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Abstract

A non-parametric estimator of a non-increasing density is found in a class of piecewise linear
functions when the data consist only counts. The estimator is shown to be consistent, and the
limiting distribution of the estimator is found under different assumptions on the width of the
class intervals. (© 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

Let Xi,...,X, be independent and identically distributed non-negative random vari-
ables with an unknown density f, but suppose that f is known to be non-increasing
on [0,00). It was shown by Grenander (1985) that the maximum likelihood estimate
of f is the left derivative of the least concave majorant (LCM) of the empirical func-
tion F,. Its asymptotic properties can be found in Prakasa Rao (1969), Groeneboom
(1985), and Devroye (1987). Grenander’s estimator is a step function with jumps at
some of the sample points. A continuous non-parametric maximum likelihood estimate
(NPMLE) of a monotone density for grouped data is studied in Woodroofe and Zhang
(1999). Let & > 0 and suppose that only the counts

me=#{i:(k— Dh < X;<kh}, k=1,2,... (1)

are observed. The NPMLE of f is found via EM-algorithm within the class of contin-
uous, non-increasing, piecewise linear densities on [0, 00) with knots at /4,24,..., along
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with an approximate NPMLE which requires no iteration. The NPMLE for grouped
data is partly motivated by distance sampling models, as described by Buckland et al.
(1992). There an observer searches for hidden objects and records the distance X from
the object to his/her closest point of approach. Let g(x) be the probability of finding
an object x distance away. The conditional density function of X, given an object is
detected is f(x) = g(x)/u, where p = fooo g(x)dx is the unconditional probability of
finding an object. Grouped data are common in such studies, and there is interest in the
density of X, especially at x=0. It is reasonable to suppose that the density of X (given
observation) is non-increasing here and, therefore, natural to consider isotonic methods.
Further motivation is provided by Bickel and Fan (1996) who suggest grouping data
before applying isotonic methods in the context of unimodal density estimation. See
Robertson et al. (1989) for background on isotonic methods.

In this paper, the behavior of the approximate NPMLE as n — oo is studied. Con-
sistency is established in Section 2 and asymptotic distributions are studied in Section
4. For the limiting distribution, the width of the class intervals 4, called bandwidth
henceforth, plays an important role. For large &, say nh® — oo, the estimator follows a
normal distribution with convergent rate (nk)"/?. For smaller %, such as & ~ cn™'/3 or
nh3>=o0(1), the convergent rate is n'/> and the limiting distribution is more complicated.

2. Consistency

Let {ny,...,n,} be as in (1). Here m = |max(X,,...,X,)/h| + 1, where |x] is the
greatest integer less than x, and n = Z;{"zl ni. Denote kh by x;, k=0,1,...,m, and
define y_1=0, y;y=(x; +x441)/2 for k=0,...,m, and x,, 1 =x,,. The piecewise linear
NPMLE of f at x =x; is the left derivative of the LCM of G_/;” at y = y, where

k A (x
Gi(yr) = % [Z”i + (f(k)> i1

i=1 f(xk)+f(xk+l)

Woodroofe and Zhang (1999) show that the NPMLE can be calculated via EM-
algorithm and that the iteration converges. If we replace f (xk )/(f (xr) +_f (xga1)) with
1/2 in Gf-( Vi), GJ; no longer depends on f . Denote it by G,(yx); the approximate
NPMLE is the left derivative of LCM(G,). Hence,

Gu(y) — Gu(31)

Ju(X%k)= min  max —————, (2)
—1<i<k k<j<m yj*yi

which requires no iteration. Let F,(x;) be the empirical distribution function at x,
k=0,...,m, then

Fn(xk) + Fn(karl)'

Gn(yk) = )

3)

Theorem 2.1. If h=h, — 0 as n — oo, then with probability one, fn(x) — f(x) at
all x > 0, at which f is continuous.
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Proof. Let F denote the distribution function of f. Then sup,. (|G,(x) — F(x)| — 0
w.p.1 by the Glivenko—Cantelli theorem and the continuity of F. Let G, be the LCM
of G, on [0, y,,] and G,(x)=1 for x > y,,. Then

sup |Gu(x) — F(x)|< sup |Gu(x) = F(x)| + (1 = F(ym)) — 0 w.p.1
x>0 0<x<ym

using Marshall’s lemma and F(y,) — 1. The theorem follows easily since the conver-

gence of concave functions implies the convergence of their derivatives wherever the

derivative of the limit is continuous, see Rockafellar (1970, p. 248). [

As noted by Woodroofe and Sun (1993), Grenander’s estimate is not consistent at
x=0. For the approximate NPMLE, _fn(O) is consistent under mild conditions on 4. In
the proof, essential use is made of the strong approximation theorem of Komlos et al.
(1975). On a sufficiently rich probability space, there are Brownian bridges B, for
which

