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ASYMPTOTIC EXPANSIONS FOR THE MOMENTS
OF A RANDOMLY STOPPED AVERAGE

By GIRISH ARAS AND MICHAEL WOODROOFE!

University of California, Santa Barbara and University of Michigan

Let 8,,8,,... denote a driftless random walk with values in an inner
product space #; let Z,, Z,,... denote a perturbed random walk of the
form Z,=n+{c,S,> +&,, n=1,2,..., where £,¢,,... are slowly
changing, < -, + ) denotes the inner product, and e € #; and let ¢ = ¢, =
inf{ln > 1: Z,, > a} for 0 < a < «. Conditions are developed under which
the first four moments of X, = S, /¢ have asymptotic expansions, and the
expansions are found. Stopping times of this form arise naturally in
sequential estimation problems, and the main results may be used to find
asymptotic expansions for risk functions in such problems. Examples of
such applications are included.

1. Introduction. Let # denote a finite-dimensional inner product space,
with inner product and norm denoted by { -, - > and || - |; and let X, X,, ...
denote i.i.d., #valued random vectors with common distribution F. Suppose
that F has mean p = 0, covariance operator 3 and higher moments as
needed. Let &, &,,... be random variables for which ¢, is independent of
X, i X,49-.- foralln=1,2,...;let c € ¥#; and let

(1) Z,=n+{e,S,) + &, n=>1,
and
(2) t=t,=inf{ln>1:Z, >a}, a=x=1,

where S, = X; + -+ +X, for n = 1 and the infimum of the empty set is .
(That ¢, < % w.p. 1 for all @ > 1 under mild conditions is shown below.) The
main results provide asymptotic expansions as a — « for the first four mo-
ments of X, :== S,/¢ and the first two moments of a smooth, suitably bounded
function of X,.

Stopping times of the form ¢, arise naturally in sequential estimation, and
risk functions often involve the second moment of X, in such problems. See,
for example, Woodroofe (1977), Martinsek (1983), Aras (1989) and Sriram
(1990), where special cases of the main results of this paper may be found. The
purpose of this paper is to develop expansions under weak moment conditions,
in a form which may be applicable to other problems. The results of Martinsek
and Aras are compared to those of Theorems 2 and 4 in Examples 2 and 3.
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2. Conditions and preliminaries. It is convenient to regard the mo-
ments of F as multilinear functionals. If %2 is a positive integer and
f,yllxlko(dx) < o, then the kth moment of F is defined by

k
(3) by, by) = [ [Tk, x)F(dx)
¥i=1
for by,...,b, € #. Of course, u, and u, may be identified with an element of

¥ and a linear operator, respectively; and u, is denoted by u. It is convenient
to use the notation (3) whenever the integral is finite and to write

v, (b) = { fyl(b,x)I“F(dx)}l/a

for b € # and 0 < a < «, finite or infinite. If x is any k-linear functional on
#, let i(b) = u(b,...,b) for b € #; and recall that if u is symmetric then
determines w. In fact, if u is symmetric, then

1 a*
(4) by, by) = o7 X m#(hﬁ + 00 +bysy)

forallb,,...,b, € #.
The following conditions are needed: for some 3 < p < ®,and 0 < g4,&; < 1,

(c1) p=0, /WHXHzF(dx) <o and wv,(c) <,
n\t1?
(C2) (Zn — —) ] , n > 1, are uniformly integrable,
€9
(C3) Y. nP{¢, < —(1 —&,)n} <o,
n=1
(C4) ;1%522P{£%|§n+k_5n|>5}=0, VO <e <o,
In addition, it is assumed that there are events A,, n =1,2,..., and a
3/2 < a < = for which
(C5) 5 np( U A’k) <,
n=1 k=n

o . .
max |€,+214,,,| » n = 1, are uniformly integrable.

The condition (C4) is called slow change by Lai and Siegmund (1977). It
follows easily from (C5), Markov’s inequality and the Borel-Cantelli lemmas
that

(5) P{limg—';=0}=1, VO<r<cw

n—o N
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Conditions (C1)-(C5) and (C8), below, are assumed throughout Sections 2,
3, and 5-8. They are repeated in the statements of the main results, but not
the supporting ones.

It is convenient to develop some simple preliminaries before stating the
main results. Extensive use is made of the inequality

= (¢ q B = q
(6) E{F_:gkb,xm } s(q_l) E{|®,X,)'}
for all m =1,2,...,1 <q <, and b € 7, which follows easily from the
Doob’s [(1953), pages 317-318] maximal inequality applied to the reverse
martingale (b,X ), n > 1. Extensive use is also made of the following result
which is a simple consequence of Lemma 5 of Chow and Lai (1978) and
Theorem 3 of Chow, Hsiung and Lai (1979).

