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ABSTRACT

Consider a population of hidden objects of which the
total number N is unknown. A search for the objects may be
conducted in which the times at which the objects were found
is recorded, along with the total number of objects found.
From such data, a confidence interval for N is desired with
specified proportional accuracy. Two sequential sampling
plans are proposed for this problem, for two sets of under-
lying assumptions, and their properties are studied through
asymptotic analysis and simulation.
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1 INTRODUCTION

Consider the problem of searching for hidden objects—for example,
diseased individuals, donors to a charitable organization, fish in a lake,
or potential voters in a voter registration drive. Let N denote the total
number of objects, and suppose that NV is unknown, but all objects would
be found if the search were continued indefinitely. This problem has been
considered by several authors, including Starr [8], Vardi [9], Kramer and
Starr [7], Bellout [1], and Dalal and Mallows [5]. The emphasis in the latter
work was finding optimal searching policies, stopping times that maximize
an expected reward, like the number of objects found, less a cost of
sampling. Here another aspect of the problem is considered, finding a
confidence interval for N with fixed proportional accuracy that is valid
for large N, at least.

Some notation is required to describe our results. Imagine labels
painted on the objects and let T denote the time at which the object labeled
i would be found if the search were continued indefinitely. We suppose
throughout that T,---,Ty ~nd Fare independent and identically distri-
buted with a continuous distribution function F for which F(0) = 0. The
distribution function F may depend on an unknown parameter 6, or not. Let
T, < --- < Ty denote the order statistics T, - - -, T. If the search is continued
for ¢ units of times, then the available data consists of the number of objects
found and the times at which they were found; in symbols,

K=#{i<N:T, <tyand 0< T, <--- < Tx,. (1)

A Let ]\7, denote an estimator of N, based on this data—for example,
N, = K,/F(t), if F is known. Then, stopping times 7, are sought for which

lim lim Py n{INy, = NI < ANy} =y, 2

for all values of the unknown parameter 6, if present, where y is
the desired confidence level and P, denotes probability in the model
described above.

Relation (2) is established twice, in Section 2 under the assumption
that F is a known, and again in Sections 3 and 5 under the assumption
that F is exponential with unknown failure rate 6. In fact, limy_ .
Py N{IN,, — N| < hN,}, is computed for fixed /# > 0 in both cases. As will
be apparent, the case of unknown 6 is much more difficult from both
mathematical and inferential viewpoints. The results of a simulation study
are presented in Section 4, and the proof of the main result in Section 5.
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2 KNOWN F

In this section, F is assumed to be a known, continuous distribution
function that is strictly increasing on the interval (0, by), where by =
sup{t: F(t) < 1} < oo. Then the maximum likelihood estimator of F after
¢ time units of observation is (an integer adjacent to)

” K,

t:m (3)

for 0 < ¢ < bp. Since K, has a binomial distribution, the mean and variance
of N, are Exy[N,] = N and D%V[N,] = No-z(t), where
1

2 —_
o’ (1) = 20) 1, (4)

and ]\7, is asymptotically normal as N — oo for fixed ¢ > 0; that is,
N,—N
—=
VN&2(1)

where = denotes convergence in distribution and & denotes the standard
normal distribution function. In fact, (5) holds for sequences ¢ = ¢ > 0 for
which No’(ty) = oo as N — oco. Using asymptotic normality to set an
approximate confidence interval and imposing the condition that the half
width of the interval be at most 4N,, as in Chow and Robbins [3], sug-
gests sampling until ]\7, > 2202(1)/h2, where ®(z) = (1 + y)/2 (and y is the
desired confidence coefficient). Using (3) and (4) this may be written as the
stopping time

7~ d, (5)

2
q=mm>o:&>%n—nmy (6)

In the theorem below, L, 0 < s < oo, denotes a homogeneous Poisson
process with mean E(L,) =s. Further, let m = m(z, h) = [2*/}h?], the least
integer that is greater than or equal to z /hz, and let

n, = inf{s > 0 : L, > m}
Theorem 2.1 If]\Aft and Ty, are defined by (3) and (6), then NF(t,) = n,, and

lim Py{IN,, = NI < hNy} = Plin —m| < hm) (7)

for each fixed h > 0.
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Proof. Let s and ¢ be related by NF(f) = s, and let Hy(s) = K,; that is,

o= )]

for 0 <s < Nbp, where K(u) is written for K, when u is a complicated
expression. Next, let D[0, ¢] denote the space of cadlag functions on the
interval [0, ¢], as described by Billingsley [2, Ch.3], for example. Then it is
easily seen that Hy = L in D[0, co); that is, the restriction of Hy to [0, ¢]
converges to the restriction of L in DJ0, ¢] for all 0 < ¢ < oo. It follows that

