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VERY WEAK EXPANSIONS FOR SEQUENTIALLY DESIGNED
EXPERIMENTS: LINEAR MODELS!

By MicHAEL WOODROOFE
University of Michigan

In sequentially designed experiments with linear models, each design
variable may depend on previous responses. The use of such sequential
designs does not affect the likelihood function or the functional form of the
maximum likelihood estimator, but it may affect sampling distributions. In
this paper, asymptotic expansions for sampling distributions are obtained.
The expansions are very weak ones in which a confidence curve (a function of
the unknown parameters) is replaced by a confidence functional defined on a
class of prior distributions. The proofs use a version of Stein’s identity.

1. Introduction. Consider an adaptive linear model of the form
(1) yo=x0+e,, k=12...,

where e,, e,, ... are i.i.d. standard normal random {lariables, 0=(0,....0,)isa
(column) vector of unknown parameters, with values in an open subset £ of R?
and the prime denotes transpose. Here “adaptive” means that x, may be of the
form

(2) xk=xk(w17"'swk’ Y1seees yk—l) € R?,

for £ =1,2,..., where w,, w,, ... are independent of e,, e,,... and have a (joint)
distribution which is independent of 6. The w,, w,,... may represent auxiliary
randomization and /or covariates. Thus, if x, is thought of as a design variable,
then the model allows the design variables to depend (measurably) on previous
responses, auxiliary randomization and /or covariates. This model is quite broad
and there has been substantial interest in it; see, for example, Wei (1979), Lai
and Wei (1982) and Wu (1985) and their references.

The primary objective of the paper is to find approximations to the sampling
.distributions of maximum likelihood estimators for models of the form (1) and
(2). Attention is restricted to cases in which these estimators are asymptotically
normal, after suitable standardization, but even then, normal approximation
may not have good numerical accuracy, due to the adaptive nature of the design.
Woodroofe and Keener (1987) provide an example in which optional stopping
may have a dramatic effect on sampling distributions. Refined approximations
may be obtained in the form of asymptotic expansions.

The expansions presented here are very weak ones, as in Stein (1985) and
Woodroofe (1986), in which a confidence curve (a function of ) is replaced by a
confidence functional defined on a class of prior distributions; see Section 5 for
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the precise formulation. In order to derive these expansions, it is necessary to
develop asymptotic expansions for posterior distributions which may be inte-
grated with respect to the marginal distribution of the data. This question is of
independent interest; it has been considered by Ghosh, Sinha and Joshi (1982),
Rehalia (1983) and by Bickel, Goetze and van Zwet (1985). Here it is discussed in
Section 4.

Applications to a sequential design proposed by Robbins and Siegmund (1974)
are described in Section 6 and compared to simulations in Section 7. Extensions
to the case of unknown variability are presented in Section 9.

The objectives of this paper are similar to those of Ghosh, Sinha and Joshi
(1982), Bickel, Goetze and van Zwet (1985) and Woodroofe (1986), but the
derivations are quite different. Here a version of Stein’s identity is used in place
of Taylor series approximations. This leads to less restrictive conditions on the
prior [for the model (1) and (2)].

2. Stein’s identity. A real valued, measurable function f defined on R” is
said to be almost differentiable iff there is a function v/ from R” into R” for
which

f(x +y) - f(x) = /0‘1y'vf [x + ty] dt

for a.e. x € R” for each y € R” [see Stein (1981)].

Let <I>p denote the standard normal distribution in R? and let ¥ denote a

finite signed measure of the form
(3) ¥(dz) = f(2)®,(dz2),

where f is an almost differentiable function for which v is integrable and
Vf=0ae.on {f =0}.If & is a measurable function on R ?, which is integrable
with respect to ®, and ¥, let

®,h= [hd®, and ¥h= [Ra¥.

Here and below integrals extend over the entire space unless otherwise indicated.
If & is @ -integrable, then one may define a function

g=(8,.--,8,):R? > R”

by
(4) g,(r,2) ==/ ["[h(3,w) = h;_y(y)] e/ duw,
z
(5) i) = [ (2 2) 8, (d2)
for z€R, ae. yeR/™, j=1,...,p and h, = h. Here g; is regarded as a
function on R ?, which is constant in its last p — ; variables for j = 1,..., p. For

example, if h(z) =2, z€ R?, then g(z)=(1,0,...,0) for z € R? and if
h(z) = ||2||%, z € RP, then g(z) = z for z € R?.
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PROPOSITION 1. If his @ -integrable, then h is V-integrable and
v
Yh-0,h- V1= [g (7) d¥.

