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SEQUENTIAL ANALYSIS, 9(4&4), 335-342 (1990)

ON STOPPING TIMES AND STOCHASTIC MONOTONICITY
By
Michael Woodroofe

The University of Michigan
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exponential families; the fundamental identity of sequential
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ABSTRACT

If t is any stopping time, then the distributions of Xt are
stochastically monotone in the parameter, when sampling from a one
parameter exponential family. The proof is a simple exercise in
differentiating the fundamental identity of sequential analysis.

Some other applications of the technique are included.

1. INTRODUCTION. .

Siegmund (1978) has suggested an ingenious method for setting
confidence intervals after sequential testing, which involves
ordering boundary points in a counter clockwise direction and then
inverting a collection of tests. See also Siegmund (1985,
Sections 3.4 and 4.5). Recently, Bather (1988) has derived a
stochastic monotonicity property for the counter clockwise
ordering for generalized sequential probability ratio tests and
exponential families.

An alternative approach to estimation after sequential

testing is to estimate the parameter by its maximum likelihood
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estimator, possibly corrected for bias, and seek to approximate
the distribution of estimation error, properly normalized. The
author has investigated this approach in Woodroofe (1986). The
purpose of this note is to show that the maximum likelihood
estimator 1s also stochastically monotone for any stopping time,
when sampling from a one parameter exponential family. An
expression for the mean and variance of normalized estimation
error is also derived. The proofs are simple exercises in

differentiating the fundamental identity of sequential analysis.

2. STOCHASTIC MONOTONICITY

Let Q@ = (9,5) denote a nondegenerate open interval (so that
-0 =< g <8 = ®=); let A denote a nondegnerate, sigma-finite measure
on the Borel sets of R; let X denote the convex support of A (the
smallest closed interval J for which A(J’) = 0); and let

ax-y(8)
fe(x) e

) xed, 8 eqQ,
denote a one parameter exponential family of densities with
respect to A. Then ¢ is a real analytic function on Q; and ¥’ (8)
and ¥"(68) are the mean and variance of fe for each 8 € Q. See,
for example, Brown (1986, Ch. 2).

Next let Xl’XZ"" denote random variables which are i.i.d.

with common density fe under a probability measure P6 for each

6 eQ; let S =X+ ..4X and X =S /n for all n =1,2,...; and
n 1 n n n

let t = t(xl’XZ"") =z 1 denote a stopping time (which is almost

surely finite for all @ € Q). Then ¥ (8) is strictly increasing

in 8, and it i1s the maximum likelihood estimator of the mean y’ (8)

whenever Xt e Y ().
If F and G are two distribution functions, then F is said to

be to the left of G iff G(x) = F(x) for all x € R, in which case

IR hdF = IR hdG (1)
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for all bounded, nondecreasing functions h:R - R [cf. Lehmann
(1983, pp. 84-85)]. Thus F is to the left of G iff (1) holds for
all bounded, continuous, nondecreasing h, since the indicator of
(x,o) may be approximated by such an h for any x € R.

LEMMA 1. For a given stopping time t, let H denote the

- 2]

distribution of it for all 6 € Q. Then HB’ 6 € Q, are mutually

absolutely continuous and nondegenerate for all 6 € Q.

Proof. By the fundamental identity of sequential analysis,

(9’-9)st—t[w(e’)-w(e)]

e dpP

H,,{B} := P_,{X eB} = [ P

{XteB)

for all 6,8 € Q and all Borel sets B ¢ X. (See, for example,
Woodroofe (1982, Ch.1)). So, if He{B) = 0 for some 8 and B, then
HB,{B} = 0 for all 8 and the same B, establishing the first
assertion of the lemma.

For the second, there is no loss of generality supposing that
0 € Q@ and y(0) = 0, since this may be arranged by a simple
;eparameterization. If x. € X and Pe{ft = xo) = 1 for some and,

0
therefore, all 8 € Q, then

t[exo-w(e)] t[ext—w(e)]

I e dPO = Je dPO = 1

O(eat)
interval containing O; and that is impossible,since t =z 1. a]

for all 8 € Q. This requires that E = 1 for all « an open
LEMMA 2. If Q is the natural parameter space and open, then for

every X € Io, the interior of X,

lim He{(—m,x)nX} = 1 = lim He{(x,m)nx}.
999 86

Proof., It suffices to prove the second assertion; and there is no
loss of generality supposing that O € Q and ¥(0) = 0, as above.
If x e X° and @ > 0, then
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et[ex—w(e)]dpo

by the fundamental identity; and $(8)-6x » » as 8 » 8, since Q is
the natural parameter space and is assumed to be open, as in
Theorem 1 of Diaconis and Ylvisaker (1979). o
THEOREM 1. lLet t be any stopping time. If g is any bounded,
continuous, nondecreasing (strictly increasing) function on X,
then Ee{g(it)) is nondecreasing (strictly increasing) in 8.

Moreover, if Q is the natural parameter space, Q is open, and
g has at least one point of increase in the interior 1° of X, then
Ee(g(it)) is strictly increasing.

