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ON THE NONLINEAR RENEWAL THEOREM'

By MicHAEL WOODROOFE
The University of Michigan

Let Z,,Z,,... be jointly distributed random variables for which sup,
Z,=o wplandlet t=t,=inf(n>1: Z,>a) and R, =2, — a for
a > 0. Conditions under which R, has a limiting distribution as @ — « are
developed. These require that the finite dimensional, conditional distribu-
tions of the increments Z,,, — Z,, k > 1, converge to the finite dimen-
sional distributions of a process for which the result is known, thus
weakening the slow change condition in earlier work. The main result is
applied to some sequences for which the limiting distributions are those of
the partial sums of an exchangeable process. These include the Euclidean
norms of a driftless random walk in several dimensions and sequences for
which the conditional distribution of Z,,; — Z,, given the past has a limit
wp.lasn — o,

1. Introduction. Let ({, o7, P) denote a probability space,.let o7 C
&y C ... denote subsigma-algebras of &7 and let Z,, Z,,... be random vari-
ables, defined on (Q, &7, P), for which Z, is &/, measurable forall 2 = 1,2,...
and

(1) supZ, =« w.p.l.
k=1

Such a sequence may be called an infinite supremum process. For any such
process, the first passage times and excesses

(2) t,=inf{k > 1: Z, > a}
and
(3) Ra = Zt - a,

a

may be defined for all @ > 0 w.p.1. Let H, denote the distribution function of
R,; that is,

(4) H(r)=P{t,<x,R,<r}, Va,r=0.

The problem considered is to find conditions under which R, has a limiting
distribution H as a — «; that is, H, = H as a — », where = denotes weak
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