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Abstract

A non-parametric estimator of a non-increasing density is found in a class of piecewise linear
functions when the data consist only counts. The estimator is shown to be consistent, and the
limiting distribution of the estimator is found under di5erent assumptions on the width of the
class intervals. c© 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

Let X1; : : : ; Xn be independent and identically distributed non-negative random vari-
ables with an unknown density f, but suppose that f is known to be non-increasing
on [0;∞). It was shown by Grenander (1985) that the maximum likelihood estimate
of f is the left derivative of the least concave majorant (LCM) of the empirical func-
tion Fn. Its asymptotic properties can be found in Prakasa Rao (1969), Groeneboom
(1985), and Devroye (1987). Grenander’s estimator is a step function with jumps at
some of the sample points. A continuous non-parametric maximum likelihood estimate
(NPMLE) of a monotone density for grouped data is studied in Woodroofe and Zhang
(1999). Let h¿ 0 and suppose that only the counts

nk = #{i : (k − 1)h¡Xi6kh}; k = 1; 2; : : : (1)

are observed. The NPMLE of f is found via EM-algorithm within the class of contin-
uous, non-increasing, piecewise linear densities on [0;∞) with knots at h; 2h; : : : ; along
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with an approximate NPMLE which requires no iteration. The NPMLE for grouped
data is partly motivated by distance sampling models, as described by Buckland et al.
(1992). There an observer searches for hidden objects and records the distance X from
the object to his=her closest point of approach. Let g(x) be the probability of Inding
an object x distance away. The conditional density function of X , given an object is
detected is f(x) = g(x)=�, where � =

∫∞
0 g(x) dx is the unconditional probability of

Inding an object. Grouped data are common in such studies, and there is interest in the
density of X , especially at x=0. It is reasonable to suppose that the density of X (given
observation) is non-increasing here and, therefore, natural to consider isotonic methods.
Further motivation is provided by Bickel and Fan (1996) who suggest grouping data
before applying isotonic methods in the context of unimodal density estimation. See
Robertson et al. (1989) for background on isotonic methods.

In this paper, the behavior of the approximate NPMLE as n → ∞ is studied. Con-
sistency is established in Section 2 and asymptotic distributions are studied in Section
4. For the limiting distribution, the width of the class intervals h, called bandwidth
henceforth, plays an important role. For large h, say nh3 → ∞, the estimator follows a
normal distribution with convergent rate (nh)1=2. For smaller h, such as h ∼ cn−1=3 or
nh3 =o(1), the convergent rate is n1=3 and the limiting distribution is more complicated.

2. Consistency

Let {n1; : : : ; nm} be as in (1). Here m = �max(X1; : : : ; Xn)=h� + 1, where �x� is the
greatest integer less than x, and n =

∑m
k=1 nk . Denote kh by xk ; k = 0; 1; : : : ; m, and

deIne y−1 =0; yk =(xk +xk+1)=2 for k =0; : : : ; m, and xm+1 =xm. The piecewise linear
NPMLE of f at x = xk is the left derivative of the LCM of Gf̂n

at y = yk , where

Gf̂(yk) =
1
n

[
k∑

i=1
ni +

(
f̂(xk)

f̂(xk) + f̂(xk+1)

)
nk+1

]
:

Woodroofe and Zhang (1999) show that the NPMLE can be calculated via EM-
algorithm and that the iteration converges. If we replace f̂(xk)=(f̂(xk) + f̂(xk+1)) with
1=2 in Gf̂(yk); Gf̂ no longer depends on f̂. Denote it by MGn(yk); the approximate
NPMLE is the left derivative of LCM( MGn). Hence,

Mfn(xk) = min
−16i¡k

max
k6j6m

MGn(yj) − MGn(yi)
yj − yi

; (2)

which requires no iteration. Let Fn(xk) be the empirical distribution function at xk ;
k = 0; : : : ; m, then

MGn(yk) =
Fn(xk) + Fn(xk+1)

2
: (3)

