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We proposeusinga Bayesprocedurewith uniform, improper prior to determinecrediblebeltsfor the mean
of a Poissondistribution in the presenceof a backgroundand for the continuousproblem of measuringa
non-negativeguantity v with a normally distributedmeasuremenrgrror. Within the Bayesiarframework,these
belts are optimal. The crediblelimits are then examinedfrom a frequentistpoint of view and found to have

good frequentistand conditionalfrequentistproperties.
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I. INTRODUCTION

We considertwo simple problemsfor settingcon®dence
belts. The ®rstproblemis that of the Poissondistributionin
the presencef backgroundThe secondproblemis the mea-
surementof a non-negativeparameteru, with a normally
distributederror. Although simple problems,therehasbeen
considerablewvork and discussionon them in the last few
years.Most of the discussionhas centeredon the Poisson
case,whenthe numberof observedeventsis small. This is
an important current topic becausethere are many search
experimentsinvolving small numbersof events.Thesein-
clude Higgs particle searchessupersymmetrysearchesand
neutrinooscillation searchesuchasat the Liquid Scintilla-
tion NeutrinoDetector~LSND! and KARMEN.

We will brie'y describesomerecentattemptsto address
theseproblems.

Il. THE FELDMAN-COUSINS UNIFIED APPROACH

The standardmethodfor setting 90% C.L. boundshas
beento selecta regionwith a 5% probability aboveand a
5% probability below the bounds. About two years ago,
Feldmanand CousinsFC @# suggestech method, new to
physicsanalysescalledthe uni®edprocedureFor the Pois-
son case,for eachpossiblevalue of the parameteru, they
looked at the ratio of the probability of gettingthe observed
numberof eventsn for that ¢ comparedto the maximum
probability for all physically allowed u's, and picked n's
with the highestratio to build a 90% con®denceegion.This
solvedtwo problemswith the old procedurelt automatically
transitionedfrom an upperlimit to a con®dencéelt and it
alwaysproducedcon®dencaetsin the physicalregion.

The uni®edprocedurenorks well for manyproblemsand
is a signi®canimprovementver the symmetrictails proce-
dure.Howeverit hasa seriousproblemif few or no events
are observedIf 0 eventsare seen,thereare0 signaland0
backgroundevents.That there are 0 backgroundeventsis
interesting,but irrelevantto the questionof whethersignal
eventsare seen.A 90% C.L. limit on v shouldcomefrom
p,(0)< 10%, which setsa limit at &5 2.3. ~Throughoutthis
article probabilitiesfor a ®xedparametet aredenotedby a
subscriptp, . Probability densitiesand probability masses
aredenotedwith lower caselettersanddistributionfunctions
by uppercaseletters! Sucha casedid occurin the Summer
of 1998from initial KARMEN results@# TheyhadO events
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with a backgroundof 2.88, and using the uni®edmethod
obtainedan upperlimit of 5 1.08.1t is desirableto havea
methodseta con®dencéimit near2.3,independenbf back-
ground,for a 90% C.L., whenno eventsare seen.

lll. THE ROE-WOODROOFE PROCEDURE

We @# presenteda variant of the Feldman-Cousinsini-
®edprocedurewhich correctedthis problemand introduced
the conceptof conditionalcoverageFor any observationve
know that the backgroundis lessor equalto the observed
number of events,Nypsenved- We suggestedhe use of a
samplespacenot of all experimentaloutcomesput of out-
comeswith background< Ngpseyed- ThUs,if Ngpsenedd 4,
we consideredonly measurementf which thereare < 4
backgroundevents, even for 20 events observedin the
samplespace This probability wasusedboth to setthe ratio
usedin the uni®edmethod and to calculatethe coverage
probability. This methodhadthe advantagef giving an up-
per limit of about2.42for 0 observedeventsindependently
of the backgroundmeanb. SeeFig. 1.

Cousins@#found thatthis procedurehada problemwith
its lower limit whenappliedto a continuousobservableSup-
poseone measuresa parametery> 0 with a measurement
error D,x5 vl D, where D is normal -0,11. The Roe-
Woodroofe-RW! procedureeliminated v5 0 for all x. 0.
However,if 15 0, the probability of measuringx. 1.39is
10%. SeeFig. 2. It appearedhatthe RW upperlimit andthe
FC lower limit were needed.

