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SEQUENTIAL ANALYSIS, 9 ( 4 ) ,  335-342 ( 1 9 9 0 )  

ON STOPPING TIMES AND STOCHASTIC MONOTONICITY 

BY 

Mi chael  Woodr oof e 

The Uni ver si t y of  Mi chi gan 

Key words and phr ases:  es t i mat i on af t er  sequent i al  t es t i ng;  

ex ponent i al  f ami l i es ;  t he f undament al  i dent i t y  of s equent i al  

anal y s i s .  

ABSTRACT 

If t i s any st oppi ng time, t hen t he distributions of X t  ar e 
stochastically monot one i n t he par amet er ,  when sampling f r om a one 

par amet er  exponent i al  family. The pr oof  i s a simple exercise i n 

differentiating t he f undament al  i dent i t y of sequent i al  analysis. 

Some other appl i cat i ons of  t he t echni que are i ncl uded.  

1. INTRODUCTION.. - 

Siegmund (1978) has suggest ed an i ngeni ous met hod f or  setting 

confidence i nt er val s af t er  sequent i al  testing, which involves 

ordering boundar y poi nt s i n a count er  clockwise direction and t hen 

i nver t i ng a collection of  t est s.  See al so Siegmund ( 1985,  

Sections 3.4 and 4. 5) .  Recently, Bat her  (1988) has derived a 

stochastic monot oni ci t y pr oper t y f or  t he count er  clockwise 

ordering f or  gener al i zed sequent i al  pr obabi l i t y ratio t est s and 

exponent i al  families. 

An al t er nat i ve appr oach t o estimation af t er  sequential 

t est i ng i s t o est i mat e t he par amet er  by i t s maxi mum l i kel i hood 

Copyright O 1991  b y  Marcel Dekker .  Inc  
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336 WOODROOFE 

estimator, possi bl y cor r ect ed f or  bias, and seek t o appr oxi mat e 

t he distribution of  est i mat i on error, pr oper l y normalized. The 

aut hor  has i nvest i gat ed t hi s appr oach i n Woodr oof e (1986). The 

pur pose of  t hi s not e i s t o show t hat  t he maxi mum l i kel i hood 

est i mat or  i s al so st ochast i cal l y monot one f or  any st oppi ng time, 

when sampling f r om a one par amet er  exponent i al  family. An 

expression f or  t he mean and var i ance of  nor mal i zed est i mat i on 

er r or  i s al so der i ved.  The pr oof s ar e simple exer ci ses i n 

differentiating t he f undament al  i dent i t y of  sequent i al  analysis. 

2.  STOCHASTI C MONOTONI CI TY - 

Let  R = ( 8. 8)  denot e a nondegener at e open i nt er val  (so t hat  - 

-CO 5 8 < 8 5 m ) ;  l et  A denote a nondegnerate, sigma-finite measur e - 
on t he Bor e1 sets of  R; l et  X denote t he convex suppor t  of  A (the 

smal l est  cl osed i nt er val  J f or  whi ch A( J'  = 0 ) ;  and l et  

denote a one par amet er  exponent i al  f ami l y of  densities wi t h 

r espect  t o A.  Then (I i s a r eal  anal yt i c function on R;  and ( I ' ( 8)  

and $" ( ! 11  are t he mean and var i ance of  f f or  each 8 E R .  See,  
8 

f or  example, Brown (1986, Ch.  2). 

Next  l et  X1, X 2 , . . .  denot e r andom variables which ar e i . i . d .  

wi t h common densi t y f e under  a pr obabi l i t y measur e P f or  each e 
8 E Q ;  l et  Sn = X + . . . +  X and % = S / n f or  al l  n = 1 , 2  , . . . ;  and 1 n n 
l et  t = t ( X1, X2, .  . . 2 1 denote a st oppi ng t i me (which i s al most  

sur el y finite f or  al l  8 E R ) .  Then (I' ( 8)  i s strictly i ncr easi ng 

i n 8,  and Xt  i s t he maxi mum l i kel i hood est i mat or  of  t he mean (I' ( 8)  

whenever  Xt  E $' ( Q) .  

I f  F and G ar e t wo di st r i but i on functions, t hen F i s sai d t o 

be t o t he l ef t  of  G i f f  G( x)  5 F( x)  f or  al l  x E R ,  i n which case 
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STOPPI NG TI MES AND STOCHASTI C MONOTONI CI TY 33 7 

f or  al l  bounded, nondecr easi ng f unct i ons h: R + R [cf. Lehmann 

( 1983,  pp. 84 -85 ] ] .  Thus F i s t o t he l ef t  of  G i f f  ( 1)  holds for 

al l  bounded, continuous, nondecr easi ng h ,  si nce t he i ndi cat or  of 

( x , m)  may be appr oxi mat ed by such an h f or  any x E R.  

LEMMA 1. For  a gi ven st oppi ng t i me t, l et  H, denote t he - - 
distribution of  Xt  f or  al l  8 E R.  Then He,  €I E R,  are mut ual l y 

absol ut el y continuous and nondegener at e f or  al l  €I E R. 

