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Abstract

A local limit theorem is proved for partial sums of a hidden Markov chain, assuming global asymptotic normality for a
related sum, a fairly weak mixing condition, and a non-lattice condition. The proof proceeds by a study of the conditional
characteristic functions, the analysis of which relies heavily on a theorem from Breiman (1968). The paper concludes
with a Cesaro type limit theorem for the joint distributions of the Markov chain and the partial sums.
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1. Introduction

The global central limit theorem for normalized sums of dependent random variables has been investigated
extensively, especially under the assumption of stationarity. See, e.g., the review by Peligrad (1986). Much
less is known, however, about local limit theorems. See Wang (1990) for a recent contribution and further
references. In this paper sufficient conditions are obtained for a local limit theorem to hold when the sequence
forms a stationary hidden Markov chain.

Let Wy, W1, ... be a strictly stationary ergodic Markov chain. Let Xj, X5, ... denote a sequence of real
random variables which are conditionally independent given W = (W, Wy, ...) and for which the conditional
distribution of X; given the entire sequence depends only on W;. In this case Xj, X, ... is called a hidden
Markov chain. The probability space on which the W, and X, are defined is denoted by (£, .«/,P) and the
initial stationary distribution by =, i.e., P = P™.

Assume EX; = 0 and 0 < EX12 < o0, and let S, = Xj + --- + X,. The main result of this paper is that
under quite modest conditions

VnP(a < S, <b)—c(b—a) (1)
and
%Z\/;P(Wk €4,a < Sp<b) — c(A)b — a) )
k=1
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as n — oo whenever —00 < a < b < oo and 4 € /. Here ¢ is a positive constant which is identified in the
proof.

2. Proofs

Let F(w;-) and ¢(w; ) denote the conditional distribution and characteristic function of X given Wy = w.
Letting u(w) = E(X; | Wi = w), define Fy(w; -) and ¢o(w; -) to be the conditional distribution and characteristic
function of X — u(Wy) given W, = w.

The approach is to invoke Theorem 10.7 of Breiman (1968) by selecting an everywhere positive, symmetric,
Lebesgue integrable function A(x) with real Fourier transform 2mA(z) which vanishes off a compact interval.
Relation (1) is established by showing

VAE[G(S)] — ¢ / 9(x) dx = 2mcg(0) 3)

for all functions g(x) of the form e™*h(x), v real. Using the conditional independence of X, X, ... and
Parseval’s relation, (3) may be rewritten as

VRE[g(Sy)] = v/ /é O] ¢ Fis 1) dr dP —2meg(0). @)
k=1
The proof is accomplished by a careful analysis of the left side of (4) using the inequality
|Vn E[g(Sn)] — 2mcd(0)| < |E[I,,1(M) — 2med(0)]| + El,2(M, &) + El 3(e), ()
where
La(M)=/n g [[owes 0y as, (6)
M<Miva oy
Lao(M,e) = v/n d [ o7 1)|at (7
M/ /<t <e k=1
and
n
La(e)=+vn f g@) [] o(Wis 1)|de (8)
f)>e k=1

for appropriate M and ¢.
Observe that

o1
lim -
n—oo n

Z X (W) = 0 = /az(w)n(dw)
k=1

w.p.1 by the assumed ergodicity and that the right side is finite since EX? < oo. The first lemma is nearly
as transparent.

Lemma 1. For ¢ > 0

1 n
lim — / X Fy(Wi;dx) =0 w.p.l. 9
n—oo N ; Jx| = ev/n 0 ) P )
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Proof. The ergodicity of Wi, W,,... implies that for fixed M

n

lim 12 / X2 Fo(Wy; dx) = / / x2Fo(w; dx)m(dw)
nmeo T JlzevM x| = evM

w.p.1, and the right side approaches zero as M — 0o by the Dominated Convergence Theorem. The lemma
follows since the integrals in (9) are non-increasing in n. O

Corollary 2. For 0<M <oo

H bo (Wk, \/_) _ e~(/)e*r

k=1

lim sup
n—oo |t|<M

=0 w.pl. (10)

Proof. Relation (9) asserts that the Lindeberg—Feller condition holds w.p.1. Relation (10) follows. See, e.g.,
Feller (1966, Vol. 2, pp. 491-492). O

Lemma 3. Suppose that
1 n
Vi=—=>_ (W) ==V ~ #(0,03) (11)
VS

as n — oo where 0 < o3 < co. Then

Jim  lim Bl (M) = MO
Mmoo n= \/2n(a3 + a?)

