The Annals of Statistics
1989, Vol. 17, No. 3, 1087-1102

VERY WEAK EXPANSIONS FOR SEQUENTIALLY DESIGNED
EXPERIMENTS: LINEAR MODELS!

By MicHAEL WOODROOFE
University of Michigan

In sequentially designed experiments with linear models, each design
variable may depend on previous responses. The use of such sequential
designs does not affect the likelihood function or the functional form of the
maximum likelihood estimator, but it may affect sampling distributions. In
this paper, asymptotic expansions for sampling distributions are obtained.
The expansions are very weak ones in which a confidence curve (a function of
the unknown parameters) is replaced by a confidence functional defined on a
class of prior distributions. The proofs use a version of Stein’s identity.

1. Introduction. Consider an adaptive linear model of the form
(1) yo=x0+e,, k=12...,

where e,, e,, ... are i.i.d. standard normal random {lariables, 0=(0,....0,)isa
(column) vector of unknown parameters, with values in an open subset £ of R?
and the prime denotes transpose. Here “adaptive” means that x, may be of the
form

(2) xk=xk(w17"'swk’ Y1seees yk—l) € R?,

for £ =1,2,..., where w,, w,, ... are independent of e,, e,,... and have a (joint)
distribution which is independent of 6. The w,, w,,... may represent auxiliary
randomization and /or covariates. Thus, if x, is thought of as a design variable,
then the model allows the design variables to depend (measurably) on previous
responses, auxiliary randomization and /or covariates. This model is quite broad
and there has been substantial interest in it; see, for example, Wei (1979), Lai
and Wei (1982) and Wu (1985) and their references.

The primary objective of the paper is to find approximations to the sampling
.distributions of maximum likelihood estimators for models of the form (1) and
(2). Attention is restricted to cases in which these estimators are asymptotically
normal, after suitable standardization, but even then, normal approximation
may not have good numerical accuracy, due to the adaptive nature of the design.
Woodroofe and Keener (1987) provide an example in which optional stopping
may have a dramatic effect on sampling distributions. Refined approximations
may be obtained in the form of asymptotic expansions.

The expansions presented here are very weak ones, as in Stein (1985) and
Woodroofe (1986), in which a confidence curve (a function of ) is replaced by a
confidence functional defined on a class of prior distributions; see Section 5 for
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