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VERY WEAK EXPANSIONS FOR SEQUENTIAL
CONFIDENCE LEVELS!

By MicHAEL WOODROOFE
University of Michigan

Asymptotic expansions are derived for a class of averages of the coverage
probabilities for some sequential confidence bounds, when the data consist of
i.i.d. observations from a one-parameter exponential family. These expansions
show the effect of the optional stopping on the coverage probabilities quite
clearly and provide a method for changing the confidence limits to reduce this
effect.

1. Introduction. Let X, X,,... denote i.i.d. random variables whose com-
mon distribution function ¥, depends on an unknown parameter w € 2. Suppose
that each F, has a finite mean 6 = 6(w) and a finite positive variance 6% = ¢%(w),
and consider the problem of setting confidence bounds for 6. For each integer
n>1let =X =(X,+---+X,)/n; and let 62 =6%X,,...,X,), n>1,
denote a consistent sequence of positive estimators of o2 If n is a large,
nonrandom sample size and if X|,..., X,, are observed, then approximate con-
fidence bounds may be determined from the approximate normality of the
pivotal quantity Vn (6, — 6)/8, in a well-known manner; and the approximations
may be refined in some cases by using Edgeworth expansions for the distribution
of Vn (9n — 8)/6,, as in Bhattacharya and Ghosh (1978) and Hall (1983).

Now suppose that a sequential sample is taken; that is, suppose that the fixed
sample size n is replaced by a stopping time ¢ = #( X, X,,...); and consider the
problem of setting approximate confidence bounds for § when X,,..., X, are
observed. This problem arises, in particular, when estimates are required follow-
ing a sequential test, as in Siegmund (1978,1980). Under modest conditions,
developed by Anscombe (1952), V¢ (9, — 0)/6, may still be approximately normal,
so that the (first-order) approximation to its distribution is unaffected by the
optional stopping. Of course, the exact distribution of V¢ (8, — )/ 6, is affected by
the optional stopping, but the effect disappears in the approximation. Siegmund
(1978) expressed dissatisfaction with such approximations in a special case and
proposed a (fairly complicated) alternative.

Here some very weak asymptotic expansions are determined for the distribu-
tion of V2 (8, — 0)/8, and the coverage probabilities of some associated confidence
bounds, in the case that F,, « € Q, is a one-parameter exponential family. When
compared to the asymptotic expansions for fixed sample sizes, these expansions
allow one to determine the primary effect of the optional stopping on the
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distribution of V¢ (9t — 0)/8, in large samples. They also provide a method for
correcting confidence bounds for the effect of optional stopping and other effects,
such as skewness.

The expansions derived here are very weak in the following sense: instead of
the coverage probability at a fixed but arbitrary w, a collection of average
coverage probabilities over w in a neighborhood of a fixed but arbitrary w, are
considered.

The rationale for considering such averages is briefly as follows: average
coverage probabilities are much simpler and give a better picture of the con-
fidence level near a given w, than does the value at w, and, in repeated
applications of any statistical procedure, the frequentist scenario, parameters
may vary too. These points are developed in Section 5.

After some preliminaries in Section 2, the main result is presented in Section 3
and illustrated by examples in Section 4. Asymptotic expansions for posterior
distributions are reviewed in Section 6 and used to prove the main result in
Section 7. A refinement is developed in Sections 8 and 9.

There does not appear to be a great deal known about asymptotic expansions
for coverage probabilities in the sequential case. Anscombe (1953) and Woodroofe
(1977) treat a special case. There is current work by Keener (1984), Takahashi
(1985), and Woodroofe and Keener (1985). Landers and Rogge (1976) develop
bounds on the error of normal approximation for randomly stopped sums. None
of these authors considers average coverage probabilities, however.

Average coverage probabilities have been considered by Stein (1981), who
outlined a program for comparing the unconditional coverage probabilities which
result from the use of different prior distributions. Many of the results presented
here are in formal agreement with those in Section 2 of Stein’s paper. Stein’s
approach is heuristic, and the application to sequential analysis is not considered.

Woodroofe (1985) computes average risks for sequential point estimation,
using different methods.