Proof. First observe that for each fixed M > 0

= o)l (v )

=4(0) / o110 qy 4 o, (12)

where ¢, — 0 boundedly w.p.1 by Corollary 2 and the Bounded Convergence Theorem. Thus
M 5 2,2
E[L, ((M)] = §(0) / E(e") e~/ gt 4 0(1)
-M
M 242 2,2
—-)gA(O)/ e_(l/z)aot e—(1/2)01 dt
-M

as n — oo, and the last line approaches 2ng(0)[2n(c2 + 02)]71? as M — co. [

An additional condition on the Markov chain is now imposed. It is assumed that the state space admits a
topology 7~ under which ¢(w;t) is continuous in w for each fixed ¢, and that

D P(W) € A, Wy € A) — nn(4)* =o(vn) YA€ T NA. (13)
k=1
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If the left side of (13) holds for every measurable open set, then it holds for every measurable closed set as
well since

P(Wy €A, We € A')=P(W, € A') — P(W; € A)+ P(W, € 4, Wy € A).

Of course, ¢(w;t) is always continuous with respect to the discrete topology in which case (13) is required
to hold for all measurable sets. If the continuity conditions are satisfied with respect to a smaller topology,
then (13) requires less.

The analysis of I, (M, ¢) and I, 3(¢) relies heavily on the next lemma, which is a consequence of (13).

Lemma 4. For any measurable closed sets A, let
n
No(4) =#{k<n: Wi € A} =) 14(Wp).
k=1
If (13) holds then
Var(Nu(4)) = o(n*?)
and

P (Nu(4) < inn(4)) = o(n™'7). (14)

Proof. The first assertion follows from
Var(N,(4)) = nn(4) (1 — n(4)) + 2‘2@ —k+ 1) {P(W1 € 4, Wi € 4) — m(4)*}
k=2
and the assumption (13). Relation (14) then follows from Chebyshev’s inequality. O
Lemma 5. Under the assumption of (13), there is an ¢ > 0 so that

lim limsupEl, (M, e) =0.

M—oo 5,00

Proof. For each characteristic function ¢o(w;-) let Yo(w;-) = |do(w;-)|?, and let H(w;-) denote the sym-
metrization of F(w;-). Since Yo(w;-) is real valued

1 — yp(w; t) 1 — cos(xt)
—5 - /ﬂ ——— 2 H(w;dx) = 20°(w)

almost surely as t — 0. Since 62 > 0, there is an ¢ > 0 so that the set
1 — .
A= {w: -—M%vo < | < 8}
t

has positive m-measure. With apparent notation, write
El,2(M;6) = E[L,5(M, &), B,] + E L, 2(M,z), B,]

where B, = {N,(4)<nn(4)/2}. Since 4 is also closed, Lemma 4 implies
E|[I,2(M,¢), B,] <O(v/n)P(B,) —0
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as n — oc. In addition, since |[T;_, ¢ (Wi;1)|< exp(~12N,(4)e/2) for each ¢,

E[L2(M,e),B)] < / / Ve~ @M QA gy gp
' M//n<|t| <oo

:// ___2___e—(1/2)t2 dtdP,
My/n(4)e/2<|t| <00 TE(A)E

and the last line approaches 0 as M — co. [

Lemma 6. If

P(l¢(Wit) < 1) >0 Ve#0 (15)
then

nl_i{gO El,3(e) = 0.