2
NF(t)) = infls > 0 : Hy(s) > 2—2(1 —i) =
h N
as N — oo. Next, since |Z\7, —N| < h]\Aft iff |K, — NF(t)| < hKt, and since
L, =mw.p.l,

M

Py{IN,, — N| < hN,} = Py{IK, — NF(t)| < hK, )
— P{ln, —m| < hm) (8)

as N — oo, establishing (7).

The following easily verified inequality is used in the proof of
the next theorem. If X has a binomial distribution with parameters n and
p > 0, then

! !
E{(X—i— DX + 2)} =R

Theorem 2.2  Relation (2) holds,

lim lim Ey|/i*NF(z,) —2°| = 0. )
hl0 N—oo
and
N,
lim lim Ey{=2} =1. 1
i i, {N} o

Proof. Relation (2) follows easily from (7), since 7, is the sum of m i.i.d.
exponentially distributed random variables, m — oo, and hm ~ z./m as
h | 0. Thus,

Np —m

1/i%1P{|nh—m| Shm}:lli{%P{ ‘ Sh\/;ﬁ} =20(z) -1 =y.

I
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Similarly, using (8) and the structure of 7,

ST 2 2 T 2. 2 —
lim lim Py {|*NF(m) = 2| > ¢} = lim P{{h"n; — 2] > e} =0

for each € > 0. To see that /> NF (t;,) are uniformly integrable, first observe
that

2
4
Pyity > 1} < PN{K; Sﬁ}

4
<P ! > h 5
(K:+ (K +2) (224 2k
- (+2n)? 1
- K N2F@)?

for all N, h, and . Thus, setting ¢ = F~'(s/h*N),

2 212

2h
PARNE() > ) < C 2

s

for all N, h, and s, from which uniform integrability and (9) follow.

The proof of (10) is similar. From Theorem 2.1, N /N = K(7;)/
NF(z;) = m/n, as N — oo for fixed & > 0. It is shown below that N, /N
is uniformly integrable in N for sufficiently small 7 > 0, and it then

follows that
N
lim Ey{oot = g2t ="
N—oo N ny m — 1

which approaches 1 as & — 0.

To establish uniform integrability, let / be so small that z / W > 1, and
let € > 0 be so small that (z2/h*)(1 —€) > 1. Then K(z;,) > 2 when 7, <€
and, therefore,

Nt/, — K(Th) < +sup t )
N T NF(y) ~ NF(e) ' o1, NF()

The first term on the right side approaches zero. For the second,

s K, ma k
u = axX ————.
SR NF(1) ~ 252N NF(Ty)
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Here F(T}),k=1,---, N, have the same joint distribution as S;/Syy1,
where S, = E; 4+ ---+ E, are sums of i.i.d. standard exponential random
variables. Let 1 < p, g < oo be conjugate values; that is 1/p+1/¢g=1. If
a < 2, then there is, a p for which ga < 2, in which case,

E maxLa <F maxﬁ " }IxE MW :
2§k§NNF(Tk) - k>2 Sk N '

The first factor is finite, since Sj/k is a reverse martingale; and the second is
bounded in N. Uniform integrability and (10) follow.

If the procedure is modified slightly, then it is possible to make the
limit of the coverage probabilities exceed y for all sufficiently small /# > 0.
Given a design parameter b > 0, let

2
o :inf{t ~0: K, > <%+b)[l —F(t)]}.

Theorem 2.3 If b> (2z* — 1122 +3)/18, then limy ., Py {IN, — N| <
hN.} >y for all sufficiently small h > 0.