ProposITION 1. LetY,,Y,,... denotei.i.d. random variables with a distri-
bution function G with mean 0 and finite pth moment for some 2 < p < o,
Then
4

max , h > 1, are uniformly integrable.

k<n

1
—(hit o +Y)

Moreover, if 0 <& < o, then there is a nonincreasing, Lebesgue integrable
function G, on (0,%) for which

n
P{maxIY1 + -+ Y] >y} = 3FGS(Q’)

k<n

forally = neandalln =1,2,....

COROLLARY. There are constants ki, k,,... for which L7 _ink, <« and
P{t, > n} <«k,, foralln > 2a/¢, and a > 1.

Proor. For n > 2a/¢,, a < e,n/2 and, therefore,
P{t,>n}<P{Z, <a} <P{{e,S,) + £, < —(1 - 3¢,)n)
< P{(e,S,> < —3en} + P{£, < —(1 — gy)n}.
So, the corollary follows directly from Proposition 1, (C1) and (C3). O

ProprosiTION 2.

t
i lim = =1 w.p.l,
(1) lim — w.p
¢ 2
i im E[{ =] |=1
(ii) lim (a) ;
(ii) lim [ t2dP = 0.
a—®t >2a /8,
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Proor. (i) follows easily from (5) and the strong law of large numbers, by a
standard argument; (ii) is then an easy consequence of (iii); and (iii) follows
from the last corollary and an integration by parts, as in Woodroofe [(1982),
page 46]. O

It is implicit in the statement and proof of Proposition 2 that E(t2) < « for
all @ > 1.

CorROLLARY 1. E{(b,S,)} = 0 and E{(b,S,)*} = (b,Sb)E(t) for all b €
Y. If be ¥ and vyb) < x, then

E{(b,S,)’} = 3(b, SbYE(t(b, S,)) + fiz(b) E(2).

COROLLARY 2. If b€ # and v b) <, then a~%(b,S,), a =1, are
uniformly integrable.

Proors. The first corollary follows directly from Wald’s lemmas [for exam-
ple, Chow, Robbins, and Teicher (1965)]. The second then follows from Lemma
5 of Chow and Yu (1981). O

Observe that 8* := S /vVn = W as n — », where W has the normal distri-
bution with mean 0 and covariance operator 3, the covariance operator of Xj,
and = denotes convergence in distribution. Suppose that (S%,¢,) have a
limiting joint distribution, say

(C6) (S7,6,) = (W, &) asn—>x;
and let
R,=Z,—a, azx=1.

PROPOSITION 3. Asa — x,(S¥, £) = (W, £); and if {c,X;) has a nonarith-
metic distribution, then (S}, &, R,) — (W, &, R), where R is independent of
(W, £) and

1
P{rsRsr+dr}=E(~§P{T+(C,ST>>r}dr, 0<r<om,
with

r=inf{n > 1:n + {c,S,) > 0}.

Proor. The first assertion follows directly from Anscombe’s theorem. The
second may be established along the lines of the proof of Theorem 2 of Lai
and Siegmund (1977), and is actually a consequence of that theorem if
&, — g(S7) — 0 in probability for some continuous function g: 7' — R. O
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3. Statement of results. In Theorems 1 and 2, let p and » denote the
means of R and &, say

p=E(R) and v=E(£).

TeEOREM 1. If conditions (C1)-(C6) hold, then E(t — a) = O(1) as a — x;
and if {c¢,X;) has a nonarithmetic distribution, then lim___ E(t —a) = p — ».

Proor. These assertions are proved by Hagwood and Woodroofe (1982),
though only the second is explicitly stated. Alternatively, Theorem 1 may be
deduced from Theorems 1 and 2 of Zhang (1988). O

In the statement of Theorems 2 and 3, let
vo(by, by) = E{§<b1’w><b2’w>} — v(by, Zby),
A%(by, by) = a®E{(b;,X,)(b,,X,)} — (b;, 2by)a
and

k
A%(by,...,b,) = azE{ E(bi,it>},

for by,...,b, € # for which the expectations are finite for £ = 3,4 and
1 < a < », where 3 = pu, is the covariance operator of X,.

THEOREM 2. Suppose that (C1)-(C6) hold. If b € # and v, (b) < » for
some q > max{4,2a/(a — 1),2p/(p — 2)}, then

(7 lim aE{(b,X,)} = (b, %¢)
and
(8) Ag(b) = 0(1)

as a — «; and if {¢,X;) has a nonarithmetic distribution, then

© lim A%(b) = 2v4(b,b) + (v — p)<b,Sb)
+ (b, 3b)e, Se) + 2(b, 3e)* + 2uy(b, b, c).