Sincethe conditionalcoverageconcepts, asyet, unfamil-
iar, it is desirablethata methodshouldhavereasonableon-
ventionalcoverageaswell asconditionalcoverage.

IV. BAYESIAN CREDIBLE INTERVALS

In this section,we derive Baysiancredibleintervalswhen
the expectedsignal is given a uniform prior distribution.
Theseintervals have severaldesirableproperties.Like the
uni®edntervals,Bayesiarintervalslie in the physicalregion
and automaticallychangefrom con®dencéoundsto two-
sided intervals. They avoid the known pitfalls mentioned
above,the problemswith low countsin uni®edmethodand
thelargelower boundaryof the conditionalcon®dencater-
vals in the continuouscase.Finally, and importantly, the
Bayesianintervals are optimal on their own terms. The in-
tervalsderivedminimize lengthamongall credibleintervals.
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FIG. 1. The 90% C.L. belt for a Poissonprobability with b
5 3, using the old RW procedure~solid line! and the Feldman-
Cousinsuni®edproceduredashedinel.

The price paid for thesedesirablepropertiesis dependence
on the prior and metric. We addresshe ®rstof thesecon-
cernsby showingthatthe frequentistcoverageprobability of
the Bayesiarnintervalsis quite closeto the Bayesiarposterior
crediblelevel. Thatis, while the two probabilitiesare con-
ceptuallyquite different, they areclosenumerically.In addi-

FIG. 2. The 90% C.L. belt for the continuousprobability ex-
ample,using the old RW procedure-solid line! and the Feldman-
Cousinsuni®edproceduredashedinel!.
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tion, we showthatthe Bayesiarcredibleintervalshaveexact
conditional~requentist coverageprobability, exceptfor dis-
cretenesén the Poissoncase With regardto the metric, it is
primarily the optimality of our procedureghat dependson
the metric. SeeSec.VII.

We will illustrate with two examples,a Poissoncasein
which the meanis composedf an unknownsignalmeanu
> 0 anda known backgroundneanb andthe measurememnt
of a parameten/> 0, with a measuremengrror D which is
normal-0,1l. We usea uniform ~mpropet prior of 1 for O
< u, * in bothproblems.

A. The continuous example

Thisis a simpleproblemin which the statisticalissuesare
clearandwhich approximateshe Poissonproblemfor large
bl u. We measurex5 ul D, where > 0, and the density
functionfor x is

fxw![ f~2 u5 i_e2 w202 ~1!
Fep
For the uniform prior probability pr(u)5 1, the marginal
densityof x becomes
fx!5 E{~x2 upr-utdus F !,
0
where

X
F~x![ Ef~y!dy,
=

the standarchormaldistributionfunction. We now useBayes
theorem f(xw)3 pr(u)5 f(ux)3 f(x). The conditional
densityof v givenx is

¢ 5 f~x2 ul o
~UK! ﬁ }

f(wx) is proper;the improper~n®niteé prior hascancelled
out. We wish to ®ndan upperlimit u and a lower limit I,
dependenbn x, for which

Profi< u< ux% 12 e. 3!

In Bayestheory,suchintervalsare calledcredible intervals
It is desirableto minimize the interval @ u#, subjectto Eq.
~3!. We do that by picking ¢'s with the largestprobability
densityto be within the interval,

@ u# $u:f~ux!> c%

where 0< c< 1//2p is chosento satisfy Eq. ~3!. Now,
f(ux)> c if andonly if w2 xw« d, where

d5 A2 2Inc2 In2p!2 2 In@ ~x!#

Therearetwo casedo be consideredIf d< x, thenthe con-
dition 8! becomes
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X f~v| 2F ~dl21
12 €5 E f~ux!dub E ;
X2 d 2dF X ' F~x!
d5 F“P—l E~12 e'F~x'G 4
515 ! ! !
whereF 21 denotesthe inversefunctionto F . If x, d, Eq.
3! becomes
~v! 12 F~d!
~| | .
e5 Edf ux!dus E~x! dv5 =perant
d5 F21@2 eF x!# 5!