Proof. Let m* be the least integer that is greater than or equal to 4 ~2z* + b.
Then, as in the proof of Theorem 2.1, it may be shown that (8) holds with
7,, m, and n,, replaced by 7}/, m*, and n; = inf{s > 0 : L, > m*}. Here 7}, is
again the sum of independent standard exponential random variables,
and an Edgeworth expansion leads to

1 /1!
o @ (ha/mx)
m

1 ,
+ — " (h/m*) + o(i*)
9m

Pln} —m*| < hm*} = 20(h/m*) — 1 +

22° — 1122 4+ 32

2
o (2) + o)

b
=20() — 1+~ p(z) —
m
as h | 0, where ¢ = @' is the standard normal density, and the right side
exceeds y for sufficiently small 4 > 0 if b > (2z* — 112* + 3)/18.
3 UNKNOWN F
In this section F = F, is assumed to be an exponential distribution

with unknown failure rate 6; that is, Fy(x) = 1 — e ™ for x > 0. There are
then two aspects to the problem, estimating 6 and estimating N.
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Estimating 0. It is convenient to begin with the likelihood function: if
k>land0<t <--- <t <t then

Pon{K, =k, ty =Ty <t +dty, -, t; < T <t +diy}
= (N) eV e=0N gy x .. x e dy,,
o (N) 0" exp{—(N — k)6t — 6s,}dt, - - - dt.,

where (N), = N(N —1)x---x (N —k+1)and s, = ¢, + --- + ;. Recalling
that K, has a binomial distribution, it is then easily seen that the conditional
density of X; =T;/t,j=1, ---,k, given that K, =k, is the same as the
distribution of the order statistics of a sample of size k from the density

Ote "~
fé)z(x):l_;e_@t, 0<x<l. (11)

In particular, the conditional distribution depends only on 6¢ and not on N.
This provides a method for estimating 6.

The family of densities f,,, implicityly defined by (11), is an expo-
nential family.f, (x) = exp[—wx — ¥(w)], 0 < x < 1, with cumulant generat-

ing function
|
V(@) = log< )
w

The natural parameter space for this family is — co < w < 0o, however, not
0 <w < 00. So, (conditional) maximum likelihood estimators may be
obtained from the method of moments, but the formal expressions for
these may give negative estimators. To circumvent the problem of negative
estimators and also the less obvious problem of occasional large estimates,
consider penalized (conditional) maximum likelihood estimators. For given
values of a, B > 0, let £*(8|t) be the logarithm of the conditional likelihood
given K, times 6%¢ . Then

01 = —0[B+ S)] + (K, + @) log(d) — K, log(l —e )+ C,
where
Si=T1+---+ Tk

and C does not depend on 6. Then £*(0r) attains its maximum at a unique
point 8, for which 3¢*(8|r)/90 = 0, or equivalently,

K+« tK,

0, et — 1

=B+S, (12)
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Equation (12) is called the penalized likelihood equation below, and é, the
penalized maximum likelihood estimator. Of course, 6, is also the posterior
mode for a prior proportional to 6%¢™* and this connection may be useful
in specifying values of « and g.

Lemma 3.1 For fixed 0 > 0 and t > 0, the conditional distribution of té,
given K, = k is asymptotically normal with mean t0 and variance 1/ky"(t0)
ask — 00. As N — oo the unconditional distribution is asymptotically normal
with mean 10 and variance 1/[N(1 — e~"")y/" (16)].

Proof. Without the penalty term, these assertions follow immediately from
the asymptotic properties of maximum likelihood estimators and the Law of
Large Numbers for K,; and it is not difficult to see that the penalty terms do
not affect the asymptotic distributions here (though they do in Proposition
5.2 below). The details are omitted, because the lemma is only used to
motivate the stopping rule below.

Estimating N. With 6, as in (12), now let

K,
0,

N— K
1 —e™

(13)

Lemma 3.2 For fixed 6, t > 0, ]\7[ is asymptotically normal with mean N and
variance Naz(le) as N — oo, where

2 1 e’
o) = (ew - 1) [(ew @ 1}

Proof. Lemma 3.2 follows from Lemma 3.1 and the asymptotic normality
of K, by writing

. K 1 —e
N-N=—"t _N-—¢
l—e®  1—e
1 _ 6
:(l_ény—NU—e“5+N@’a—ewﬂ
— e 1

and using the delta method. The details are omitted, because the lemma is
only used to motivate the stopping rule below.

