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ON THE NONLINEAR RENEWAL THEOREM'

By MicHAEL WOODROOFE
The University of Michigan

Let Z,,Z,,... be jointly distributed random variables for which sup,
Z,=o wplandlet t=t,=inf(n>1: Z,>a) and R, =2, — a for
a > 0. Conditions under which R, has a limiting distribution as @ — « are
developed. These require that the finite dimensional, conditional distribu-
tions of the increments Z,,, — Z,, k > 1, converge to the finite dimen-
sional distributions of a process for which the result is known, thus
weakening the slow change condition in earlier work. The main result is
applied to some sequences for which the limiting distributions are those of
the partial sums of an exchangeable process. These include the Euclidean
norms of a driftless random walk in several dimensions and sequences for
which the conditional distribution of Z,,; — Z,, given the past has a limit
wp.lasn — o,

1. Introduction. Let ({, o7, P) denote a probability space,.let o7 C
&y C ... denote subsigma-algebras of &7 and let Z,, Z,,... be random vari-
ables, defined on (Q, &7, P), for which Z, is &/, measurable forall 2 = 1,2,...
and

(1) supZ, =« w.p.l.
k=1

Such a sequence may be called an infinite supremum process. For any such
process, the first passage times and excesses

(2) t,=inf{k > 1: Z, > a}
and
(3) Ra = Zt - a,

a

may be defined for all @ > 0 w.p.1. Let H, denote the distribution function of
R,; that is,

(4) H(r)=P{t,<x,R,<r}, Va,r=0.

The problem considered is to find conditions under which R, has a limiting
distribution H as a — «; that is, H, = H as a — », where = denotes weak
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convergence. The process Z,,Z,,... may be called a renewal process in this
case.

The best known examples of renewal processes are random walks (the
partial sums of i.i.d. random variables). If Z,, Z,, ... is a random walk with a
nonarithmetic step distribution and either a finite positive drift or zero drift
and finite second moments, then R, has limiting distribution H, where

1
(5) H(dr) = E'—(ZSP{Z“’ >r}dr, r>0.

See, for example, Feller (1971), Section 11.3. (Here and below the same symbol
is used to denote a distribution function and the associated distribution.)

There has been recent interest in processes called perturbed random walks.
These are processes of the form

(6) Z,=8,+¢&, n=2l,
where S, S,, ... is a nonarithmetic random walk with a positive drift u, &, is
independent of the sequence S, , — S,, k=1, for all n and &,,&,,... are
slowly changing in the sense that there exists a p for which 1 <p <1,

a
(7N a_"{ta - —} — 0 in probability as a —» «

n
and
(8) lim supP{ max |, — &, = s} =0

§>0n>1 -k=<onf

for all € > 0. If Z,,Z,,... is a perturbed random walk, then the nonlinear
renewal theorem of Lai and Siegmund (1977, 1979) asserts that R, has the
same limiting distribution as if £, = 0 for all n = 1,2,... [obtainable from (5)
and Z replaced by S]. Woodroofe (1982) and Siegmund (1985) describe
applications of this result to sequential analysis. For recent extensions, see
Zhang (1988, 1989).

The goal of this paper is to present an alternative formulation of the
nonlinear renewal theorem in which the conditions (6), (7) and (8) are relaxed.

A particular example to which existing nonlinear renewal theorems are not
applicable is that in which Z, =||S,|, » > 1, where S, =X, + --- +X,
n>=1, X;,X,,... are i.id. random vectors with mean vector 0 and a non-
singular convariance matrix, and || - || denotes the Euclidean norm. As an
application of the main theorem, it is shown that R, has the same limiting
distribution as R}, where Z* = (U, S,), n = 1,2,..., (-, - ) denotes inner
product, and U denotes a random unit vector which is independent of
X, X,5,.... As a second application, the theorem is applied to a class of
processes for which the conditional distribution of Z,,, — Z, given &/, hasa
(possibly random) limit w.p.1 as n — ». In both applications, the limiting
process is formed from the partial sums of an exchangeable process, so that
the random walk theory may be applied conditionally.
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2. The main theorem. To state the conditions, it is convenient to intro-
duce the prior sigma algebras and delayed processes,

Fu=%,, and Z,, =2, ,,~2,,

where £ =1,2,... and @ > 0 (and &/, denotes the collection of A € o7 for
which An{t<n}e o/ for all n=1,2,... for any stopping time ¢). Let
Q,, denote (versions of) the conditional distributions of (Z, ,,...,Z, ),
given % ; that is,

Qa,m(w; B) = P{(Za,17"'7Za,m) = Bl%}(w)

for Borel sets BC R™,w € O, m = 1,2,... and a > 0. The conditions require
that these (finite dimensional) distributions converge to those of an appropri-
ate renewal process Z¥, ZJ,... .