Proof. Since § is compactly supported, it suffices to show that for any # # 0, there is a neighborhood U of
tp such that

al

as n — oo. Since

< / x| F(w; dx) < /o2(w) + 1209)

dtdP — 0

O] ¢ West)
k=1

d
a;qb(w’ t)

almost surely, the finiteness of 62 ensures that |¢(w; -)| is Lipshitz continuous w.p.1. This observation, coupled
with P(|¢p(w;19)] < 1) > 0, implies the existence of a neighborhhood U of #, and some & > 0 so that the
set

B= {w: sup |[p(w; )| <1 — 5}
tev

has positive n-measure. Since B is also closed, (14) implies

Vi || a@]]¢wisrdrap
7 wolleor

n

<Cv/n dtdP + o(1)

(W3 t)
1

No(B)=(1/2)nm(B) / Pl

<Cv/n(1 = OB L (1) =0(1). O

Theorem 7. Under the assumptions (11), (13) and (15), \/nPoS;! converges weakly to c¢ x Lebesque
measure, where ¢ = [2n(a3 + 02)]~ V2. In particular, for any —co < a < b < oo

b—a

\/2m(a3 + 62)

Proof. This follows directly from (5), Theorem 10.7 of Breiman (1968) and Lemmas 3, 5 and 6. [

VnP(a < $,<b) —

as n — o0.
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The proof of (2) is presented next.

Lemma 8. Suppose that (11) holds. Then for any A € o/ and any open interval B C A,

lim - ZP(Wk €A, Vi € B)=m(d)P(V € B). (16)

n—oon

Proof. Fix an open interval B and a measurable set 4. Given ¢ > 0, fix an integer m so large that

m—1

Zp (A|w) — t(4)| n(dw) < ¢

by the mean ergodic theorem, where p‘(4|w) = P(W; € A| Wy = w) a.e. Next define

Sfi(n) = ;1; Y P(Wied, VieB)
k=1

1 n 1m—l
= - — P(W,e€Ad, Vi; €B),
Sa(n) n,;m; (Wi € -1 €B)

f3(m)=~ Z ZP(WH;EA Vi € B),

=0

fam="D 5" b, € )
k=1

It suffices to show that lim sup,|f1(n) — fa(n)| < &, since f4(n) approaches the right side of (16) as n — oo

by (11).
Observe that for any fixed integer s >0
/—n Is n+s
IVn+s - an\ \/H(T\/- Z ( k) Z/‘(Wk)
k_

and that the right side approaches zero almost surely as n— oco. Therefore maxo<s<m P(V, ' (B) 4 V,;A\(B)) —
0, and consequently |f1(n) — f2(n)| — 0, as n — oo. It is easy to check that |f>(r) — f3(n)] — 0 as well.
Finally notice that for every n

n m—1
fsm) = futm) = |1 {%Zp’(A |w)—n(A)} P(Ve €BIWy =w) n(dw)
k=1 =0

/s

That lim sup,|f1(n) — fa(n)| < & now follows from the triangle inequality. [

m-—1

Zp(Alw)—n(A)

n(dw) < e.
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Theorem 9. Under the assumptions of Theorem 7,

j w(4)(b — a)
S VkP(Wy € 4,a < S <b) » —=m", (17)
”; * ‘ \/2n(0? + 62)

forany A€ o and a < b.

Proof. Let ¢ = [2n(03 + 6%)]7/% and fix 4 € . Relation (17) is established by applying Theorem 10.7 of

Breiman (1968) to the measures H, defined by H,(f) = 1/n E,'z:l\/I?E[f(Sk)lA(Wk)]. For fixed g as in (3)
observe that

Hi(g)— E [%Z IA(Wk)Ik,,(M)] l
k=1

E [;];ZIA(WI:){\/EE[Q(S}:” 4 —Ik,l(M)}] ’
k=1

<E l%Z1A(Wk){lk,2(M,8)+Ik,3(8)}] 5
k=1

and so by Lemmas 5 and 6 it suffices to show that

E [% > 1A(Wk)1k,1(M)] — 2meg(O)n(d) )

k=1

as n — oo and then M — oco. Using (12) the left side of (18) can be written as

M n "
1 .
é(O)/ {; >_Ele™ IA(Wk)]} D7 dr 4 0(1)—>é(0)/ n(A)e~ D@+ gy
M T k= Y

where the last line follows from Lemma 8. The desired result is obtained by letting M — oc. O
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