As in the case of known F, the asymptotic distribution of N suggests
that sampling be continued until N, > z*6>(16,)/h*. Multiplying this inequal-
ity by (1 — e~") then leads to the stopping time

2
q:mﬁmmzmz;mﬂq, (14)



SEQUENTIAL CONFIDENCE INTERVALS 33

where

2
w

—F—+e
(e® — 1)2 — w?e?

—w

pw) = (1 — e )0’ (w) =

Then t;, < oo w.p.1 for each fixed N > 1, 6 > 0, and & > 0. To see this, first
observe that the left side of (12) is at least a/é,, that the right side remains
bounded as t — oo for fixed N and % and, therefore, that lim,_, o té, =00
w.p.1. That 7, < 0o w.p.1 then follows since p(w) — 0 as w — oco.

The proposed confidence interval is N, & AN, .

Theorem 3.4 With ]\7, and v, defined by (13) and (14), (2) holds and

lim lim E, BN Fy(z,) — (1222 =0 (15)
h{0 N—»oo 7

for all 0 < 6 < cc.

The proof uses weak convergence of processes, as in the proof of
Theorem 2.1, but the scaling is different and implementation is more
complicated. The proof is presented in Section 5.

4 SIMULATIONS

The actual coverage probability, expected stopping time, and
the expected value of the estimated population size are assessed through
simulation in Tables I, IT and III below for y =2®(2) — 1 ~ .954, and
selected values of «, B8, h, and N. In all tables, F is the standard exponential
distribution.

The procedure for known F is studied in Table I, and that for
unknown 6 is in Tables II and III. In Table I, the simulated coverage

Table 1. N=2,500, 6 Known

h=.1 h=.2 h=.23 h=4
prob 955 951 945 937
Eo nen 148 .039 .017 .010
Eo M(N1) 2505 2523 2553 2603

Monte Carlo estimates based on 10,000 replications; prob = Po,N{\NT,, —N| < 11]\7711},
where 7, is defined as in (6) for known F and as in (13) for unknown F; both with
1007% confidence, v =20(z) — 1, z = 2; E, , ENT,], and Ef are the estimated mean
values of 7;, and 6 over 10,000 replications.
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Table II. N=2,500, h=.1, # Unknown

a=.01 a=.25

B prob Eo N Ee,Né Ee,N(N h) prob Eo N Ee,Né Ee,N(N h)

.0 .949 1.044 1.014 2484 .949 1.042 1.017 2481
.01 .948 1.044 1.015 2484 949 1.042 1.017 2481
.05 950 1.045 1.014 2485 951 1.043 1.016 2482
1 .950 1.045 1.014 2485 951 1.043 1.016 2482
5 953 1.048 1.010 2490 953 1.046 1.012 2488

Monte Carlo estimates based on 10,000 replications; prob = P, N{WT,, —N| < hNTh},
where 7, is defined as in (6) for known F and as in (13) for unknown F; both with
100v% confidence, v =2®(z) — 1, z = 2; E., EN., and Ef are the estimated mean

values of 7, and 6 over 10,000 replications.

Table III. N =1,000 and 5,000, # Unknown

N=1,000

a=.01, B=.5 a=.01, 8=.5

h prob  Esnu,  Eon@  Egn(Nu)  prob  Egne,  Egn®  Egn(No)

1 954 1.361 1.013 995 952 1.358 1.015 994
2 953 915 1.039 987 954 914 1.041 985
N=5,000
a=.01, 8=.5 a=.01, 8=.5

h prob Eo nen EH,Né EE),N(N h) prob Ey e EH,Né EF),N(N h)

1 955 .856 1.008 4984 955 .856 1.009 4982
2 953 .562 1.031 4939 954 .561 1.033 4933

Monte Carlo estimates based on 10,000 replications; prob = PH,N{WT,, —N| < th,,}’
where 7, is defined as in (6) for known F and as in (13) for unknown F; both with
100v% confidence, v = 20(z) - 1,z=2; E,, ENT,,: and E6 are the estimated mean
values of 75, and 8 over 10,000 replications.

probabilities agree well with the nominal value for # = .1 and .2. The lack
of agreement for large / is not surprising. The dependence of the coverage
probabilities and expected sample size on « and B in Table II is interesting.
Both are fairly insensitive to the selected o and 8. The coverage probabilities
for §=.0 and .0l are significantly different from the nominal value .954
at significance level 0.05, but just barely so; those for 8= .05, .1, and .5



SEQUENTIAL CONFIDENCE INTERVALS 35

agree with the nominal value .954. The other notable feature of Table II is
that E(t),) is much larger, reflecting the greater difficulty of the problem
when F is unknown. We select (o, 8) = (.01,.5) and (.1,.5) for further
study. Table III reports the simulated results with choices of N and .
None of the simulated coverage probabilities is significantly different from
0.954 at significance level 0.05 in Table III.