Here Z},Z}, ... is required to be an infinite supremum process, defined on
a probability space (Q*, &7*, P*) along with a random element W with values
in a complete separable metric space 7. It is assumed that there is a
consistent set of weakly continuous versions of the conditional probabilities

Qx(w; B) = P{(Zf,...,Z}) € BIW = w},

defined for Borel sets BC R™, we # and m = 1,2,.... Let T denote the
distribution of W and let

H}(w;r) =P*t} <o, R¥ <r|W=w}
(9)

=) Q;;"(w;{zeRk:zjsa,Vj<k,a<sza+r})
k=1

for a,r > 0 and w € ¥, where t* and R} are defined by (2) and (3) with
Z,,Z,,... replaced by Z}¥, Z5, ... . It is required that there exist distributions
H(w; ), w € #, for which H*(w;-) = H(w; ) for ae. w (I') as a > .
Then (W, R¥) has limiting distribution K as a — », where

(10) K(Fx[0,r]) = fFH(w;r)I‘(dw)

for Borel sets Fc 7 and r > 0. R} has limiting distribution H(r) =
K(7'x[0,r]D, r = 0. A sequence W, Z;*, Z5, ... which satisfies the conditions
of this paragraph is called a conditional renewal process.

Exampie 1. If Z* — Z}* |, k > 1, are conditionally i.i.d. given W and if the
conditional distributions satisfy the requirements for (5) w.p.1, then
W,Z}x Zf,... is a conditional renewal process.

Let A,, denote the Prokhorov metric for probability measures on the Borel
sets of R™. Thus, if u and v are two such measures, then A, (u,v) is the
infimum of & > 0 for which u(B) < »(B,) + ¢ and v(B) < u(B,) + ¢ for all
Borel sets B < R™, where B, = {x € R™: dist(x, B) <&} for BC R™ and
e > 0. Weak convergence of probability measures in R™ is equivalent to
convergence in the Prokhorov metric.
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THE CONVERGENCE CONDITION. Suppose that there are % -measurable ran-

dom elements W, and a conditional renewal process W, Z;*, Z, ... for which
(11) W,=W
and
(12) lim [A,,[@, > Q(W,; )] dP =0,
a—>

where (now) = denotes convergence in distribution.

THEOREM 1. If the convergence condition is satisfied and if R, is stochasti-
cally bounded as a — «, then R, has the same limiting distribution H as R*.

If also d(W,,W,_,) - 0 in probability as a - » for every b > 0, then
(W,, R,) has the same limiting distribution K as (W, R*).

The theorem is proved in the next section. The remainder of this section is
devoted to discussion of the conditions.

Since A,, is a bounded metric, (12) is equivalent to the convergence of
A,lQ, ., @F(W,; )] to zero in probability as a — « for all m > 1. This
condition may be replaced by a slightly stronger one which involves the first
passage times less directly. If there are random elements V,, n > 1, for which
the Prokhorov distance between the conditional distribution of Z,,, — Z,,
k=1,...,m,given A,, and @*(V, ; - ) approaches zero w.p.1 as n — « for all
m =1,2,..., then (12) holds, with W, = V., since @, ,, is obtained by substi-
tuting ¢, for n.

ProposiTION 1. Let Z,,Z,,... be an infinite supremum process and
W,Z¥, Z5,... be a conditional renewal process. Suppose that there are 7,-
measurable random elements W, and random variables Z},,Z},,... and
To,157a,2s--+ for which Z, , =Z%, +r,, fora >0 and k > 1. Suppose fur-
ther that the Prokhorov distance between the conditional distribution of
(ZFy,...,2F,,) given F, and Q;(W,; - ) approaches zero in probability as
a > forallm=1,2,... and that r, ;, — 0 in probability as a — « for all
k=1,2,....Then (12) holds.

Proor. If m > 1 and B C R™ is a Borel set, then
P{(Zz,,,...,2, ,) €B|IF} < P{(Z},,...,Z}F,) € B;|%}
+ P{insa;clra,kl > 6|<Z>,

and the roles of (Z, y,...,Z, ,)and (Z},,..., Z} ) may be reversed. Letting
. m denote the conditional distribution of (Z},,...,Z} ), it follows that

Bn[@Qa,mr Q2] <8+ P{maxlr, 4| 2 815},

which approaches zero in the first mean as first @ — « and then 6 — 0. The
proposition follows easily. O
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CoroLLARY 1. If (6), (7) and (8) hold, then the convergence condition is
satisfied with W, = W =0 fora>0and Z =S, fork=1,2,....