2. Preliminaries. Let { dencte a nondegenerate subinterval of (— o0, o0)
and let F, w € (2, denote a nondegenerate, one-parameter exponential family
with natural parameter space ©; that is, suppose
(1) F,(dx) = exp[wx — ¢(w)] A(dx)
for —o0 < x < o0 and w € Q for some nondegenerate, sigma-finite measure A on
the Borel sets of (— o0, 00) and that Q consists of all w € (— 0, 00) for which
[®.e“*A(dx) < co. Then the function ¢ is strictly convex and real analytic on
the interior Q° = int(f2); and the mean and variance of F,, are
(2) 0=y(v) and o®=y"(v)
for w € Q°, where ’ denotes differentiation. See, for example, Lehmann (1959,
Section 2.7).

Next, let X, X,,... be ii.d. random variables with common distribution F,
under of probability measure P, for some unknown w € Q°. It is assumed that

P, w € Q°, are defined on a common probability space (£, #) and that the
mapping from w into P, (B) is Borel measurable (in w) for all B € 4.
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Write 9° = (w, ®), where —o00 < w < @ < o0; let Q =[w, @] denote the
closure of ©° in[— o0, oc]; and let ® = y/(2°) = (4, 0), where —c0 < 0 < 0 < oo.
Observe that ¢’ is strictly i 1ncreas1ng on 9°, since 02 > 0 there. Let 0 = X for
n > 1, as_above, and define &,, n > 1, as follows: if 6, <8, then &, = w; if
0<0 < 0, then z,b’(w)-—ﬂ and1f0 > 6, then &, = . Thus, &, maybean
extended valued random variable for each n=>1 When b, <0, however, &, is
the M.L.E. of w. Next, let €,, n > 1, be an increasing sequence of compact
subintervals of £° for Wthh Us_.2, = Q°; let 0,, n > 1, be positive continuous
functions on & for which o2 = 4/' on §, for each n > 1; and let 6, = 0,(&,) for
n > 1. Thus, 6,, n > 1, is an asymptotically efficient sequence of positive estima-
tors of o.

Let 2, denote the sigma-algebra generated by X, ..., X,, for each n > 1; and
let ¢,, a > 1, denote a family of stopping times w.rt. 9,, n > 1, which are
almost surely finite w.r.t. P, for all w € Q°. It is assumed throughout that ¢,
a > 1, satisfy the following two conditions: there is a continuous function k on
Q° for which

a
(3) lim E,|— — k(w)|=
a— oo t

a

for a.e. w € 2°; and for every compact @, C Q°, there is an n = 9(2,) > 0 for
which

(4) lim a”/ P{t,<an}dw=0
a— oo
for p = § in Theorem 1 and p =1 in Theorem 2. An additional condition is

imposed in Theorem 2.

Now consider the problem of setting approximate confidence bounds for 6
when X,,..., X, are observed. (Here and below ¢ is written for ¢, to avoid
second-order subscripts.) Let y denote the desired confidence coefficient, and let ¢
denote the yth quantile of the standard normal distribution ®; thatis,0 <y <1
and ®(c) =y. Let b,, n>1, denote a sequence of continuous (real valued)
functions on § and define ¢, and %, by

1

(5) Cn=c+—ﬁbn(@>n)

and

o 1
jn = [0n - ﬁc,ﬁn, 0| N6
for n > 1. The confidence intervals considered are of the form %, for appropriate
sequences b,, n > 1. The confidence curves of such intervals are defined by

'Ya(“’) = Pw{a e‘ﬂt} = Pw{‘/z(ét - 0)/6t < ct}

for w € Q° and a > 1. As noted in Section 5, the behavior of y,(w), @ > 1, may
be erratic, even in simple cases; but their averages are much better behaved. If ¢
is a density on Q°, then the average coverage probability under § is defined for
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a>1by
(6) Ya(£) =fﬂya(w)§(w)dw.
Then

?a(g) = Pf{ﬁ(ﬁt - 0)/61 < ct}a

where P¢ denotes probability in the Bayesian model in which w has prior density
¢ and X,, X,,... are conditionally i.i.d. with common distribution F,, given w.
Here P¢ is defined on the space @ X &, and the random variables X,, X,,..., t,,
a > 1, etc., are injected into the larger space.