If Xq is the point wherethesetwo curvesmeet,then,

! D
21 |
X5 F STe A

Hence, the desired credible interval is @ u#5 @axx
2d,0),x1 d# where d5 F21@2 eF (x)# if 2", X< Xq,

andd5 F21@1 (12 eF (X)#if Xg, X, °

B. Poissonexample

The probability massfunction and distribution function
for the Poissondistributionwith meanl are
eZI [ n
~7!

p, n'5

and P, (n)5 p,; (0)1 e+ 1 p, (n). For our presentproblem
I 5 ul b, whereb> 0 is the ®ed~known ““background"”
mean.If we let v havea prior uniform distribution pr(v)
5 1 for v> 0, we thenhave

1
p-n!5 E_T~Ul bi"e? (! P)pr—yidu
o N}

1
5 Eh ve?Vdv5 Ppn! -8l
b

as derived in our previous paper @ The derivation pro-
ceededby expanding(ul b)" and noting that * , t*e? “du
5 k!. We again use Bayes' Theorem p, ,(n)3 pr(u)
5 pp(n, )5 pp(uwn)3 p(n). Then, recalling that pr(uw)5 1
for «> 0 andp(n)5 Py(n), we have

9|

To setupperandlower con®dencéoundsfor u, we need
to solvethe equation

J Ppy 12 Pyy !
12 & pr~um!du5 b ! bLu 40
| Pb'ﬂ!

for | andu. A 90% C.L. correspondgo settinge5 0.1. The
secondequalityhereis obtainedby writing *|'5 *, 2 * , and
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usingthe reasoningdescribedafter Equation-8!. To getthe
shortestinterval u2 | we needto include valuesof v with
highestdensity,i.e.,

@u#s @:pp,~un!> c# ~1

for somec. The conditions~10! and 11! may be solved
numericallyby aniterative procedureThis procedures de-
scribedin Sec.VI in a more generalcontext.

V. FREQUENTIST PROPERTIES

The Bayesiancredible intervals just derived have exact
posteriorcoverageprobability 12 e, by constructionIn this
section,we showthat they also havehigh frequentistcover-
ageprobability.

A. The continuous example

In the continuous example, x5 vl D,u> 0, and D
; normal(@©,1). Fix a v and ®ndthe points at this ®xed v
where x meetsthe upper and lower Bayesianlimits. Let
X((u) be that x which meetsthe upperlimit, 5 u(x,)5 x,
1 d(x,) andx,(u) be thatx which meetsthe lower limit, u
5 1(xy)5 %,2 min@(x,).x# Then @x),u(x)# coversu iff
X< X< X,, and the conventionalunconditionalcoverageis
F(x,2 U)2 F(x2 u). This is not exactly 12 e. A lower
limit on the coverages shownin the Appendixto be

12 e
F~x2 U2 F~x2 u> 1 e ~12

but this is a very conservativdimit. For €5 0.1, this lower
limit is 0.8182,while a numericalcalculation®ndsa mini-
mum coverageof about0.86.

The conventionalcoverageprobability can be improved
for a very small increasen limits. We will considera con-
servativead hoc modi®cationof the upperlimit on v using
the one-sidedlimit for a higher con®dencdevel, e&b &/2.

Let
><F~ S —1 m
u8x!5 maqu~x!,x1 F21 226

Let xB8 be the x correspondindo u§x)5 w. The formula for

the conventional coverageis F (x,2 t)2 F (x® u), as

above.The undercoveragajerivedin the Appendix,is very

smallfor this conservativenodi®cationFora 90% C.L., the

conventionalcoverageis at least.900 everywhereto three
signi®cant®gures.Figure 3 showsa plot of the coverage
bandsplottedasu2 x vs x. The con®dencéandsareshown
in Fig. 4 andcomparedvith theold RW upperboundandthe

Feldman-Cousinsini®edprocedurelower bound. The con-

ventional frequentistcoveragefor the Bayesianmodel and
for this conservativenodi®catiorare shownin Fig. 5.

The Bayesiancredibleintervalsalsohavean exactcondi-
tional frequentistproperty,in terms of the error D5 x2 w.
Note that if x is observedthen, necessarilyD< x, sinceu
> 0. F(x) is just the probability that D< x. Let a(x)
5 min@(x),x# Then the interval @(x),u(x)# covers u iff
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FIG. 5. The conventionalfrequentistcoveragefor a Bayesian
FIG. 3. The 90% C.L. belt plotted as u2 x vs x using the 90% C.L. belt for the Bayesiancontinuousmodel~solid line! and
Bayesianprocedureand a conservativemodi®cation-dashed! for the conservativenodi®cation-tdashedine!.

the continuousexample.
B. The Poissonexample

I(x)< u< u(x) or, equivalently, 2 d(x)<D< a(x). In the As in the continuouscase,the conventionalcoverageis
Appendix, it is shownthatif x& v1 D8is anindependent ot exactin the Poissoncase.For b5 3 and 12 €5 0.9, for
copy of x, then example,the conventionalcoveragevariesfrom about86%
Proh,@ d~x!<D & a~x!ID& x#5 12 e to 96.6% Figure 6 showsthe resultingcon®dencdelt for

b5 3,65 0.1.
and@(x),u(x)#is the shortesinterval with theseproperties. The conditionalcoverageds shownin the Appendixto be

' 12 e, exceptfor discreteness.