Theorem 2.1. If h = hn → 0 as n → ∞; then with probability one, Mfn(x) → f(x) at
all x¿ 0; at which f is continuous.
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Proof. Let F denote the distribution function of f. Then supx¿0| MGn(x) − F(x)| → 0
w:p:1 by the Glivenko–Cantelli theorem and the continuity of F . Let G̃n be the LCM
of MGn on [0; ym] and G̃n(x) = 1 for x¿ym. Then

sup
x¿0

|G̃n(x) − F(x)|6 sup
0¡x6ym

| MGn(x) − F(x)| + (1 − F(ym)) → 0 w:p:1

using Marshall’s lemma and F(ym) → 1. The theorem follows easily since the conver-
gence of concave functions implies the convergence of their derivatives wherever the
derivative of the limit is continuous, see Rockafellar (1970, p. 248).

As noted by Woodroofe and Sun (1993), Grenander’s estimate is not consistent at
x= 0. For the approximate NPMLE, Mfn(0) is consistent under mild conditions on h. In
the proof, essential use is made of the strong approximation theorem of KomlPos et al.
(1975). On a suQciently rich probability space, there are Brownian bridges Bn for
which

Fn(x) = F(x) +
1√
n
Bn(F(x)) + OP

(
log n
n

)
: (4)

Further, Bn may be written as Bn(t)=Wn(t)−tWn(1), where Wn is a standard Brownian
motion.

Theorem 2.2. If h → 0 as n → ∞ and nh=log n → ∞; then Mfn(0) is consistent.

Proof. It is easy to see that

| Mfn(0) − f(0)|6max
k¿0

∣∣∣∣ MGn(yk) − F(yk)
yk

∣∣∣∣+
∣∣∣∣max
k¿0

F(yk)
yk

− f(0)
∣∣∣∣ :

Since F is concave,

f(0+) = lim
h→0

max
k¿0

F(yk)
yk

:

For the Irst term, write MGn(yk) in terms of Fn as in (3), and apply the strong approx-
imation theorem (4) and a Taylor expansion of F(x) at yk . After some algebra,∣∣∣∣ MGn(yk) − F(yk)

yk

∣∣∣∣6
∣∣∣∣Wn(F(xk)) + Wn(F(xk+1))

2yk
√
n

∣∣∣∣+ OP

(
log n
hn

)
+ oP(1):

It is easily seen that∣∣∣∣Wn(F(xk))
2yk

√
n

∣∣∣∣6f(0)√
n

∣∣∣∣Wn(F(xk))
F(xk)

∣∣∣∣ :
Here

max
k¿1

∣∣∣∣Wn(F(xk))
F(xk)

∣∣∣∣6 sup
t¿F(h)

∣∣∣∣Wn(t)
t

∣∣∣∣= Op

(√
1
h

log log
1
h

)
;
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where the last step uses the law of the iterated logarithm for Brownian motion. Since
nh=log(n) → ∞, it follows that

max
k¿0

∣∣∣∣ MGn(yk) − F(yk)
yk

∣∣∣∣6OP

(√
log n
hn

)
+ op(1);

completing the proof.

3. Localization

For the rest of the paper, suppose that the underlying non-increasing density function
f is di5erentiable in a small neighborhood of x0 ¿ 0, at which point the density is
estimated, and f′6−b¡ 0 in the neighborhood. Next, we establish a local property of
Mfn(x0): With large probability, Mfn(x0) can be determined by the LCM of MGn restricted

to a small interval around x0. For each n, let kn be an integer satisfying xkn ¡ x06xkn+1.

Lemma 3.1. Let

Mgn(xkn) =
MGn(ykn) − MGn(ykn−1)

ykn − ykn−1
:

If nh3 → ∞; then

lim
n→∞ P{ Mfn(xkn) = Mgn(xkn)} = 1: (5)

Proof. By algorithm (2), Mfn(xkn) = Mgn(xkn) is equivalent to

MGn(yj) − MGn(ykn−1)6(j − kn + 1)( MGn(ykn) − MGn(ykn−1)) for all j¿kn

and

MGn(ykn) − MGn(yi)¿(kn − i)( MGn(ykn) − MGn(ykn−1)) for all i¡ kn:

Let

Ajkn = MGn(yj) − MGn(ykn) − (j − kn)( MGn(ykn) − MGn(ykn−1));

where j = −1; 0; 1; : : : ; then,

Mfn(xkn) = Mgn(xkn) ⇔ Ajkn60 for all j: (6)

