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VERY WEAK EXPANSIONS FOR SEQUENTIAL
CONFIDENCE LEVELS!

By MicHAEL WOODROOFE
University of Michigan

Asymptotic expansions are derived for a class of averages of the coverage
probabilities for some sequential confidence bounds, when the data consist of
i.i.d. observations from a one-parameter exponential family. These expansions
show the effect of the optional stopping on the coverage probabilities quite
clearly and provide a method for changing the confidence limits to reduce this
effect.

1. Introduction. Let X, X,,... denote i.i.d. random variables whose com-
mon distribution function ¥, depends on an unknown parameter w € 2. Suppose
that each F, has a finite mean 6 = 6(w) and a finite positive variance 6% = ¢%(w),
and consider the problem of setting confidence bounds for 6. For each integer
n>1let =X =(X,+---+X,)/n; and let 62 =6%X,,...,X,), n>1,
denote a consistent sequence of positive estimators of o2 If n is a large,
nonrandom sample size and if X|,..., X,, are observed, then approximate con-
fidence bounds may be determined from the approximate normality of the
pivotal quantity Vn (6, — 6)/8, in a well-known manner; and the approximations
may be refined in some cases by using Edgeworth expansions for the distribution
of Vn (9n — 8)/6,, as in Bhattacharya and Ghosh (1978) and Hall (1983).

Now suppose that a sequential sample is taken; that is, suppose that the fixed
sample size n is replaced by a stopping time ¢ = #( X, X,,...); and consider the
problem of setting approximate confidence bounds for § when X,,..., X, are
observed. This problem arises, in particular, when estimates are required follow-
ing a sequential test, as in Siegmund (1978,1980). Under modest conditions,
developed by Anscombe (1952), V¢ (9, — 0)/6, may still be approximately normal,
so that the (first-order) approximation to its distribution is unaffected by the
optional stopping. Of course, the exact distribution of V¢ (8, — )/ 6, is affected by
the optional stopping, but the effect disappears in the approximation. Siegmund
(1978) expressed dissatisfaction with such approximations in a special case and
proposed a (fairly complicated) alternative.

Here some very weak asymptotic expansions are determined for the distribu-
tion of V2 (8, — 0)/8, and the coverage probabilities of some associated confidence
bounds, in the case that F,, « € Q, is a one-parameter exponential family. When
compared to the asymptotic expansions for fixed sample sizes, these expansions
allow one to determine the primary effect of the optional stopping on the
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