FIG. 4. The90% C.L. belt usingthe Bayesianprocedure-solid

line! and the conservativemodi®cation-dashedline! for the con- FIG. 6. The 90% C.L. belt for the Poissondistribution with b
tinuous example.The old RW upper limit and the F-C uni®ed 5 3 using the Bayesianprocedureand the old RW procedure
methodlower limit are shownas dottedlines. ~dashedine!.
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FIG. 7. The conventionalfrequentistcoverageobtainedby this
Bayesianprocedure~solid line! and by the conservativenodi®ca-
tion ~dashedine! for b5 3.

The conventionatoveragecanbeimprovedby a smallad
hocmodi®catiorsimilar to thatusedfor the continuouscase.
Consideran alternateBayesianupperlimit u8for v de®ned
asthe one-sidedimit for a crediblelevel 5 12 e8 Takethe
modi®edupper limit as the maximumof u and u8 In the
continuousexamplewe chosee®b e/2. Here,we makea dif-
ferent ad hoc choice. The effect of the modi®cationfor b
5 3,65 0.1ande® 0.08is shownin Fig. 7. Thevalueof the
limit for n5 0 thenincreasedrom 2.3 to 2.53. SeeFig. 8.
For a ®xede8the limit atn5 O isindependenof b, but the
appropriatechoiceof e8will dependweakly on b.

VI. PARTIAL BACKGROUND-SIGNAL SEPARATION

In this section,we extendthe methodto processesn
which we have some information concerningwhether a
given eventis a signal or a backgroundevent. Supposeon
eacheventonemeasures statisticx ~or avectorof statistic$
for which the densityfunctionis g(x) for signaleventsand
h(x) for backgroundevents.Supposefurther, thatthe num-
ber of observedeventsn has a Poissondistribution with
meanbl v, whereu is the expectechumberof signalevents.
We assumethat b, the expectednumber of background
events,is known. Thenthe joint probability massfunction/

densityfor observingn eventsand parameters, . .. X, is
X!l bh~x!
| 2 (b1 1) Pg k* k* G
fu~n,x.5 )5 T
1 n n
5 —g? (b1 “))5 @1 ur~xk!#‘)5 h~!,
n! 1 1
~13
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FIG. 8. The 90% C.L. belt for the Poissondistribution with b
5 3 usingthe Bayesianprocedure=solid line! andthe conservative
modi®cationdashedine!.

wherer(x,)5 g(x)/h(xy). For a uniform prior, pr(u)5 1
for O< u, ~ , the marginal and posterior probability mass
function/densitieof n andx,, ... X,, andof u arethen

f-n,x!5 Efu~n,x!du
0

5 nil)):l h~x! OEe2 (b1 4)

3 )5 @1 urx#e? BT 9dy
1

5 f,n,x! 14
g~tn, X! Xl !
Observethat
Ee n n anm
2 (b1 v) | | - 2b
- )51 @1 ur~x'#dus n.n(SO C“'m~n2 ey e’

where

n
Ch.mb Eﬁ ( )5 rx k15
jpleeM j5m K51

andwherejq¢** j, arerestrictedto the valuesO or 1. Can-
celling commonfactors,
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n

eY) @1 ur~x#
1

g~uwun,x!5 o prZm ~16!

n(g, Cr”“~n2 m!!

Observealsothatif g5 h, thenC, ,5 1 andq(uwn,x) isthe
sameasthe posteriordensityof v givenn in the Poissorcase
without the extravariablesx.