Proof. By t he f undament al  i dent i t y of  sequent i al  analysis, 

for al l  8,8' E R and al l  Bor e1 set s B 2 X.  ( See,  f or  exampl e,  

Woodroofe (1982, Ch. 1) ) .  So,  i f  H { B}  = 0 f or  some 9 and B,  t hen e 
H , { B}  = 0 f or  al l  8'  and t he same B,  est abl i shi ng t he f i r st  
8 

assertion of  t he lemma. 

For t he second, t her e i s no l oss of  gener al i t y supposing t hat  

0 E R and #( O)  = 0 ,  si nce t hi s may be ar r anged by a simple 

teparameterization. I f  xo E X and p8{ Xt  = x 1 = 1 f or  some and,  0 
therefore, al l  8 E R,  t hen 

at  f or  al l  13 E R.  This r equi r es t hat  E ( e 1 = 1 f or  al l  a an open 0 
i nt er val  cont ai ni ng 0; and t hat  i s impossible,since t 2 1 .  n 

LEMMA 2. I f  R i s t he nat ur al  par amet er  space and open, t hen f or  

ever y x E XO,  t he i nt er i or  of  X,  

Proof. I t  suffices t o prove t he second assertion; and t her e i s no 

l oss of  gener al i t y supposi ng t hat  0 E R and @( 0)  = 0 ,  as  above. 

I f  x E X0 and 9 > 0 ,  t hen 



D
ow

nl
oa

de
d 

B
y:

 [U
ni

ve
rs

ity
 o

f M
ic

hi
ga

n]
 A

t: 
22

:2
5 

27
 O

ct
ob

er
 2

00
7 

WOODROOFE 

by t he fundamental identity; and $( ! I )  

t he nat ur al  par amet er  space and i s 

Theorem 1 of  Diaconis and Yl vi saker  ( 

- ex + m as 0 + 8, si nce R i s 

assumed t o be open,  as  i n 

1979) .  0 

THEOREM 1.  Let  t be any st oppi ng t i me.  I f  g i s any bounded, 

continuous, nondecr easi ng ( st r i ct l y i ncr easi ng)  function on X,  
t hen E {g(2 ) }  i s nondecr easi ng ( st r i ct l y i ncr easi ng)  i n 8.  e t  

Moreover, i f  R i s t he nat ur al  par amet er  space, R i s open,  and 

g has at  l east  one poi nt  of  i ncr ease i n t he i nt er i or  r 0 of  X,  t hen 

E { g( R 11 i s st r i ct l y i ncr easi ng.  e t  
Proof. As above, t her e i s no l oss of  generality i n supposi ng t hat  

0 E R and $( 0)  = 0 .  I f  g i s a bounded, continuous, nondecr easi ng 

function on X,  t hen 

for al l  f3 E R,  by t he f undament al  i dent i t y.  I f  t  i s bounded, t he 

i nt egr al  on t he r i ght  may be di f f er ent i at ed under  t he i nt egr al  

sign t o yi el d 

say ,  f or  al l  8 E R,  wher e t he penul t i mat e equal i t y follows from 

Wal d' s Lemma ( f or  example, Woodr oof e (1982, pp. 8-91), Here G(0) 

i s nonnegative, since t he i nt egr and i s nonnegative, so t hat  

E { g( X ) }  i s nondecr easi ng i n 8.  e t  
I f  t  i s any stopping time, t hen t he function G of  ( 2)  i s wel l  

def i ned (though possi bl y i nf i ni t e)  and nonnegative. Let  O0 < el  
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in R .  Then, for any t, 

a lim inf -E ae e 

by Fatou's Lemma, applied twice. Moreover, if g is strictly 

increasing, then G(8) > 0 for all 8, so that E {g(Xt)} is strictly e, increasing in 8; for if ~(13'1 = 0 for some 8 , then X = 3' (eO) t 
w.p.1 (Pe) for all 8, contradicting Lemma 1. 

Finally, suppose that R is the natural parameter space, that 

R is open, and that g has a point of increase in rO. Then there 

are x < y in XO for which g(w) 5 g(x) < g(y) 5 g(z) for all w x 

< y 5 z. By Lemma 2, H {(-m,xlnR} 3 1 as 8 3 8 and H,{[y,w)d} 3 e 
1 as 8 3 8. So, H {(-m,x]nR} > 0 < H,{[y,m)&} for all 0 E R ,  by e 
Lemma 1. It follows easily that g(%) has a nondegenerate t 
distribution for all 8 E R and, therefore, that G(8) > 0 for all 

8 E R .  The final assertion follows directly. 

3.  A RELATED CALCULATION. - 

In the alternative approach to estimation after sequential 

testing, there is interest in the approximate pivot 

whose distribution need not be well approximated by a standard 

normal distribution, even if f is normal with mean 6 and unit e 
variance. In the normal case, Woodroofe's (1986) results suggest 

that the distribution of Zt may be well approximated by a non- 
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