5 PROOF OF THEOREM 3.4

Throughout this section, ]\7, and t;, are defined by (13) and (14), and
the goal is to prove Theorem 3.4. It suffices to prove this theorem for each
fixed 0 < 6 < oo, and there is no loss of generality in supposing that 6 = 1.
With this simplification, F is written for F;, and probability is denoted
by Py, instead of Py ;.

To determine the proper scaling, consider the behavior of p(w) for
small w. From L'Hospital’s Rule, or first principles, it is easily seen that
p(w) ~ 12/w* asw | 0. So, 1f9 is to remain bounded and K, and ,0(19 ) are to
be of the same order of magnitude, then Nt must be of order 1/¢%, and it is
natural to consider times of the form,

t= N3, (16)

where 0 < s < 00; s and ¢ are related by (16) throughout this section. This
relation is shghtly simpler than using F~'(N~ *s) and nearly equivalent since
F(t)=t+0()as t | 0. Let

K§(s) = NT[K, — N(1 — )],
Ky(s) = NI[K, — N1,

Hy(s) =3[tK, — 2(B+ S))],
and
On(s) = 6,. (17)

For example, Ky(s) =N _%[K(N _%s) - N%s]. The asymptotic behavior of
these processes is central to the proof. To see why observe that

2
Nit, = inf{s > 0 : PK6 > T 202 p(16))},
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in which s and 7 are related by (16). It is shown below that FK, ~s
and 129A,2,0(t9,) ~ 12. This leads to the approximate stopping criterion
s3®N(s)2 > 1222/h2.
There is a simple relation between Ky and Ky,
2 1

Ky(s) — K3(s) = N[l —e ™' — 1] > —Esz (18)
uniformly on compacts and deterministically in [0, c0). Let B(s), 0 < s < 00
be a standard Brownian motion, and let

H(s)=3 /0 ' (s — 2u)dB(u) — 68 + %f

for 0 < s < oco. Then H(s), 0 < s < 00, is a Gaussian process with mean and
covariance functions

E[H(s)] = ls — 68
and
Cov[H(sy), H(s7)] =9 /SI (s1 — 2u)(sy — 2u)du = 3s;
0

for 0 <s <ooand 0 <s; <s, < 00. Thus, H(s), 0 <s < 0o, has the same
distribution as B(3s’) — 68 +5°/2, 0 < s < 0.

Proposition 5.1 As N — oo, Ky = B and Hy = H, both in D[0, o0), for
fixed h > 0.

Proof. The first assertion is an easy exercise using empirical processes.
For using the strong approximation theorems of Komlos, Major, and
Tusnaldy [6, Theorem 3], and enlarging the probability space, if necessary,
there is a sequence of Brownian bridges, By say, for which

sup |K, — N(1 —e™) = v/NBy(1 — ") = O,[log(N)] (19)

0<t<o0

as N — oo. See, for example, Cs6rgé and Révész [4] for background on
the strong dppr0x1mdt10n theorems. Let BN(S) NsBy(N™ *s) 0<s< N7
and By(s) = 0 for s > N°. Then By converges in distribution to a standard
Brownian motion in C[0, co), and

sup |K%(s) — By(s)| = o,(1) (20)

0<s<c
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as N — oo for every 0 < ¢ < 00, by (19) and well known continuity prope-
rties of Brownian motion. This establishes the first assertion. For the
second, observe that

N t
Sl = Z Tkl{kat} = /(; udKu

k=1

and, therefore,

Hy(s) =3 /l (t—2u)dK, — 68
0 1)
=3 / (s — 2u) dKy(u) — 68
0

The second assertion then follows from (19), (20), (21), and a transparent
integration by parts. )

Some detailed information about the distribution of 6, is required for
the proof of Theorem 3.4.