We wantto ®ndupperandlower limits u,l for v suchthat
Profi < u< un,x% 12 e and to minimize that interval.
This meanswe want @ u# $u:q(uwn,x)> c%We ®rst®nd
the value vy, at which q(uwn,x) is maximum,or, equiva-
lently, In@(wn,X)# is maximum. Since the denominatorin
Eq. 16!

n n2 m

D5 n!n(50 ~5 i Cnm 47

doesnot dependon v,

d, *© P
ggn@-un.x! le -

If r(xq)eeer(x,), b, then u,.5 0. Otherwise,setting the
derivativeequalto O thenleadsto the equation

n
U, ~Xy!
Umax5 Q max Xk 48

K5 1 DL Upat X!

If g5 h, thenit is easyto seethat U556 max@n2 b# It is

clearfrom Eqg. ~18 that u,,,,< n, andit canbe shownthat

the obvious iteration starting at &5 n convergesto Uy ay-

This iterationis a specialcaseof the EM algorithm @#
Next integrateq(wwn,x). Let

a
Q-auwn,x![ E|~um,x!du.
0

Then

1 n
12 Q-aw,x!5 —Eez “)5 @1 urx;!#du
D a 1

L SE-
- n2m 2 U,
5Dr§50b Chm e” “du.

a
~19!

We usethe reasoningdescribedafter Eq. 8! to evaluatethis
integral:

PHYSICAL REVIEW D 63 013009

1 n m a|
| _ n2m _
12 Q~-awn,x!5 5 H(SO b M2 il m” g i
s n bnzicmi i i|
igo n2i!l |§o|!
a oz m . 20

H(SO ~n2 m!! Chm

We caneitheruseEq. 19!, recognizingthattheintegralis an
incomplete gamma function, or use Eq. 20 to ®nd
Q(aw,x). Thelimits canthenbe found by iterationsasfol-
lows.

~! First solvethe equationQ(zwn,x)5 12 efor z Thisis
straightforward sinceQ(zuwn,x) is increasingin z

2! If g(zw,x)< g(Own,x), thenl5 0 andu5 z.

~3! If g(0wn,x), q(zw,x), solvethe equations

q~ywn,x!5 c,
g~zwn,x!5 c,
Q~zwn,x!2 Q~ywn,x!5 12 e

for c,y,z by a doubleiteration. In solving theseequations,
start with ¢5 (cninl Cmax/2, Where ¢.,;5 d(Own,x) and
Cmax IS the maximum value of q(uwn,x), correspondingo
US Unpax- Solvethe ®rsttwo equationdor y, Upax 2Z. This
is straightforward sinceq(uun,x) is increasingfor U< Uy ax
and decreasingfor u. Uyax. Then replacec,,, Yespec-
tively, chin) by ¢, accordinglyas Q(zwn,x)2 Q(yw,x), 1
2 e ~respectively, 12 e).

Note that the iteration procedurefor the Poissonexample
without additionalparametersneasureds just a specialcase
of this iteration procedure.

VIl. CONCLUDING REMARKS

We haveproposedmethodsfor settingcredibleor con®-
denceintervalsfor the meansu of a Poissonvariable, ob-
servedin the presenceof backgroundand of a normal dis-
tribution, when v is known to be non-negative.In the
processwe have madespeci®cachoicesfor the prior distri-
butionsand loss structure.The ~uniform! prior distributions
were chosenfor mathematicatractability andagreemenbe-
tween the Bayesiancredible level and conventionalcon®-
dencelevel; andone of the main ®ndingss thatsuchagree-
mentis possible.The intervalshavean optimality property:
they minimize the length of credibleintervalsin the v scale
for the uniform prior. For both problems the meanprovides
a physicallymeaningfulandmathematicallytractablemetric.
Our proceduregdependon the choice of metric, prior, and
lossstructureasfollows: if the intervalfor vis|< u< u and
the metricwerechangedto ¢t5 1/u say,thenavalid interval
for t is 1/u< t< 1/. This hasthe samefrequentistcoverage
asthe original interval andis an exactcredibleinterval for
the induced prior, dt/t2. The optimality is lost, however.
The transformedinterval does not minimize length in the
t-scale.The situationfor our methodis similar to thatin the
Cramer-Radimit, Eqg. 13.10 of Roe @4 This very useful
boundalsodependson the metric.

Thederivationsof thead hoc modi®cationsn Sec.V mix
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Bayesianand frequentistreasoningandthis may seeminel-

egant.We believe that any ineleganceis mitigated by the

minor natureof the changesndtheresultinggoodproperties
of the procedurefrom both the Bayesianand frequentist
viewpoints.