Proor. If p =1, write ® for ®, and let ¢ denote the standard normal
density. Then (temporarily letting the prime denote derivative)

Yh = ®h- 1 = /io{/jwf,(x') dx}[h(y) — ®h]p(y)dy
= [ [T 180) - @hlo(3) dy)1 ()

= [ &(x)f(x)0(dx),
where the interchange of orders of integration is justified by the assumed

integrability of f’. For p > 2, define f; by (5) and let «; denote the projection of
R/ onto R/~! for j = 1,..., p. Then for ae. y,..., ¥,

p

Jj=1

and

(k= ki) = [ (B = o m) (D) (5)0,(d)

=), oot‘»’f(%Z)if,-(y,z)fP(Z)alz @,_,(dy)
R/ ) dz

)
= Lpg,(yl,---,y,):?-y:f(yl,---,yp)%(dy),

where (3/9y;)f denotes the jth component of Vf for j=1,..., p (and the
formal calculations are easily justified). The proposition now follows by summing
over j=1,...,p. 0O

It is easily seen that the transformation from A to g is linear and that

(6) sup|lg(¥)Il < y(27p)sup|h(y)l,

where || - || denotes the Euclidean norm of a vector (and later the trace norm of a
matrix); see Stein [(1987), Chapter 2]. For later reference, observe that

(7) 2,(8) = [B,(8)),-... 0,(,)] = [¥h(3)2,(dy),

provided that the later integral exists and h is ®,-integrable.
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3. Preliminary lemmas. Let x,, y,, x,,... be as in (1) and (2). Further, let
X,=(xp.-r%,), Y, =(»,...,¥,) and ¢, = (ey,...,e,), so that the model
may be written

Y, =X,.0+c¢,, n>1.

Suppose that XX, is positive definite w.p. 1 P, for all § € @ for all sufficiently
large n, say n > n,, where n, is nonrandom and let

én = (Xr:Xn)_IXr:Y;w n= ny.

It is well known that the likelihood function for the adaptive model (1) and (2) is
the same as if the design variables had been predetermined. So, 0; is the
maximum likelihood estimator of 6, whenever it is in € and the likelihood
function is :

L,(0) « exp{ -1 X0 — X,0,I}, o6eQ.

Now consider a Bayesian model in which there is a random variable ® with a
density £, (1) holds conditionally given ® = 8 for all § € R? and e, e,,...,
w,, Wy, ... are independent of ®. Probability and expectation in this model are
denoted by P and E, or by P¢ and E*? if there is danger of confusion and
conditional expectation given w,, x,,...,w,, x,, is denoted by E”". Here and
below £ is regarded as a function on R”? which vanishes off of .

For n > n,, XX, may be written in the form
X,X,=B,B,

n—"n’

where B, is a nonsingular p X p matrix. There are several ways to do this. One
is to let B, be a square root of X/X,. Another is to first obtain orthogonal
vectors ¢y, ..., ¢, in R” from Gram-Schmidt orthogonalization of the columns of
X,. Then C = (¢y,..., c,) may be written in the form C = X,U, where U is an
upper triangular matrix and XX, = B,B; with B, = U™ !. Let

Z,=B(6-14,)
and
A, = minimum eigenvalue of XX, , n = n,.
If © has prior density £, then the posterior density of Z, is
$a(2) & exp( - H211*)¢[6, + B, 2]

for z€ R? and n > n, This is of the form (3), so that Stein’s identity is
applicable.

LEMMA 1. Suppose that £ is almost differentiable and V£ is integrable. If h
is @ ,-integrable, then

E"[h(Z,)] = ®,h + E"[g(Zn)’Bn‘l(v?g)(@)}, n > ng.
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Moreover, if

sup|h(y)| < 1,
Y

then

o

n

2ap 2
(" [1(Z,)] - @,(k)] < ( : ) E"
w.p.1 for all n > n,. '

ProOF. The first assertion follows directly from Proposition 1. If |h| < 1,
then ||g|| < (27p)*/? by (6) and, therefore,
vé
—|(©
F)e

lg(zn)'B,:l(—V;)(@) < (2””)1/2

ATlo
w.p. 1 for all n > n, The second assertion follows by taking conditional
expectations. O

b

LEMMA 2. Suppose that ¢ is almost differentiable and that V£ is integrable.
If
(8) limA, =00 w.p.1(F)),ae.0€Q,
n

then the conditional distribution of Z, given wy, y,,...,W,, Y, converges weakly
®, w.p.1(P)asn— .

ProoF. Since V¢ is integrable, E™{(V£{/£)(©)}, n>1, is a convergent
martingale and, therefore, lim, E*||(V£/£)(©)|/(A,)/2 = 0. So, Lemma 2 fol-
lows easily from Lemma 1. O

LEMMA 3. If (8) holds, then 6, — 8 w.p. 1 (P,) for a.e. 6 € Q.