Proof. As above, there is no loss of generality in supposing that

0 € Q and Y(0) = 0. If g is a bounded, continuous, nondecreasing

function on X, then

_ _ _es_-ty(e)
Ee(g(xt)) = J"g(Xt)dP9 = J’g(Xt)e dPO
for all 6 € Q, by the fundamental identity. If t is bounded, the
integral on the right may be differentiated under the integral

sign to yield

5 B B est—tw(e)

5§E9<g(xt)} = [ g(xt)[st-tw (8)le dPO
= 7 g(Xt)[St-tw’(e)]dP9 (2)
= J [g(it)—gow’(e)][st—tw’(e)]dpe = G(e),

say, for all 6 € Q, where the penultimate equality follows from
Wald’s Lemma (for example, Woodroofe (1982, pp. 8-9)). Here G(8)
is nonnegative, since the integrand 1is nonnegative, so that
Ee(g(?t)) is nondecreasing in 8.

If t is any stopping time, then the function G of (2) is well

defined (though possibly infinite) and nonnegative. Let 60 < 91




STOPPING TIMES AND STOCHASTIC MONOTONICITY 339

in Q. Then, for any t,

[}
G g . 1 8 5
Ee (g(Xt)} - Eg (g(Xt)} = lim Ie 5§Ee{g(XtAn))d6
1 0 n->o 0
! 3 .
= Ie lim inf 56E9{g(XtAn))de
0 n->o
%
= f G{e)de = O,
[¢]
0
by Fatou’'s Lemma, applied twice. Moreover, if g 1is strictly

increasing, then G(@) > 0 for all 8, so that Ee{g(ft)} is strictly

increasing in 6; for if G(eo) = 0 for some 90, then X, = w’(e°)

w.p.1 (Pe) for all O, contradicting Lemma 1. ‘

Finally, suppose that Q is the natural parameter space, that
Q is open, and that g has a point of increase in 2°.  Then there
are x < y in %° for which glw) = g{x) < gly) = g(z) for all w = x
<y s z. By Lemma 2, He((-m,x]nﬁ) » 1 as 6 > 6 and He{[y,w)nﬁ} >
1 as 8 » 8. So, He{(-M,x]nR) >0 < He([y,m)nﬁ} for all 6 € Q, by
Lemma 1. It follows easily that g(Xt) has a nondegenerate
distribution for all 6 € Q and, therefore, that G(8) > 0 for all

8 € . The final assertion follows directly. o

3. A RELATED CALCULATION.

In the alternative approach to estimation after sequential

testing, there is interest in the approximate pivot

St-tw’(e)
Zt - vt ’

whose distribution need not be well approximated by a standard
normal distribution, even if fe is normal with mean 8 and unit
variance. In the normal case, Woodroofe’s (1986) results suggest

that the distribution of Zt may be well approximated by a non-
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standard normal distribution, however. In this regard, the
following expressions for Ee(Zt) and Ee(th) may be of interest.
THEOREM 2. If t is any stopping time then

8 1

%Ee(¥) = Ee{xt-w' (8)}, Vv 8 € Q;

Ee(l/Vt) and (a/ae)Ee(l/t) are absolutely continuous on Q; and

_ 3 1
Ee(Zt) = B—G;ES(VE) a.e 0 € Q,
2 8% 1
and E.(2,7) = y¢"(8) + —E_(+) a.e. 8 € Q.
6"t 892 o't

Proof. To simplify the notation, let Ln(w) = exp{an—nw(w)} for

all w € © and n = 1,2,...; and observe that Ln’(w) =
, " _ - 2_ ,
[Sn—nw (w)]Ln(w) and I_n (w) = ([Sn ny’ (w) 1 -ny (w)]}Ln(w) for all
n and w. If 90,9 e Q and 90 < @, then
) 2
J'e Ew[Zt(w) —-¢" (w) ]dw
0
= 0.9 40 Liis, -ty ()2t ()L, ()P _}d
T Ve, e vl vi (@)L (w)dPy bdw
= 0308 sty ()%t ()L, (0)dwdP
t BO t t 0
—_— 1 e it
= J f(feo Ly (w)dw}dPo

1., _q
= [ ;C-[Lt (8) Lt (90)]dPO
= Ee{Xt—w (e)y - Eeo(xt—w (90)},
where the interchange of the order of integration 1is easily

justified by Tonelli’s Theorem, since the integrand 1is bounded

below. Observe that the last line is finite, since
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X ’ < X -’ 2 < w
EG(IXt-x/J (e)ty = »/Ee(supn2 [an (8)1°}y = 2vy"(9)

1

for all 8 € Q, by Doob’s (1953, pp. 317-318) maximal inequality
applied to the revserse martingale Rn’ n z 1, for fixed 6. It
follows that Ew[Zt(w)Z] < w for a.e. w € Q and that Ee(it—w’(e)}
is absolutely continuous with derivative Ee(th) ~ y"(8) a.e.

Repeating the argument, using the last inequality to Jjustify the

interchange order of integration shows that

2] 5 R _ 1 2] R
Ie Ew{Xt—w (w)tdw = [ E{fe Lt (w)dw)dPO
0] 0
- r Y-t e, = E.b- b
t 7t t 0 ¢} o't 60 t
for all 6 € Q. The first and last assertions of the theorem

follow immediately.
For the second assertion, it is easily seen that Ewlzt[ <

VEw(ZtZ) is locally integrable in w; and it follows that

2] 1 e R
IOO EwIZt(w)]dw J 7?{f90 L, (w)dw}dPo

_ 1 _ - 1. _ 1
= J VY[Lt(e) Lt(eo)]dPO EB(VF) EBO(VT)
for all 9, eo e Q with 60 < 9. The second assertion of the
Theorem follows. [a]
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