Fu(x) = F(x) +

\I[B (F(x)) + Op (k’g”) . (4)

Further, B, may be written as B, ()= W,(t)—tW,(1), where W, is a standard Brownian
motion.

Theorem 2.2. If h — 0 as n — oo and nh/logn — oo, then fn(O) is consistent.

Proof. It is casy to see that

Gu(yk) — F(r) N (yk)

— f(0)|.
Yk

|£,(0) — £(0)| < max

k>0

Since F is concave,

(yk)
=1
£+ fim o =

For the first term, write G,(y;) in terms of F, as in (3), and apply the strong approx-
imation theorem (4) and a Taylor expansion of F(x) at y;. After some algebra,

Gu(yk) — F(ye) Wa(F (xi)) + Wo(F(Xk41)) logn
" < SN + Op <hl’l) + op(1).

It is easily seen that

Wu(FGi)) | _ £(0) | WalF ()
2y | V| F(x)

Here

Wa(F (x¢))
FO) | isrmn

Wa(t)

1 1
=0, < hloglogh> ,

k=1
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where the last step uses the law of the iterated logarithm for Brownian motion. Since
nh/log(n) — oo, it follows that

Gu(ye) — F (i) logn
— 7 KL
m <Op |+ op(1),

max
k=0

completing the proof. [

3. Localization

For the rest of the paper, suppose that the underlying non-increasing density function
f is differentiable in a small neighborhood of xy > 0, at which point the density is
estimated, and /' < —b < 0 in the neighborhood. Next, we establish a local property of
_fn(xo): With large probability, fn(xo) can be determined by the LCM of G, restricted
to a small interval around xy. For each n, let k, be an integer satisfying x;, < xo <xy,+1.

Lemma 3.1. Let
Gn(yk,,) - Gn(yknfl)

Gn(X,) =
Vi = V=1
If nh® — oo, then
lim P{f,(x,) = g,(x,)} = 1. (5)

Proof. By algorithm (2), f,(xi,) = §,(x,) is equivalent to
Gu(¥)) = Gu(¥k,—1) <(J = kn + 1(Gu(3%,) = Gu(yk,—1))  for all j>k,
and
Gu(¥k,) = Ga(yi) = (ki — N Gul(r,) — Gul(yr,—1))  for all i < k,.
Let
Ajt, = Gu(¥)) = Gu(i,) — (F = kX Gu(31,) = Gu(Wa,—1))s
where j = —1,0,1,..., then,
foGee) =3,(x,) & Ay, <O for all /. (6)

It is enough to show that
lim P{max Aj., <0} =1.
n— 00 j=-1 -

First we consider j > k,. Let 6 be so small that f is continuously differentiable on
(xk, — 20,x5, +20) and f'(x)< — b <0 for |x — x| <20. For 0 < y; — y, <0, a
Taylor series expansion of F(x) at x = x;,, shows the existence of positive constants
¢o and ¢; for which

E(Aj,)< — cob(j — kq)*h*
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and
i — k)2
Var(dp,) < al =) h - nh
Let ¢ = ¢;/c}. Then, by Chebyshev’s inequality,
S Py 0 < :
'k” = X795 713 VARG E)
{j:0<y;j—y, <O} / bznh3 {j:0<yj—y, <0} (] - kn)Z

which approaches zero as n — oco.
For y; — v, =96, G,(x) — F(x) almost surely for all x > 0, as n — oo. It follows
that

A; F(x')-F
max —2" 5 sup M — f(xo) as.,
U=y >0t Vi — Vi, {x":x’ Zxo+0} X —Xo

which is negative since F is concave and strictly concave near xp. So,

P{ max Ay, > 0} — 0.
U=y >0}

We have shown that lim, .., P{max;-, 4 <0} = 1. The same result holds for
Jj < k, by similar arguments, and the Lemma follows by (6). [J