Proor. In this case, Z, , =S, , + ¢, for all @ >0 and % > 1, where
Sa k=S, =S, k=1, are independent of &, and have the same d1str1bu-
tion as S,, k& > 1 for all @ > 0, by the strong Markov property, and €uk =
&.+x — &, — 0 in probability as @ — « for all £ > 1, as in Lai and Siegmund
(1977). O

3. The proof. The broad brush strokes of the proof follow those of Lai
and Siegmund (1977): For large b and much larger a, the conditional distribu-
tion of R, ,, given %, may be approximated by H* r(W,; ), the expectation
of which may be approx1mated by H. The dependence on W, and the use
of finite-dimensional distributions complicates the argument, however

The convergence condition is assumed throughout this section.

LEmMMA 1. Let W,Z ¥, Z}, ... be a conditional renewal process and let
D, = {w € #: supQi(w;{z € R*: 2, = a}) > 0}
k>1
U{wG%/suplank(w(—oob]) }
b>0 k=

for @ > 0. Then H}(w;-) is weakly continuous in w at every w, € D},
the complement of D,, for every a >0, and T(D,) =0 for ae. a> 0
(Lebesgue).

Proor. The first assertion of the lemma follows easily from (9) and the
Portmanteau theorem [Billingsley (1968), pages 11-14]. For the second, let A
denote Lebesgue measure and let D = {(a, w): w € D,}. Then D is easily seen
to be a Borel set R X # and D, is the a section of D for each a > 1. Now,
a.e. w-section D* = {a: (a, w) € D} is countable, so that A X I'(D) = 0, where
A X T' denotes the product measure. So, a.e. a section has I' measure zero, by
Fubini’s theorem. O

Let ¢ denote the set of a for which I'(D,) = 0. Then A(€") =0

Forany 0 <z < § and ¢ > 1, there are partitions 0 = b, < -+ < b, =cof
[0, c] and values 51,.. ,Ep € [5,25] for which A < 2c¢/e, b, — b,_, <& and
2c—b;te; e forali=1,...,h Thelists b,,...,b, and £4,...,&, Will be
called partitions.

Let T, denote the distribution of W, for a > 0.

LEMMA 2. For 0 <& < 3,c € €N (1,%), m > 1 and fixed (but arbitrary)
versions of the partitions, let

G, = G(e,c) = {w e AI[HC*(w; ) H i (w5 )] <e Vi< h},
Gy, = Gy(e,c,m) = {w e . Q,’::(w;( - 00,30]'") < e}
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and
G = G(E,C, m) = Gl N Gz.

Then for any € > 0 and c, > 1, there are ¢ € €N (cy,©), m = 1 and a, for
which T(G) > 1 — ¢ <T,(G) forall a > a,.

ProoF. For any 0<e<j3 and ¢, >1, I'(G,) > 1 as ¢ — », since
H*(w; )= H(w; ) as a = » for a.e. w (). So, there is a ¢ > ¢, for which
I'(G,) = 1 — £/4. With this choice of ¢, A(G,) > 1as m — «, since Z*, Z, ...
is an infinite supremum process. So, there is an m for which I'(G,) > 1 — ¢/4
and, therefore, T'(G) > 1 —¢/2. With the given choices of ¢ and m,
liminf, _.T,(G) > T'(G), since G differs from its interior by a set of I'-measure
zero. See Billingsley [(1968), pages 11-14]. So, there is an a, for which
(G =1—-c¢cforall a>a, O

PROPOSITION 2. Given 0 <& < % and cy> 1, let ¢, m, ay and G be as in
Lemma 2. Then there is an a, > a, for which

f [1 - H¥(W,;r + 5¢)] dP — 5¢

{(W,eF}

<P(W,eF,R,<c,R, 5 >r}

< [1 - H*(W,;r — 5¢)] dP + b¢
{W,eF}

for all @ > a,, all r > 5¢ and all Borel sets F C G.

Proor. With this choice of ¢ and m, there is an a, > a, for which

(13) P{A,[Qu m»@E(W,; )] > 6} < 5; Vasa,.

Now, if a > 1and R, <c, then ¢,,,, > ¢,,sothat R, , >riff Z;<a + 2¢
for all j € (¢,, k) and Z, > a + 2¢ + r for some k > t,; that is,

{Ra =¢c Ra+2c > r}

= U(R.<¢,Z, ;<2c—R,Vj<k,and Z, , > 2c — R, +r}.

a,j —
k=1

Now let F € G beaBorelset. Let0 = b, <b; < -+ <b,=cande,,..., ¢,
be the partition described in Lemma 2 and let

C,=Cyfa) ={W,eF}n{b_, <R,<b},
A;={z€R™: z;<2c—b;—¢;,Vj<k and z,>2c—b,_, +r+2¢, Ik <m},
Bi={zeR"‘:zJ-s2c—b,-_l,Vj<k,andzk>2c—bi+r,3kSm}

U{zERm:zj52c—bi_1,VjSm}

