It is enough to show that

lim
n→∞ P

{
max
j¿−1

Ajkn60
}

= 1:

First we consider j¿kn. Let � be so small that f is continuously di5erentiable on
(xkn − 2�; xkn + 2�) and f′(x)6 − b¡ 0 for |x − xkn |¡ 2�. For 0¡yj − ykn ¡�, a
Taylor series expansion of F(x) at x = xkn , shows the existence of positive constants
c0 and c1 for which

E(Ajkn)6− c0b(j − kn)2h2
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and

Var(Ajkn)6
c1(j − kn)2h

n
:

Let c = c1=c2
0. Then, by Chebyshev’s inequality,

∑
{j:0¡yj−ykn¡�}

P{Ajkn¿0}6 c
b2nh3

∑
{j:0¡yj−ykn¡�}

1
(j − kn)2 ;

which approaches zero as n → ∞.
For yj − ykn¿�; MGn(x) → F(x) almost surely for all x¿ 0, as n → ∞. It follows

that

max
{j:yj−ykn¿�}

Ajkn

yj − ykn
→ sup

{x′:x′¿x0+�}

F(x′) − F(x0)
x′ − x0

− f(x0) a:s:;

which is negative since F is concave and strictly concave near x0. So,

P
{

max
{j:yj−ykn¿�}

Ajkn ¿ 0
}

→ 0:

We have shown that limn→∞ P{maxj¿kn Ajkn60} = 1. The same result holds for
j¡kn by similar arguments, and the Lemma follows by (6).

For h = O(n−1=3), we show a similar local property: With high probability, Mfn(xkn)
can be determined by the LCM of MGn on a Inite interval [xkn −Mn−1=3; xkn + Mn−1=3]
for some integer M . Let #n = Mfn(xkn) − f(xkn) and

Z∗
n (x) = MGn(ykn + x) − MGn(ykn) − xf(xkn); (7)

then

#n = min
0¡r

max
06s

Z∗
n (s) − Z∗

n (−r)
s + r

;

where r and s are multiples of h. The following lemma gives the convergent rate of
#n when h = O(n−1=3), and allows us to consider the process Z∗

n for the values x in
an OP(n−1=3) neighborhood of 0. The proof of the lemma is virtually the same as the
proof of the assertion in p. 217 of Kim and Pollard (1990).

Lemma 3.2. If h = O(n−1=3); then #n = OP(n−1=3) and

lim
M→∞

lim
n→∞ P

{
#n = min

0¡r6Mn−1=3
max

06s6Mn−1=3

Z∗
n (s) − Z∗

n (−r)
s + r

}
= 1; (8)

where M is some integer.

Proof. Let

&n(x) = MGn(ykn + x) − MGn(ykn) − x Mfn(xkn):

Then &n(x) is the distance between MGn(ykn + x) and MGn(ykn) + x Mf(xkn). It is easy to
see that &n(x) is maximized at two points, say x = −Ln and x = Rn; ykn − Ln and
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ykn + Rn are the nearest points to ykn such that LCM( MGn) and MGn coincide. Moreover,
&n(−Ln) = &n(Rn). At x = −Ln and Rn, Z∗

n and the LCM of Z∗
n also coincide. So #n

is determined by Z∗
n for the values of x ∈ [ − Ln; Rn], and it suQces to show that

Ln = OP(n−1=3) and Rn = OP(n−1=3).
Let

gn(y; x) = 1
2 I(xkn ¡y6xkn+1) + I(xkn+1 ¡y6xkn+�x=h	)

+ 1
2 I(xkn+�x=h	 ¡y6xkn+1+�x=h	) − xf(xkn); (9)

where I is the indicator function. Then
1
n

n∑
i=1

(gn(Xi; x) − Egn(·; x)) = &n(x) + x#n − Egn(·; x): (10)

Since gn(y; x) satisIes the conditions on Lemma 4:1 of Kim and Pollard (1990), for
each *¿ 0,

|&n(x) + x#n − Egn(·; x)| =
∣∣∣∣1n

n∑
i=1

(gn(Xi; x) − Egn(·; x))
∣∣∣∣6*|x|2 + OP(n−2=3):