For h = O(n~'?), we show a similar local property: With high probability, f,(x;,)
can be determined by the LCM of G, on a finite interval [x; — Mn~'3,x, + Mn~']

for some integer M. Let y, = f,(xx,) — f(x,) and

Z3(x) = G, +x) = Galyh,) — X[ (x,), (7)

then
- Z,(s) = Z,(=r)
Y, = min max ———"———
0<r 0<s s+r

where r and s are multiples of 4. The following lemma gives the convergent rate of
7, when i = O(n~'3), and allows us to consider the process Z' for the values x in
an Op(n~'73) neighborhood of 0. The proof of the lemma is virtually the same as the
proof of the assertion in p. 217 of Kim and Pollard (1990).

Lemma 3.2. If h=0(n"'?3), then y, = Op(n='?) and
Z¥(s)—Z(—
lim lim P {yn = min max ”(S)”(r)} =1, (3)

M—o0 n—oo 0<r<Mn—'3 0<s<Mn—13 s+r

where M is some integer.
Proof. Let

[;,,(X) == Gn(yk,, +x) - Gn(ykn) - xf;l(xkn)'

Then I,(x) is the distance between G,(yx, +x) and G,(yx,) + x f (xx,). It is easy to
see that I},(x) is maximized at two points, say x = —L, and x = R,; y, — L, and
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vk, + R, are the nearest points to y;, such that LCM(G,) and G, coincide. Moreover,
L(—L,)=I,(R,). At x=—L, and R,, Z and the LCM of Z also coincide. So y,
is determined by Z for the values of x € [ — L,,R,], and it suffices to show that
L, =O0p(n"'3) and R, = Op(n~'73).

Let

gn(1,x) = 31 (xk, < y<xp41) + 1K1 < Y <X [n))
+ M () < Y S<Xpgi 14 [xn) ) — XF (X, ) )

where [ is the indicator function. Then
1 n
; Zl (gn()(isx) - Egn('sx)) = Fn(x) +xyn - Eg,,(-,x). (10)

Since g,(y,x) satisfies the conditions on Lemma 4.1 of Kim and Pollard (1990), for
each ¢ > 0,

17 _
|5x) + x7n — Ega( )| = ‘n > (ga(X,x) = Egnc,x))‘ <efx[? + Op(n ™).
i=1

By the Taylor expansion of Eg,(-,x) for x near 0,

o= 1 ([ 2] 5x) + L (2] 1) 0rn ) oty

Since the derivative of f is non-zero in a small neighborhood of x = xy,, there exist
constants 0 < ¢, < ¢, such that

—c1x? = xy, + f(x,) (UIEJ h— x) — Op(n™%3)
<To)< — ex® —xpn + f(x,) (EJ h— x) + Op(n~2P).

Note both L, and R, are positive, so, either —cyL2 + L,y, <0 or —c2R2 — R,y, <0,
and |x/h|h — x < 0, hence, max, I},(x)<Op(n~??3) and for some ¢y > 0,

max I,(x)=1I, | — In h >coyﬁ—0p(n_2/3),
X 2c1h

So 7, = Op(n~'73). Tt is easy to see that L, = Op(n~'/?) follows from

2
0=L0)<L(-L)< - (Ln - 2%1 ) + 0p(n=23).
C2

Similarly, we can show R, = Op(n~'3). [

4. Asymptotic distributions

With the preparation in Sections 2 and 3, we are able to study the asymptotic
distribution of f, under different bandwidths /4. The bandwidth % varies with n, and
h — 0 as n — oo, but it is denoted by /4 rather than i(n) or A, for simplicity.



R. Zhang et al. | Journal of Statistical Planning and Inference 98 (2001) 107-117 113
4.1 n'Ph —

As before, let xo € (0,00) and k, be such that x;, < xo <xj,4; and recall the standing
assumptions on f. Also let o, = (x, 1 — X0)/h.

Theorem 4.1. If nh> — oo, nh® — 0, and f is twice differentiable near x,, then

(canh)*(f(x0) — f(x0)) = N(0, f(x0)),
where ¢, =2/(1 — o, + 02).