Proor. If ¢ is any almost differentiable density for which 6§ and v§ are
integrable and { vanishes off of {2, then Z,, n > n, are stochastically bounded
by Lemma 2. It follows that 6, — © in probability as n — oo and, therefore,
that © is almost measurable with respect to the sigma-algebra generated by
Wy, Yy W, .. . So, E(BO) —» @ w.p. 1 (P) as n — oo, by the martingale conver-
gence theorem, since E|®| = [|0|£(6) d@ is finite, by assumption. Moreover, by
Lemma 1,

B(e) - 6,= (x;%) 5| oo

which tends to zero w.p. 1 (P) since A, = o0 and E"™{(V£/£)(0©)} is a conver-
gent martingale. The lemma follows easily, in view of the arbitrariness of £ O

4. Integrable expansions for posterior distributions. Let ¢t=1{,, a > 1,
be a family of stopping times with respect to w,, y,, Wy, ¥,,... . That is, £, is a
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positive integer or co valued random variable for which ¢, < co w.p. 1 (P;) for
a.e. 0 € Q and the event {t, = n} is determined by w,, ..., y, forall n = 1,2,...
and a > 1. Suppose that

(9) t,>n,, Vax1, t,> o wp.1l(PB)
and
(10) Q.= VaB; ' > Q(8) w.p.1(F)

as a — oo, for a.e. § € Q where Q(8), 8 € Q, are p X p matrices. Here and below
t is written for ¢, to avoid higher order subscripts. Let £ denote a density on R ?
which vanishes off of € and suppose further that

(11) a/\,, a > 1, are uniformly integrable w.r.t. P = P%,

The fixed sample size case, ¢, = a = n, is not excluded.

THEOREM 1. Let ¢ denote an almost differentiable density ( prior) with finite
Fisher information, that is,

I

Suppose that conditions (8), (9), (10) and (11) are satisfied. Let

2 ’
£dl < 0.

vé
(13) R(h,0) - (00| T |0), e,
for bounded measurable functions h defined on R ?, where g and h are related by
(4); see also (7). Then
1
Va

w.p. 1 and in the first mean [that is, in L'(P)], where E* denotes conditional
expectation given w,, ..., ¥,

lim esssupVa |E‘[h(Z,)] — ®,(h) -

a  |p=<1

R(h,®)|=0

ProOF. Of course, E4{w(f,®)} = E"{w(f,,0))} a.e. on {t =n} for all n =
1,2, ... and all bounded measurable functions w on £2, since ¢ is a stopping time.
For |h| <1 and a > 1, let

Ro(h) = Et[g(z,ma(vf)(m]
04 -plazes| 5 e

+Et{g(z,>’Q,,[V§(@> - E‘(Vf(@))]}.
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Then E‘[A(Z)] - ®,h=(1/ Va)R (h) for fixed A, by Lemma 1, since ¢ is a
stopping time. So, the theorem asserts that esssup, ., |R,(h) — R(h,0)| - 0
w.p. 1 and in the first mean. Convergence w.p. 1 is clear, since (Jx + y — 2| <
Y+ lx = ol + o~ w| + lw = 2,

E‘{g(Zt)'Qa[%g'(@) - E(%g(@))]}l

+|Ea(z) - o0 o)

|R.(h) — R(R,0)] <

+Jo(g)(@. - Q(®))E‘.(v?£(®))’

o erace)| e{ Fo) - Feo)]
)

vé

- o{ o)

3
+|Ee(2) - 0,(2)] “(%)V" Et(v?é(g))”

a \/2
< (27711)1/2(}\—),
t

+(27p)"%1Q, — Q(O)] “E‘(Vf(@)) ”

+@27p)1Q(O)] ”Vf(@) . Et(zf-(@)) ”

for all a > 1. In fact, E[(VE/€)(O)] —» (VE/€)O) wp. 1 (P), as a > 0, by
the martingale convergence theorem and Lemma 3, esssup, . ||E‘[&(Z,) -
®,(8)]ll » 0 w.p. 1, by Lemma 1 and ||@, — @(®)|| - 0 w.p. 1, by assumption.
For mean convergence, it suffices to show that the last four lines of (15) are
uniformly integrable. This follows easily, from Schwarz’s inequality, since a/A,,
a > 1, are uniformly integrable, by assumption, ||[E"[g(Z,) — ©,(8)]l, n = n,,
are bounded and E"||(V£/£)(©)||% n > 1, is a uniformly integrable martingale,
by (12). O

5. Average confidence levels. With the notation of the last section, con-
sider confidence sets of the form
%,:.0€6,+B/C,

where C,, n > 1, are measurable subsets of R ? or (X, Y,)-sections of a product
measurable subset. The confidence curve of such a procedure is then

v(0) = P{Z,€C), 09 ax1

and approximations to y, are of interest. In the present context, it is easier to






