By the Taylor expansion of Egn(·; x) for x near 0,

Egn(·; x) = f(xkn)
(⌊ x

h

⌋
h− x

)
+

1
2
f′(xkn)

(⌊ x
h

⌋
+

1
2

)2

h2 + OP(n−2=3) + o(x2):

Since the derivative of f is non-zero in a small neighborhood of x = xkn , there exist
constants 0¡c2 ¡c1, such that

−c1x2 − x#n + f(xkn)
(⌊ x

h

⌋
h− x

)
− OP(n−2=3)

6&n(x)6− c2x2 − x#n + f(xkn)
(⌊ x

h

⌋
h− x

)
+ OP(n−2=3):

Note both Ln and Rn are positive, so, either −c2L2
n + Ln#n ¡ 0 or −c2R2

n − Rn#n ¡ 0,
and �x=h�h− x¡ 0, hence, maxx &n(x)6OP(n−2=3) and for some c0 ¿ 0,

max
x

&n(x)¿&n

(
−
⌊

#n
2c1h

⌋
h
)
¿c0#2

n − OP(n−2=3):

So #n = OP(n−1=3). It is easy to see that Ln = OP(n−1=3) follows from

0 = &n(0)6&n(−Ln)6− c2

(
Ln − #n

2c2

)2

+ OP(n−2=3):

Similarly, we can show Rn = OP(n−1=3).

4. Asymptotic distributions

With the preparation in Sections 2 and 3, we are able to study the asymptotic
distribution of Mfn under di5erent bandwidths h. The bandwidth h varies with n, and
h → 0 as n → ∞, but it is denoted by h rather than h(n) or hn for simplicity.
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4.1. n1=3h → ∞

As before, let x0 ∈ (0;∞) and kn be such that xkn ¡ x06xkn+1 and recall the standing
assumptions on f. Also let +n = (xkn+1 − x0)=h.

Theorem 4.1. If nh3 → ∞; nh5 → 0; and f is twice di4erentiable near x0; then

(cnnh)1=2( Mfn(x0) − f(x0)) ⇒ N (0; f(x0));

where cn = 2=(1 − +n + +2
n).

Proof. DeIne

Mgn(x0) = +n Mgn(xkn) + (1 − +n) Mgn(xkn+1):

Then E( Mgn(x0)) = gn(x0), where

gn(x0) = +ngn(xkn) + (1 − +n)gn(xkn+1)

and

gn(xkn) =
F(xkn+1) − F(xkn−1)

2h
:

By a Taylor series expansion, gn(x0) =f(x0) + O(h2). So, by the assumption nh5 → 0,

(cnnh)1=2( Mgn(x0) − f(x0)) = (cnnh)1=2( Mgn(x0) − gn(x0)) + o(1):

Since

Mgn(x0) =
1
2h

[+n(Fn(xkn) − Fn(xkn−1)) + (Fn(xkn+1) − Fn(xkn))

+(1 − +n)(Fn(xkn+2) − Fn(xkn+1))];

variance of Mgn(x0) is f(x0)=(cnnh) + o((nh)−1). It is clear that Mgn(x0) is asymptotically
normal, and the theorem follows by Lemma 3.1.

4.2. h ∼ cn−1=3

In this sub-section, suppose that h = cn−1=3 for some constant c and that f is twice
di5erentiable near a Ixed point x0 ∈ (0;∞). DeIne kn by xkn ¡ x06xkn+1 as above.
Then

Mfn(x0) − f(x0) = +n( Mfn(xkn) − f(xkn))

+(1 − +n)( Mfn(xkn+1) − f(xkn+1)) + O(h2); (11)

where +n=(xkn+1−x0)=h. Let Mgn;M (xkn) be the left derivative of LCM( MGn) at ykn , where
the LCM is restricted to the interval (ykn −Mh; ykn + Mh), and ykn −Mh¿ 0. Then

Mgn;M (xkn) = min
0¡i6M

max
06j6M

MGn(ykn+j) − MGn(ykn−i)
(j + i)h

;

and by Lemma 3.2,

lim
M→∞

lim
n→∞ P{ Mfn(xkn) = Mgn;M (xkn)} = 1: (12)
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For any integer ‘, deIne

Zn(‘) = n2=3( MGn(ykn+‘) − MGn(ykn) − f(xkn)‘h): (13)

Then

n1=3( Mfn(xkn) − f(xkn)) = min
i¿0

max
j¿0

Zn(j) − Zn(−i)
c(j + i)

:

Let

VnM = min
0¡i6M

max
06j6M

Zn(j) − Zn(−i)
c(j + i)

:

We prove the following results.

