de

- b= [ oot 8. = mpen{ 210 - Rt o

by an integration by parts in which one integrates first with respect to w;. Then

RHS(IB):n:} Lv%azexp[nw'yn—n\b(w)]go dw
+ L [ 0= Rexplna- 7, - mp@ - (rieo) d
nC. Jo n)explnw-Y, — nY(w ™ Yoéo) dw
= RHS(12)

by a second integration by parts on the second integral.
With 7 as in Lemma 1, define martingales U,, n =1, V,, n = 1, and M,,
n=1, by

Un = Eﬂ{’yz(w)le’ R Xn}
V.= ET{'Y(“’)IXI, Ty Xn}

and
Mn = Ew{g({)’(w)lxl’ R Xn}

for n = 1. Then, by conditioning on Xj, - -+, X;, the Bayes regret F4(t, v) of a
stopping time ¢ with respect to = may be written

Fa(t, #) = E*{(A/t)U, + (A/t>)M, + t — 2VAV,}

(14) = E"{(4/)(U, = V}) + (4/)M, + (1/8)(VAV, — 1)’}

Let II denote the class of prior distributions = for which = has a twice
continuously differentiable density £, with compact support in Q and inf, £§(w)
> —oo, Observe that II contains distributions which peak about any given w, €
Q. In fact, if Qo = [a1, b1] X -+ X [as, b] is any nondegenerate rectangle in Q,
then II contains all distributions with densities

£o(w) = %, | 2 hm<:f — Zi)/vﬁ(w), w€EQ,

(3
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where
hm(x) = x™(1 — x)"Lo(x), —0 <x < o,
C is a normalizing constant, and m > 2.
LEMMA 2. If = € 11, then there are stopping times s = s(A, 7) which minimize
Fa(t, ™) with respect to t for A > 0 and satisfy the following: s/vA — v in

P~-probability as A — o; and there is a 6 = 8(x) > 0 for which s = 6vA w.p.1
(P™) forall A > 0.

Lemma 2 is proved in Section 5. The convergence (which actually holds w.p.1)
is intuitive, in view of the behavior of the best fixed sample size.

THEOREM 1. If = € I, then

(15) lim inf4_,ofa(mw) = J; I'w) dr(w),
where ,
(16) I'=y2(Ay)rs - (Ay) + v3((8%/8wi?)y~2)

and A denotes gradient.

PROOF. Let s =s(A, 7) be as in Lemma 2. Then there is a sequence A;, A,

- along which A — o, the lim inf in (15), is attained, and s/vA — v w.p.1
(P7). Attention is restricted to such a sequence.

The three terms on the right side of (14) may be considered separately, with
t = s. The last is nonnegative. For the second, As™2M, — v ~2£4 by Lemma 2 and
the Martingale Convergence Theorem; and As~2M, is uniformly integrable, since
As™? is bounded and M,, n = 1, is a uniformly integrable martingale. For the
first term, observe that U, — V?2 is the conditional variance of v (w) given Xj,
<+« X,. Let @, denote the maximum likelihood estimator of w (which exists for
all sufficiently large n w.p.1). Then the conditional distribution of Vn(w — &,)
converges weakly to a normal distribution with mean vector 0 and covariance
matrix .# " (wp) as n — © w.p.1 (P.,) for all wo € Q. See, for example, Bickel and
Yahav (1969). So, lim inf, ..n(U, — Vi) = (Ay)# ™" - (Ay) w.p.1 (P™) by
Fatou’s Lemma. Combining these observations with another application of
Fatou’s lemma yields

amn lim infy_ofa(m) = f [y 2Ayrs ™ - Ay + v 28]k do
Q

and the right sides of (15) and (17) are equal by an integration by parts on the
second term in (17).

COROLLARY 1. If Q, is an open set with compact closure Qo C Q, then
(18) lim infa_,Ma(Q0) = sup.eq,I' (w).
