The focus here is on confidence bounds, as opposed to intervals, because
expansions for intervals may be easily derived from those for bounds. In fact,
expansions for intervals may be substantially simpler, since some of the bias
terms may cancel.

3. Second-order expansions. It is assumed throughout the paper that the
prior density £ is of the following form: for some interger ¢ > 2 and w, < w, in
Qe,

(7) £(0) = (0 = ©g)% (w0, — w)i£(w) forwe e,
where £, is positive and ¢ times continuously differentiable on £° and (x), =
max(x,0) for —o0 < x < c0.

THEOREM 1. Suppose that t,, a > 1, satisfy (3) and (4) and that b, = b for
all n > 1, where b is piecewise continuous on Q2°. Then

1 _ 1
(8) V&) =7+ e(eTi(e) + (7;) asa - o,
where
T,(¢) = jﬂ[\/,?bg + 0 Wig + 1(e? — 1)V dyt] do,

Yy =v" /03 and y = ®(c), for all ¢ of the form (7).
Moreover, (8) is valid, if b,, n > 1, satisfy (20), (21), and (22) below.

It is easy to describe the proof of Theorem 1. Let 2, denote the sigma-algebra
generated by X,..., X,. Then
Yo(§) = P's{\/z(ﬂ - 9t)/6t = _ct}
= f P{VE(6 - 8,)/8,> —c|9,) dP
for all @ > 1. Since posterior distributions are unaffected by optional stopping,
the posterior probability may be expanded about a normal limit, using the (fixed

sample size) results of Johnson (1967, 1970); and the expansion may be integrated
term by term, as in Ghosh, Sinha, and Joshi (1982). The expansion (8) results
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after some algebra and simple analysis. The details are presented in Sections 6
and 7.

Under additional modest conditions, the coefficient of 1/ Va simplifies, and it
is possible to make it vanish for all £ by a proper choice of b.

COROLLARY 1. If Vk is absolutely continuous on (all compact subsets of ) 2°,
then (8) holds with

(9) T,(¢) = fﬂrl(w)g(w)dw,

where

T, =vVkb—o0'(Vk) + 1(1 + 2¢)WVk ys.
PRrRoOF. If Yk is absolutely continuous, then
fﬁ—l‘/Eg’ dw = _f(o_l\/,?)’é dw = f[%\/;zl/:; - o‘l(ﬁ)’]sd&)
Q Q Q
for ¢ of the form (7). The corollary now follows from simple algebra. O

COROLLARY 2. If Vk is absolutely continuous and if Vkb=0"'(Vk) —
1A + 2e®Wk Y, a.e., then Y(£) =y + o(1/ Va) as a > oo for & of the form (7).

Corollary 2 is obvious.

Corollary 1 may be paraphrased by asserting that vy, =y + ¢(c)I',/ Va +
o(1/Va) as a — oo, very weakly (after integration w.r.t. a large class of densi-
ties). In particular, when b, = 0 for all n > 1, Corollary 1 gives a very weak
expansion for the dlstrlbutlon function of V¢ (0 - 8)/6,,

P ﬁ(—%:ﬁsc}=¢( ) = (@) (R = 41 + 200w,

"
1
+o( - )
as a — oo, very weakly. Relation (10) need not hold for any fixed w € Q°,
however; see Section 5.

Relation (10) allows a simple determination of the primary effect of optional
stopping on the distribution of V¢ (0 — 0)/6, for large a. Indeed, if ¢,, a > 1, are
nonrandom sample sizes, say ¢, = a for a > 1, then (10) holds w1th k =1 and
(V) = 0. The difference between (10) with « and (10) with x = 1 arises from the
optional stopping.

When ¢, = a, @ > 1, and the distributions F,, v € Q, are sufficiently smooth,
(10) holds for all w € ©°, with x =1; and letting b = 1(1 + 2¢?)y;, yields
v (w) =7y + o(l/Va) as a > o for all w € Q°. See Hall (1983). Discrete cases,

such as the binomial, Poisson, and negative binomial distributions, are not
considered in Hall (1983), but are covered by Theorem 1.













