Lemma 4.2. If h = cn−1=3; then for any integer M;

VnM ⇒ VM

as n → ∞; where

VM = min
0¡i6M

max
06j6M

Z(j) − Z(−i)
c(j + i)

and

Z(‘) = 1
2

√
cf(x0) (W (‘ + 1) + W (‘) −W (1)) + 1

2f
′(x0)c2‘2 + 1

2f
′(x0)c2‘

for integer ‘. Here W is a standard two-sided Brownian motion originating from
zero; i.e. W (0) = 0 and E[(W (t) −W (s))2] = |t − s|.

Proof. Eqs. (3) and (13) lead to

Zn(‘) = 1
2n

2=3[Fn(xkn+‘+1) + Fn(xkn+‘) − Fn(xkn+1) − Fn(xkn) − 2f(xkn)‘h]:

Here

F(xkn+‘+1)+F(xkn+‘) = F(xkn+1)+F(xkn)+2f(xkn)‘h+f′(xkn)h
2(‘2 +‘)+o(h2)

(14)

by a Taylor series expansions of F . So, by the strong approximation (4), Zn(‘) can be
written as

Zn(‘) = A1(‘) + A2(‘);

where

A2(‘) = 1
2f

′(xkn)c
2(‘2 + ‘) + oP(1)

and

A1(‘) = 1
2n

1=6[Bn(F(xkn+‘+1)) + Bn(F(xkn+‘)) − Bn(F(xkn+1)) − Bn(F(xkn))]:

Write Bn(F(x)) = Wn(F(x)) − F(x)Wn(1), where Wn is a standard Brownian motion,
and let

W ∗
n (t) = (f(xkn)h)−1=2(Wn(F(xkn+t)) −Wn(F(xkn)));
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then

A1(‘) = 1
2

√
cf(xkn)(W

∗
n (‘ + 1) + W ∗

n (‘) −W ∗
n (1)) − Rn(‘);

where

Rn(‘) = 1
2n

1=6[(2f(xkn)‘h + f′(xkn)h
2(‘2 + ‘) + o(h2))Wn(1)] → 0:

Therefore

Zn(‘) = 1
2

√
cf(xkn)(W

∗
n (‘ + 1) + W ∗

n (‘) −W ∗
n (1)) + 1

2f
′(xkn)c

2(‘2 + ‘) + oP(1)

for −M6‘6M . It follows easily that the joint distribution of (Zn(−M); : : : ; Zn(M))
converges to that of (Z(−M); : : : ; Z(M)). DeIne a function  :R2M+1 → R, by

 (X ) = min
0¡i6M

max
06j6M

x(j) − x(−i)
c(j + i)

for X = (x(−M); : : : ; x(M)) ∈ R 2M+1. Then  is a continuous mapping. Therefore,
 (Zn(−M); : : : ; Zn(M)) ⇒  (Z(−M); : : : ; Z(M)). That is, VnM ⇒ VM , as n → ∞.

Theorem 4.3. Let

V = min
i¿0

max
j¿0

Z(j) − Z(−i)
c(j + i)

;

where Z(‘) as de8ned in Lemma 4:2.
If h = cn−1=3; then

n1=3( Mfn(xkn) − f(xkn)) ⇒ V:

Proof. Let

Un(xkn) = n1=3( Mfn(xkn) − f(xkn)):

It is easy to see that VnM = n1=3( Mgn;M (xkn) − f(xkn)). Then (12) leads to

lim
M→∞

lim
n→∞ P{Un(xkn) − VnM = 0} = 1:

Since VnM ⇒ VM by Lemma 4.2 and limM→∞ VM = V , the result follows from
Theorem 4:2 of Billingsley (1968).