Lemma 5.3 Let € = min[a/B, 1/2]. Then there is a constant C for which
A C
Pyio; < e} < NGB

for0 <t <1.
Proof. Let u(w) denote the mean of £, in (11),

1
e? —1

i) = /) = - -

and recall that the variance is Y(w). Then the penalized likelihood equation
(12) may be written as

[Krﬂ(lét) +g =B+,
t

If é, < ¢, then the left side exceeds B, so that S, >0, K, >0, and
1K [u(te) — w(0] < S; — tK,u(2). So,

Pyld, <€) < /{ oy PSR = D10 = K Py

V(1)
dPy,
= /{K,>0} K [u(te) — p(tydy)? N
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using Chebyshev’s Inequality on the conditional probability. Now that
¥'(f) <1/12 and that there is a constant 0 < Cy < oo for which
[u(te) — w()] = t/Cy for 0 < ¢t < 1. So,

. C? 1 C? C?
PN{e[<e}s—°2f Lapy< S S
1247 Jik, >0y K; 6NtF(t) — Nt

for0 <t <1. A
The asymptotic distribution of 6, is determined next. For this, let

1 2 2 y
G,.(x, y) = ; |:1 +€m—— - —i|

for 0 < x, y < 0o. Then the penalized likelihood equation (12) may be
written as

Gt(étv Y)=Z2,
where
Y, =2a/K,,
Z, = (tK, — 28 — 2S,))/K,.

The following properties of G, are needed.

Lemma 5.4 For eachr > 0 and y > 0, G,(x, y) is a strictly increasing func-
tion of x. Moreover,

1
limG.(x,y) = -x — =
im +(x, ) c

= I'=

uniformly on compacts in 0 < x, y < o0.

Proof. The first assertion follows from differentiation or by observing that
(12) is the likelihood equation for a sample from an exponential family when
a = B =0. The second assertion follows from a Taylor series expansion of
€™ about r = 0 and some simple algebra.

Lemma 5.5 The equation G.(x,y) =z has a unique positive solution
x=g0,z) forall 0 <y < o0 and —o0 <z < 1/r, and

: _ 2
ll}g)lgr(y, 7) =3z+44/92" + 6y

uniformly on compacts in —oo < z < 0o and 0 < y < oo.
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Proof. As x increases from 0 to co. G,(x, y) increases from —oo to 1/r.
So, existence and uniqueness of g.(y, z) are clear. To show uniform con-
vergence on compacts, it suffices to show that if y, — y € (0,00) and
z, >ze(—00,00) as rl 0, then g.(y,z)— 3z4++9224+6y. Let
x. = g-(ys, z.). Then x, remains bounded away from 0 and oo. For if
X, — 0 or oo for some sequence r, — 0, then G,(x,, y,) - —o0 or oo,
which is impossible since G.(x,, y,) =z, — z. So x, = g.(y,, z,), 0 <r <1,
are relatively compact in (0, co). If x is any limit point of x, as r | 0, say
X, — x as k — oo, then z = limy_, o, G, (x,,,¥,) = x/6 — y/x and, there-

fore, x = 3z + /92> + 6y. That is, 3z + /92> + 6y is the only limit point
of x, as r| 0, say x, — x as k— oo, then z=Ilim;_ o G, (X ,¥)

= x/6 —y/x and, therefore, x = 3z ++/9z%> + 6y. That is, 3z + /92> + 6y
is the only limit point of x, as r | 0. The lemma follows.
In the next result, let

H VH(s)? + 12as°
() = (s) + S§S) + 12as ’ )

and ®(0) = «/B. Observe that O(s), 0 <s < co is a continuous process.
Further, as s — oo, H(s)/s> — 1/2 w.p.1, so that

|®()—2ﬁ| — 073 wpll, (23)

by a simple expansion of the square root function. In particular, lim,_,
@) =1 wp.l.

Proposition 5.2 If ©y and ® are defined as in (17) and (22), Oy = O in
DJ[0,00) as N — oo.