Proof. Define
Jn(x0) = 0n g,y (xi,,) + (1 = 00)G,, (Xt +1)-
Then E(g,(x0)) = gn(x0), where
gn(XO) = OCngn(xkn) + (1 - “11)grz(xkn+1)
and
FQo,11) — F(xg,—1)
2h ’
By a Taylor series expansion, g,(xo)= f(xo)+ O(h?). So, by the assumption nk> — 0,
(eanh)*(g,(x0) — f(x0)) = (canth)*(§,(x0) — gu(x0)) + o(1).

Since

1
g_n(xo) = ﬁ[an(Fn(xkﬂ) - Fn(xk,,—l )+ (Fn(xk,,+1) - Fn(xk,,))

gn(xkn) =

(1 = 0 )(Fu (g, +2) — Fulxk, 1)1

variance of §,(xo) is f(x0)/(c,nh)+o((nh)~'). It is clear that §,(xo) is asymptotically
normal, and the theorem follows by Lemma 3.1. [

42. h~cn 13

In this sub-section, suppose that 7 =cn~'/ for some constant ¢ and that f is twice
differentiable near a fixed point xy € (0,00). Define &, by x;, < xo<xy,+1 as above.
Then

Fox0) — f(x0) = ot f(xa,) — f(x1,))
(1= o) (fy (g 41) — /(1)) + O(R2), (11)

where o, = (x, 11 —x0)/h. Let g, ),(xz,) be the left derivative of LCM(G,) at y;,, where
the LCM is restricted to the interval (yi, — Mh, yx, + Mh), and y;, — Mh > 0. Then
Gn()’kﬁj) - Gn(ykn—i)

g, (Xk,) = min  max
G () 0<i<M 0<j<M (j+i)h ’

and by Lemma 3.2,

lim lim P{f,(x;,) = g4 (%,)} = 1. (12)
M—o0 n—oo
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For any integer /, define

Zu(¢) = (Gy(yiye) — Gu(ow,) — f (i, )CR). (13)
Then

)= ) = s

Let

Z(j) — Zy(—i
Pa— W) = Zi(=0)
o<is<M o<j<M  c(j+1i)

We prove the following results.

Lemma 4.2. If h =cn~ '3, then for any integer M,
Vire = Vi

as n — oo, where
Vi = ogzlglM 0<j<M %
and
Z() =3/ ef o)W+ 1)+ W) = W) + 5 [ (x0)P0* + 5 f'(xo)e* !
for integer {. Here W is a standard two-sided Brownian motion originating from

zero, i.e. W(0)=0 and E[(W(t) — W(s))*] = |t — s|.

Proof. Egs. (3) and (13) lead to
Zu(0) = g0 PE(xter1) + Faxia0) = Falot 1) = Fal, ) = 2 (o, ) A
Here
F(ten) +F(a1r) = F 1)+ F o, )+ 2 o )R+ [ o (L A+ £ )+ o(h?)
(14)

by a Taylor series expansions of F. So, by the strong approximation (4), Z,(/) can be
written as

Z(0) = A1(0) + Aa2(7),
where
A(4) = 3" (0, )22+ £) + op(1)
and
A1) = 3n"O[By(F (xt4r11)) + Bu(F (ty10)) — Bu(F (xt,11)) — Bu(F (xi,)]-

Write B,(F(x)) = W,(F(x)) — F(x)W,(1), where W, is a standard Brownian motion,
and let

W () = (f G Vo) ™2 OW(F (o, 1.4)) = Wa(F (),
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then

ALY =3 f G )WL+ 1)+ Wi () — W) = Ru(£),
where

R(£) = 30512 f (e, )oh + f/ (i WP (£ + £) + o(h* )W (1)] — 0.

Therefore

Zi(0) = S f Q)WL+ 1)+ Wi (L) = WD) + 10 )AL + )+ op(1)
for —M </ <M. 1t follows easily that the joint distribution of (Z,(—M),...,Z,(M))
converges to that of (Z(—M),...,Z(M)). Define a function y: #*M+! — 2, by

px0) = min - max UMD

0<is<M o<j<M  c(j+1)

for X = (x(=M),...,x(M)) € R?M*1 Then  is a continuous mapping. Therefore,
W(Z,(—M),...,Z,(M)) = W(Z(—M),...,Z(M)). That is, V,yy = Vi, as n — oco. [

Theorem 4.3. Let
V' = min max M
i>0 j=0 c(j+1i)
where Z(¢) as defined in Lemma 4.2.
If h=cn='5, then

n'B(f,0o,) — f(x,)) = V.