In the caseof a Poissondistribution without auxiliary
variables,thereis a close connectionbetweenour method
andCLg: the CL4 procedurds mathematicallyequivalento
an upper credible bound with a uniform prior distribution.
Read @# calls this a coincidence We think that thereis a
deeperconnection@# The optimality claimedfor CLy, ¢ in
Read'swork is optimality for testingbackgroundnly versus
backgroundplus a speci®edsignal. Our proceduresare de-
signedto produceintervalsof shortesiength,not mostpow-
erful tests. That thesetwo criteria canleadto different pro-
cedureswvasnotedin the statisticalliteratureby Pratt @#
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APPENDIX: PROOFS OF COVERAGE AND OPTIMALITY
THEOREMS

1. Continuous example

Recall that if x5 vl D is observed,then necessarilyD
< x and that uP @(x),u(x)# iff 2 d(x)<D< a(x), where
d(x)5 u(x)2 x anda(x)5 x2 [(x)5 min@(x),x# Let x& u
1 D8 be anindependentopy of x.

Theorem: For every x, Proh, @d(x) <D8
<a(x)ubD8< x# 1-e and @(x),u(x)#is the shortestin-
terval with this property. The ®rststatementsaysthat the
conditionalcoverageof x2 u is exact.

Proof: The resultfollows from

F @inx,z!#
TS Prob@2 u< zw#.

-All

Proh,@8 zID8& x#5

In other words, the conditional frequentistdistribution of
x& u is the sameas the posteriordistribution of x2 u. It
follows that

Proh,@ dx!<D & ax!D& x#

5 Prob@2 u~x!< x2 u< min,X,d~x!.x#
5 Prob@x!< u< u~x!wx# 12 e,

wherethe last equality follows from the de®nitionsof I(x)
and u(x). Next, if @(x),U(x)# is any interval for which
Proh,@ D(x)<D & A(x)ID& x#b 12 ¢, where D(x)
5 U(x)2 x andA(x)5 x2 L(x), then

Prob@~x!< u< U~X!wx#

5 Prob@ D~x!< x2 u< A~!w#b 12 e
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and,thereforeU(x)2 L(x)> u(x)2 I(x), sincethe Bayesian
limits werechoserto minimizethelengthof theinterval. L

To put this in more conventionalterms, let the interval

C(x,x85 @& a(x),x8L d(x)# Then
Proh,@-x,x8{ wb8 x#5 12 g, ~A2!
wherex8is the randomvariable.

Theorem:A lower limit for the conventionalcoverageis
~2 d/-1 4.

Proof: Recall that x, and x,, were the valuesof x for a
given u meetingthe upperand lower Bayesianlimits, so v
5 u(x)5 x1 d(x;) andu5 1(x,)5 x,2 min@(x,),x,# The
unconditionalfrequentistcoverageprobability is

Proh,@x!< u< ux!#5 Probh,@ < x< x #
5F~,2 ul2 F~x2 u.

Recall the de®nitionof x, and observethat x,> xq for all
u. 0, sinceu5 I(x,) andl(x)5 0 for x< Xxq. First suppose
thatx;< Xo. ThenF (x))<F (xg)<F (x,) andF (xg)5 1/(1
1 e) by Eq. 6. Also, by Egs. 4! and 5!, F (x;2 u)5 F
@ d(x)# 12 F @(x)# eF (x), F (X2 u)5 F @(x,)#
531 3(12 e)F (x,), and

11
F%2 U2 F~2 ul5 -1 -~12 elF x%,!2 eF ;!

22
1111292 e
2t 211e‘1le
12 e
11 e

Next supposex;. Xo. ThenF (x,)>F (x)>F (Xq), F (X
2 U)5 F@ d(x)# 12 @1 3(12 eF (x))# and

11
F~x2 u'2 F~x2 u'5 El §~12 elFx,!21

1
1 P—l §~12 e!F~x|!G

2
1
5 §~12 el@ x'1F~x,!#

12 e L
>
11 e’

Theorem:For the modi®edprocedurea lower limit to the
conventional coverage is given by 31 3(12 e)F (x,)
2 min,3,F (x)).e.