Proor (Outline). The structure of the proof of (7) is easily described. By
Wald’s lemma,

_ 1
aE{(b,X,)) = E{?(a — ¢)¢b, st>}.

Then, using the relation a — ¢t = {¢,S,) + (£, — R,), which follows from (2),
and Propositions 2 and 3,

1 1
7(a —t)<{b,8,) = ?{(c,S,Xb, S,) + (& —R,)b,S,)} = (e, W)(b,W)
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as a — . So, if uniform integrability could be established, then aE{<(b,X,)} =
E{{e,W){b,W)} + 0(1) = (b, 3e¢) + 0o(1) as @ — «. The proofs of (8) and (9)
use similar techniques.

Uniform integrability is considered in Section 5, and the proof of Theorem 2
is presented in Section 6.

The following corollary may be used to compute the regret of several
sequential estimation procedures.

CoroLLARY 1. If (b,Sb) = 1, then a?E{(b,X,)*} + E(t) = 2a + O(1) as
a — »; and if {¢,X;) has a nonarithmetic distribution, then

lim {a?E[(b,X, )| + E(¢) — 2a)

a—x©

= 2u4(b,b) + (e, 3c) + 2(b,Zec)* + 2uy(b,b,c).
Proor. This follows from Theorems 1 and 2 and some simple algebra. O

CoRrOLLARY 2. For all by,b, € 7,

lingo A%(by, by) = 2vy(by, by) + (v — p)<(by, Zby) + (by, Zby){c, Zc)
+ 2¢(b,, 2c){(b,, 3¢) + 2us(b,, by, €).

PROOF. This is clear, since 44%(b,, b,) = A%(b, + b,) — A%(b;, — b,) for all
b,b,€ and a > 1. O

THEOREM 3.  Suppose that (C1)-(C6) are satisfied. If b € ¥ and v (b) < »
for some q = max{4,6a/Q2a — 1),3p/(p — 2)}, then

(10) lim A%(b) = 6¢b,3b){b, 3c) + fi5(b) = A,(b), say;
and if v, (b) < o for some ¢ > max{4,4p/(p — 2)}, then
(11) lim A%(b) = 3¢b, 2b)* = A,(b), say.
The proof of Theorem 3 uses techniques similar to those in the proof of (7).
The details are presented in Section 7.

The space #,, of all k-linear functionals is itself an inner product space with
inner product

Cyvdp= 3, - Y u(e,...,e )v(eq,....e;)

e, €& e, &

for u,v € #,, where & denotes an orthonormal basis for 7. Let {|ull; =

Vi, udr for u € #,.
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CoroLLARY. If there is a ¢ > max{4,6a/(2a — 1),4p/(p — 2)} for which
12 lx||?F(dx) < oo,
(12) [ J=I"F(dz)

then there are symmetric multilinear functionals A, and A, for which A, = A,
for k = 3,4 and

lim A2 = A, € %, k~—3,4.

a—w

Proor. This follows directly from Theorem 3 and (4). O

Recall that the derivatives of a function A: ¥ — R at a given w, € # may
be regarded as multilinear functionals on #. See, for example, Edwards
[(1973), page 414]. Let &# be the class of all A: #— R for which A(0) = 0 and
h is twice continuously differentiable on some neighborhood N, of 0 € ¥#;
and let % denote the class of all &~ € # for which Dhy =0 and £ is four
times continuously differentiable on N,. Observe that if 2 € # has four
continuous derivatives near 0, then 1% € %"

THEOREM 4. Suppose that (12) holds for some q > 4 and that conditions
(C1)-(C6) hold with p=q and a >q/(q —2). Let h € #; and let h,,
k=12,..., be functions for which h, = h on N, for all k =1,2,... and,
for somer = (g — 1)/(q — 2),

(13) E{sup|hk()_(k) } < w,
k>1
then
(14) lim aE{h,(X,)} = (Dhy, Sc) + 3(D?hg,3)s.

Ifh e %, q = 6 and (13) holds for some r > (q — 1)/(q — 3), then
(15) a?E{h,(X,)} — ¥ D?hy,3),a = O(1);
and if, in addition, {¢,X,) has a nonarithmetic distribution, then

lim o?E{h(X,)} — L{D?h,,3).a
e m ) - (0,

= %<D2h0’A2>2 + %<D3ho,A3>3 + 2_14<D4h0,A4>4-

The proof of Theorem 4 uses a Taylor series expansions together with
Theorems 2 and 3. The details are presented in Section 8.

