>

Proof. Let
Un(xi,) =1 (f,(6,) = / (55,)).

It is easy to see that Vi, =n'3(g, y(xx,) — f(xk,)). Then (12) leads to
Jim - lim P{U,(xk,) — Vo =0} = 1.

Since Vo = Vi by Lemma 4.2 and limy . Vyy = V, the result follows from
Theorem 4.2 of Billingsley (1968). [

If f is twice differentiable near xo, by Eq. (11), we have
Un(x0) = atnUp(xg,) + (1 = 0)Un(xk, 1) + O().

So, for the limiting distribution of U,(xy), we need to explore more about that of
U,(x,+1) and its relationship to U,(xx, ).

Corollary 4.4. Let
Z(j)—Z(—i
V' = min max M
i0 j>0  c(j+1iQ)
and o, be a subsequence of o, such that o, — o for some o € (0,1], then

Un,(x0) = aV + (1 = a)(V" = cf"(x0)).
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Proof. It is obvious that fn(xkﬁ]) is the right derivative of LCM(G,) at y = y,,
therefore,
- Gu(irs) = GalVe,—1)

Soloket) = R T

Hence,
Up(xt, 1) = 0" (S (1) = () + 0P (f(e,) = f (e, 41))

Z,(j) — Z,(—i
:minmafoc

!
i>0 >0 c(j+1i) S (%, ),

where Z,(/) is defined by (13). Same arguments for the proof of Theorem 4.3 lead to
U, (x,+1) = V' —cf'(x0), where ¢V’ is the right derivative of LCM(Z) at / =0. The
result follows by continuous mapping theorem. [J

4.3. h=o(n"'3)

For the case of & = o(n~'/?), the approximate NPMLE has the same distribution
as that of Grenander’s estimator. Recall that x;, < xo<x,4i. Since f, and f are
continuous,

fo(x0) — f(x0) = fy(xx,) — £ (xr, ) + Op(h).

We need to establish the limit distribution of y, = fn(xkn) — f(xx,).
Let

Z(1) =P Zy (™7,
where Z; is defined in (7). The following lemma gives the weak convergence of
{Z,(1): |t|] <M} for each integer M < oo.
Lemma 4.5. If h=o(n"'?), then
{Z,(0): |t| <M} = {Z(2): 1| <M},
where Z(t) = f'(x0)t?/2 + \/f(TO)W(t), W is a standard Brownian motion.

Proof. This follows from Theorem 4.7 of Kim and Pollard (1990). For |t| <M, Z,(¢)=
n133" gu(Xi, tn™13), where g,(y,x) is defined in (9). Since g,(y,x) is bounded for
lx| <Mn~'73, most of the conditions are easy to check. Here we check only condition
(ii) of Lemma 4.5 and (iii) of Lemma 4.6 of Kim and Pollard (1990). For s < ¢,

n'PEG, (- sn™ ' 2)g,(,tn™ ')

-1/
—p'/3 [F (xkn + F”hl 3J h) —F(xkﬂ)} +o(1)

=1f(x0)s + o(1).
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This implies (ii) of Lemma 4.5 of Kim and Pollard (1990), and gives +/ f(xo)W (¢)
in Z(t). For 0, < 0, near 0,

Elgn(y,01) — gu(»,02)|

< [F (xkn N m h> _F <xk,, + m hﬂ (02— 00)f () +o(1)

=0(|6, — 64)).
So, condition (iii) of Lemma 4.6 of Kim and Pollard (1990) follows. [

By the same argument given in the proof of Theorem 4.3, we can get the following
theorem.

Theorem 4.6. If h = o(n~ '), then

n71/3(f_;1(x0) - f(X())) = I;ﬁl’l;l(} 1’:’1;())( %Zr(ir)

This limiting distribution is same as that of the Grenander’s MLE. It is studied
in Groneboom (1989) and Groeneboom et al. (1999). Comparing with the result of
Bickel and Fan (1996), this result requires weaker assumptions on the class width #
for grouped MLE to have the same limiting distribution as the Grenander’s MLE.
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