Proof. It is first shown that [lzK,, Hy(s)] = [s°, H(s)] in D[0, 00), using
obvious shorthand notation. For this fix a constant 0 < ¢ < co. By the Law
of Large Numbers °K, — s° in probability for each 0 < s < co. Then, by
the monotonicity of K, and the continuity of the limit,
SUPg<s=. [P K,y Hy(s)] = [s°, H(s)] in D’[0, c]. See Billingsley [2, p.27]. B
Skorohod’s Theorem, there is a probablhty space on which are deﬁned
processes K,, Hy, and H for which [ Kt, Hy(s)] has the same distribution
as [K,, Hy(s)] for each N, H has the same distribution as H, and

lim sup [|’K, — s°| + |Hy(s) — H(s)[] =0 wp.1,

N—oo 0<s<c
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using the fact that convergence in DI0, ¢] to a convergence function implies
uniform convergence. See Billingsley [2, p.112]. Define ®y and ® by (16)
and (21) with Hy and H replaced by Hy and H. Then

im sup |@y(s) — O(s)| =0,

1
N—o0g<s<¢
by Lemmas 5.4 and 5.5. The result follows.

Proof of Theorem 3.4: A first passage time is a functional of the form
inf{zt > 0 : x(¢) > ¢} < oo, defined for x € D[0, 00). For example,

= inf[s >0 : s%®(s) > 2@%}

is a first passage time for the process X, defined by X(s) =s%®(s) for
0 <s<oo. It is easily seen that any first passage time is continuous
almost everywhere with respect to the distribution of X and it then follows
from Propositions 5.1 and 5.2 that

1
[N°Ty, G K(Ty), Oyl = (17, ©)

in %% x D0, 0o) and, therefore, that

N N7 1—e ™%

AT — X = ®(771)
N 7, T/% K (7:/1) Th !
Next, since
A A N
Py{IN;, — N| <hN.} =Py ]\7__1 <hg,
Th

it follows that
lim Py(INy, — NI < N} = P(10G) — 1] < h)

for fixed & > 0. So, to establish (2), it suffices to show that
lim P{|® -1 <h}=y.
lim {16, -1 <h} =y
It is clear that limy, o n, = oo and that lim,_, ., ®(s) = 1, both w.p./. From

sample continuity, it is also clear that r/Z/ 2@(77,,) = 2+/3z/h and, therefore,

that limy, hr;,3/2 = 2+/3z, again both w.p.1. Let

W, (r) =;—;[®<£> —_ 1}.
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Then W,(r) is asymptotically normal with mean 0 and variance 12 as & |, 0,
by (23), and

2 3
P{1®(my) — 1 < h} = P{IW, (o)l < hy}.
From (22) and rescaling properties of Brownian motion, it is easily seen that

W,(r), 0 <h <1, are uniformly continuous in probability at any given
ro > 0. It then follows from Anscombe’s Theorem that

2 3
lhig)l P{IW,(IFEny)l < hy} =2P(2) — 1 =,

establishing (2). See, for example, Woodroofe [10, p.10] for suitable version
of Anscombe’s Theorem.
For (15), we have
. . 2 21 o - N _
1/11{51 Jim Py{|PN*T, — (122°)] = €} = lhlff)l P{lhin;, — (12°)] = €} =0

for all € > 0, as in the proof of (9), and the issue becomes the uniform
integrability of #*°N'3F(z,). For this it suffices to show that

o)
lim  sup / PyUBN3F(t,) > u} du = 0.
b—000<p<1,N>1Jp

Let u = h**N'3t and b = #**N'3a. Then the integral on the right is
2 1 1
h§N3/ Py{F(ty) > t}dt < I + 11,
a
where

1
I= hiz\r%/ Pyib, < €l dt,

1 1 2
= h?N%/ Pylz, > 1, 6, > €} d gh%zwﬁf PN{K, < Z—zp(te)} d,

and € = min[a/B, 1/2], as in Lemma 5.3. By Lemma 5.3, there is a constant
C for which

c_r

2 1 ! C 2 2
I<KN' [ = ar <in- -
= / R VR V!
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Next, there is another constant, also called C, for which p(w) < C/w” for all
w. So,

2 1 W ?
PylK, <= p(te)t <P
N ’—th(e) ST EK DK +2) 2 p(et)? + 21>

2
- 2 p(et)? + 21 1
- " N2F(1)?

4

8z 32
= N2h4 zp(“) +N2 2

8C?4 32
= NS TN

and, therefore,

4 2 4 4

32 2074 301

1 < IENY DL N g2 0
/ |:N2 4h416+N2r2} =75 TN

Uniform integrability follows from the bounds on 7 and I/, completing the
proof of the Theorem.
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