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ASYMPTOTIC EXPANSIONS FOR THE MOMENTS
OF A RANDOMLY STOPPED AVERAGE

By GIRISH ARAS AND MICHAEL WOODROOFE!

University of California, Santa Barbara and University of Michigan

Let 8,,8,,... denote a driftless random walk with values in an inner
product space #; let Z,, Z,,... denote a perturbed random walk of the
form Z,=n+{c,S,> +&,, n=1,2,..., where £,¢,,... are slowly
changing, < -, + ) denotes the inner product, and e € #; and let ¢ = ¢, =
inf{ln > 1: Z,, > a} for 0 < a < «. Conditions are developed under which
the first four moments of X, = S, /¢ have asymptotic expansions, and the
expansions are found. Stopping times of this form arise naturally in
sequential estimation problems, and the main results may be used to find
asymptotic expansions for risk functions in such problems. Examples of
such applications are included.

1. Introduction. Let # denote a finite-dimensional inner product space,
with inner product and norm denoted by { -, - > and || - |; and let X, X,, ...
denote i.i.d., #valued random vectors with common distribution F. Suppose
that F has mean p = 0, covariance operator 3 and higher moments as
needed. Let &, &,,... be random variables for which ¢, is independent of
X, i X,49-.- foralln=1,2,...;let c € ¥#; and let

(1) Z,=n+{e,S,) + &, n=>1,
and
(2) t=t,=inf{ln>1:Z, >a}, a=x=1,

where S, = X; + -+ +X, for n = 1 and the infimum of the empty set is .
(That ¢, < % w.p. 1 for all @ > 1 under mild conditions is shown below.) The
main results provide asymptotic expansions as a — « for the first four mo-
ments of X, :== S,/¢ and the first two moments of a smooth, suitably bounded
function of X,.

Stopping times of the form ¢, arise naturally in sequential estimation, and
risk functions often involve the second moment of X, in such problems. See,
for example, Woodroofe (1977), Martinsek (1983), Aras (1989) and Sriram
(1990), where special cases of the main results of this paper may be found. The
purpose of this paper is to develop expansions under weak moment conditions,
in a form which may be applicable to other problems. The results of Martinsek
and Aras are compared to those of Theorems 2 and 4 in Examples 2 and 3.
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