If f is twice di5erentiable near x0, by Eq. (11), we have

Un(x0) = +nUn(xkn) + (1 − +n)Un(xkn+1) + O(h):

So, for the limiting distribution of Un(x0), we need to explore more about that of
Un(xkn+1) and its relationship to Un(xkn).

Corollary 4.4. Let

V ′ = min
i¿0

max
j¿0

Z(j) − Z(−i)
c(j + i)

and +nr be a subsequence of +n such that +nr → + for some + ∈ (0; 1]; then

Unr (x0) ⇒ +V + (1 − +)(V ′ − cf′(x0)):
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Proof. It is obvious that Mfn(xkn+1) is the right derivative of LCM( MGn) at y = ykn ,
therefore,

Mfn(xkn+1) = min
i¿0

max
j¿0

MGn(ykn+j) − MGn(ykn−i)
(i + j)h

:

Hence,

Un(xkn+1) = n1=3( Mfn(xkn+1) − f(xkn)) + n1=3(f(xkn) − f(xkn+1))

= min
i¿0

max
j¿0

Zn(j) − Zn(−i)
c(j + i)

− cf′(xkn);

where Zn(‘) is deIned by (13). Same arguments for the proof of Theorem 4.3 lead to
Un(xkn+1) ⇒ V ′ − cf′(x0), where cV ′ is the right derivative of LCM(Z) at ‘ = 0. The
result follows by continuous mapping theorem.

4.3. h = o(n−1=3)

For the case of h = o(n−1=3), the approximate NPMLE has the same distribution
as that of Grenander’s estimator. Recall that xkn ¡ x06xkn+1. Since Mfn and f are
continuous,

Mfn(x0) − f(x0) = Mfn(xkn) − f(xkn) + OP(h):

We need to establish the limit distribution of #n = Mfn(xkn) − f(xkn).
Let

Zn(t) = n2=3Z∗
n (tn−1=3);

where Z∗
n is deIned in (7). The following lemma gives the weak convergence of

{Zn(t): |t|6M} for each integer M ¡∞.

Lemma 4.5. If h = o(n−1=3); then

{Zn(t): |t|6M} ⇒ {Z(t): |t|6M};
where Z(t) = f′(x0)t2=2 +

√
f(x0)W (t); W is a standard Brownian motion.

Proof. This follows from Theorem 4:7 of Kim and Pollard (1990). For |t|6M , Zn(t)=
n−1=3∑ gn(Xi; tn−1=3), where gn(y; x) is deIned in (9). Since gn(y; x) is bounded for
|x|6Mn−1=3, most of the conditions are easy to check. Here we check only condition
(ii) of Lemma 4.5 and (iii) of Lemma 4:6 of Kim and Pollard (1990). For s¡ t,

n1=3Egn(·; sn−1=3)gn(·; tn−1=3)

=n1=3
[
F
(
xkn +

⌊
sn−1=3

h

⌋
h
)
− F(xkn)

]
+ o(1)

=f(x0)s + o(1):
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This implies (ii) of Lemma 4.5 of Kim and Pollard (1990), and gives
√

f(x0)W (t)
in Z(t). For 01 ¡02 near 0,

E|gn(y; 01) − gn(y; 02)|
6
[
F
(
xkn +

⌊
02

h

⌋
h
)
− F

(
xkn +

⌊
01

h

⌋
h
)]

+ (02 − 01)f(xkn) + o(1)

=O(|02 − 01|):
So, condition (iii) of Lemma 4:6 of Kim and Pollard (1990) follows.

By the same argument given in the proof of Theorem 4.3, we can get the following
theorem.

Theorem 4.6. If h = o(n−1=3); then

n−1=3( Mfn(x0) − f(x0)) ⇒ min
r¿0

max
s¿0

Z(s) − Z(−r)
s + r

:

This limiting distribution is same as that of the Grenander’s MLE. It is studied
in Groneboom (1989) and Groeneboom et al. (1999). Comparing with the result of
Bickel and Fan (1996), this result requires weaker assumptions on the class width h
for grouped MLE to have the same limiting distribution as the Grenander’s MLE.
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