Proof: For the modi®edprocedurethe upperlimit is de-
®nedas
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of S L[l
u8x!5 maqu~x!,x1 F21 Zze

We setxB to be the x correspondingo ug§x)5 u. Thenx8
5 min@ 2 F2%(12 3# andx® u< 2 F2%(12 &/2). Ob-
servethat u§x)5 u(x) for x< 0 andu8&x)5 F?1(12 3¢
for x. 0. For if x<O0, then u(x)2 x5 d(x)5 F?'@
2 eF (X)# F2Y(12 %e) using Eq. 5!. Similarly, if 0, x
, Xo, then u(x)2 x5 d(x)5 F2'@2 eF (x)# F2(1
21e); and if x5 X, ~, then u(x)2 x5 d(x)5 F21@
2 3(12 eF (\)# F?21(12 3¢). It follows that xB x, for
x;, 0 andxf® w2 F21(12 3¢) if x,. 0.

So, if x,. 0, then x® 152 F21(12 ;)5 F2(3¢)
and,therefore,

F~®& ul5F Eu%eﬂg %e.

If x;, O(, Xo), then
F~x8 ul[F ~x2 u'5 eF x!.

Hence

~A3!

Fx& ul'5 minE,F ~x,!G,

and the theorem follows from F (x,2 1)2 F (x& u)5 3
1 3(12 e)F (x,)2 F (xR v). L

2. Discrete ,Poisson.example

The Bayesiancredibleintervalsare (nearly) exactcondi-
tional con®dencentervals (exceptfor discretenessjf we
convertto a scalethat is natural for conditionalcon®dence.

To seethis, let

Xa
| 2 X
H,vy!5 OEG—l 1!e dx,

whereG is the Gammafunction. Then,usingreasoningsimi-
lar to that following Eq. 8!, H,(m)5 12 P,{(n). From Eq.
9!, the posteriordistributionfunction of v is

E
Prob-u< uown![ Q~upwn!5 pp~tun!du
0

H,b1 w2 H b
5
Pb“ﬂ!

Fix b andlet K, ,(m) be the conditional probability of at
most m eventsfrom the conditional samplespace given at
mostn backgroundeventsin the experiment,.e., K, ,(m)
5 Proh(< m eventsobtainedn, ,¢cigrouns N)- Then

P 1 p-m!

Kyn-m!5 Pyl

for m< n, and
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n 2b

e
K n~m!5 kapfmz k!

Pb"‘n! KS 0

for m. n. Letting M be the randomcountobtainedin a par-
ticular experiment
Proq@u,n“‘M!< ymbackgrounf n# y A4l

for 0< y< 1, wherethe approximationarisesbecausam is
discrete.Speci®cally Eq. ~A4! is exactfor y of the form y
S) Ku,n(m)a since Proh/@u,n(M)< Ku,n(m)mbackground
< n# Proh,@ < my,ciground N Ky n(m) for all m
5012....

Clearly, I,< u<u, iff bll,<bl u<blu, iff Hy(b
11,)<Hpbl vy)y<H,(blu,). Thus, I,< u<u, iff 1
2 H,(b1u,)< P, p(n)<12 H, (b1 1,), or equivalently,

12 H,b1 u,!
Pb“n!

12 Hyb1 1,

K, n!<
un Pb"nl

Using Eq.-A4!, the conditionalprobability of the latterevent
giveNn Nyackground N IS approximately

H,b1u,!'2 Hi-1 I, .

|
oy -A5!

12 g,

wherethe lastequalityfollows from the de®nitionsf |, and
Up .
To appreciateEq. ~A5!, it is instructiveto usea different
approach.Supposethat we knew apriori that Nyackground
< n. Thenthe massfunction of M is then

Proh,~M5 mmbackgrountf n![ ku,n'"m!

5 K n-mi2 Ky p~m2 11,

To form con®dencéntervalsin this model, we might con-
struct teststhat the parameterhas a given value and then
invert this family of tests.This requires®ndingn, andn,, for
which Prob(nj< M< nyNpaceground N)> 12 e for eachuy,
wheren, andn,, arefunctionsof v andn. Thisimpliesandis
nearly equivalentto

I:)rObu@u,n“nl!< Ku,n“M I< Ku,n"nu!mbackgrouncf n#

>12 e -A6!

Except for discreteness,the left side of Eq. -A6! is
Kun(ny)2 K, n(n)). The Bayesiancredibleintervalsimplic-
itly determinevaluesof n; andn,, namely

12 Hyb1 uy!

Ku’n“n|!5 Pb“‘nl

12 H,1 1!

Kynu!'5 Py

The relation-A5! showsthat thesevaluesnearly satisfy Eq.
~A6!, exceptfor discreteness.
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